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PLASTIC INSTABILITY UNDER PLANE STRESS 


By H. W. Swirr 


Department of Engineering, University of Sheffield 


(Received 23rd. May, 1952) 


SUMMARY 


Tuis paper examines the conditions for instability of plastic strain under plane stress for a 
material conforming to the Mises-Hencky yield condition and strain-hardening according to a 
unique relationship between root-mean-square values of shear stress (gq) and incremental 
strain (du). 

If, under fixed loading conditions, the material undergoes a strain increment which is consistent 
with the applied stress system, the conditions are stable or unstable according as the increment 
in representative yield stress is greater or less than the increment in representative induced 
stress. 

The strain at which instability arises is found in terms of the biaxial stress ratio py/p, under 
different conditions of applied loading, and the effect is demonstrated of strain-hardening 
according to an empirical relation of the type q c(a + wp)". 

The analysis is also applied to certain cases of non-uniform stress distribution. In the case 
of the hydrostatic bulge results are obtained showing a critical thinning ranging from 26 per cent 
for a non-hardening material to about 45 per cent for typical strain-hardening materials, values 
in general agreement with experimental data. Conditions over the punch head in the pressing 
of a cylindrical shell are discussed but computations are not attempted. 


INTRODUCTION 


WuEN a bar of homogeneous ductile work-hardening material is subjected to a 
simple tensile load, the strain remains homogeneous until the stress reaches a 
value beyond which the proportional diminution in sectional area exceeds the 
corresponding proportional increment in yield stress. At this point the load 
reaches its maximum value, homogeneous strain becomes unstable and subsequent 
extension occurs by local necking under steadily diminishing load. The so-called 
‘“‘ ultimate tensile strength’ of the material is based on this maximum load, 
although actual fracture occurs subsequently under quite different conditions, and 
this “‘ strength ” is essentially a function of the strain-hardening characteristic of 
the material, and therefore of its plastic properties, and not in any sense of its 
intrinsic strength. 

An instability giving rise to local necking may occur in a similar way in material 


subjected to biaxial or plane stress. This instability is of importance in deep- 


drawing operations because it determines the degree of thinning which the sheet 


metal can undergo in various parts of the pressing, and it has similar importance 
in stretch-forming and in the Erichsen, Guillery and other bulging tests. In all 
these cases the stress system is effectively biaxial, the third stress being insignificant. 
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oblem of necking under biaxial tension was encountered in America 

more particularly in connection with the hydraulic bulging of 
nd a theoretical treatment was published by Sacus and LuBANN 
ns of expediency they assumed as a representative stress-strain 

tic the relation between the larger principal stress DP, and the numerically 
principal strain, which is ¢, or ¢€, according as the intermediate strain e, 
ive or positive. In fact this assumption is not particularly expedient, for 
ves an element of discontinuity at «, 0 and some difference of treatment 
ranges, nor is it generally considered by plasticians so realistic as an 
n based on the Mises-Hencky hypothesis of yield. 


In the present paper 
the 


instability of plastic strain under plane or biaxial stress are 
Mises-Hencky hypothesis, on the assumption that 
tyes 


strain characteristic is the relation between the root-mean- 


its natural strain analogue. 


the principal stresses can be written in descending order : 
0, where a is a proper fraction. Corresponding increments 
p il strain under this stress system will be €Cy> Cas Cg: where constancy of 
requires @, es oo 0, and the Léevy-Lode relationship implies similarity 
Mohr circle diagrams for strain and stress. 


Adopting the Mises-Hencky criterion for yield, the elastic strength of the 
material can be measured by the representative r.m.s. shear stress when strain is 
imminent under principal stresses p,. Po: Py. In the case of biaxial tension this 


be written 


(1) 


The corresponding representative r.m.s angular strain increment 4uW (half the 
rain) ean be related to the individual strain increments : 


Assume that under any given conditions of loading, which remains fixed, a 
small strain increment 6% occurs, consistent in its components é,, é,, Ce with the 
applied loading, that is with the current stress system Di» Per Pe 0. 


his strain 
] 
increment will causs 
(ad) changes OD 
_ i 


rs » principal stresses depending on the impressed 
condition 


s of loading and straining, and a corresponding change in the representa- 
tive stress 


2 rv) Oop, + (2a 1) dp. 
Aq i ( ) Pe 
VY 24 (1 ® + 2*) 


(b) a change 4g in the intrinsic yield strength of the material, due to strain- 


hardening, if Ag is incremental; but no change if Ag is decremental. 
Plastic strain under the prescribed conditions will be 


stable provided that 
Aqy: 


Aq, but it is unstable if Oo”, 
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(7) Tensile Forces. 
If the biaxial tension is applied through tensile forces, which remain 
unaffected by the assumed local strain increments €,s €y, then 


Op, dps 


}) ) 
1 P2 


and 


and the condition for stability becomes 


wv (2a 


op 
which can be written : 


where 


If therefore the strain-hardening 
characteristic for the material is 
drawn as in Fig. 1 by plotting q 
against the integrated wu, the 
condition of strain will be stable so 
long as the subtangent to the curve 
at the point of operation is less than 


the value of z appropriate to the 


stress ratio vw, and necking will be 


imminent when this’ subtangent 
attains the value z. Values of 2 in 
terms of 2 are shown as 2, in Fig. 2. 

The case of biaxial stress in which one stress is compressive can be examined 
in a similar way, regard being paid to the fact that the intermediate stress Po 
is now zero and the intermediate strain e, represents the change in thickness 
of the material. It will be found that the stability condition is identical with 
(4), provided 2 is given the appropriate negative value. Fig. 2 shows, as 
would be expected, that the presence of a compressive stress defers the inci- 
dence of necking, and that when a 1 and the stress system is equivalent 
to simple shear, the conditions of straining ar¢ always stable in a material 
which strain-hardens however little. 

Values for the subtangent which would be obtained if Sacus and LuBAHN’s 
assumption were developed in a similar way are shown plotted in Fig. 2 as 
the broken curve SL, for comparison with values of z, according to the present 
treatment, over the range 0 <a <1. As it is uncertain what strain criterion 
Sacus and LuBAHN would apply under mixed biaxial stress (v7 < 0) the 


comparison has not been extended into that region. 


(ii) Thin Cylinder. 


In the case of a thin walled-cylinder of radius r under internal fluid pressure 


p and an independent axial tensile load P > z 7?p, the principal stresses are 


given by p, 2art rr 


of the evlinder radius 


so consequential change 
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rr 
mrp and p, I where r, ¢ are current values 
os t 


; : or dt 
and wall thickness. In this case e, and Ce : 
2 - ‘ 


; of stress when P and p remain constant are given by 


Op) Pi ei + P22 


condition for stabi 


written 


the critical 


Fig. 2 


Critical subtangents under biaxial stress. 


lity from equation (3), making use of equations (2), 


- This is plotted 
3ax* 


7rp, the hoop stress exceeds the longitudinal and becomes p,, 


a modified value for the critical subtangent : 


/6 (1 —a@ + a?) 
i 


where a ; axial/hoop stress in this case. Values for z are plotted as 
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(222) Spherical Shell. 
In a thin-walled spherical shell without local restraint the diaphragm stress 


; ” ; eiia 
IS Py = Po F’ and the corresponding strain increments are ¢ 
~ ot ‘ 1 


The condition for stability, with p remaining constant, is 
Sp; ér dt 
Pi r t 
which gives +s dy 1/6, so that the critical subtangent is z 
q 
The stress ratio 2 = ? is of course unity. 
P1 
Errect OF INITIAL OvERSTRAIN 
For any given value of the subtangent z, the point representing instability on the 
strain-hardening characteristic relating g to #% is defined by the values of g and 
dq = ee i pen 
at this point, and the critical value of g is not otherwise affected by the form 
dus 
of the strain-hardening curve. In particular this critical value is not affected 
by any initial strain-hardening, the effect of which is merely to displace the 
origin along the % axis. In other words g does not depend on the strain history 
of the material, but % and consequently the elongation and thinning do. 
A useful empirical formula for the strain-hardening characteristic is q¢ 
(a + %)". In this expression c can be 
regarded as a general measure of the rate 
of hardening, » as a measure of the 
decrement of this rate and a as a measure 
of the initial state of the material, 
increasing with previous overstrain. For 
most metals of technical interest the value 
of n lies between 0-5 and 1-0, often 


approaching unity in the region of sub- 


stantial overstrain. For a_ strain- 
hardening curve of this family it is easy 


to show that the sub-are a + w& Nz, as 


indicated diagrammatically in Fig. 3. 


The relationship of % to the integrated Fig. 3. 

I, . . Ds 
, etc., depends in general not only on the final stress ratio —? 
0 P1 


but also upon any changes in this ratio which may have occurred during the 


strains €, In 


straining operation. In cases for which the ratio 2 has been constant during 
straining the total strains are given by simple integration of (2) : 
€ 


1 De y, say, where 


and so on for c,, ¢ 


x) 


3° 
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strain-hardening characteristic of the type proposed above and shown 


ipal elongation strain e, ec, ¥ c, (nz a) while the thinning 


train e,. , (nz a), where z is the subtangent corresponding to the operative 


point on the strain-hardening characteristic. |The critical elongation and thinning 


by giving z its appropriate critical value. 


In order show the effects of different strain-hardening characteristics and 
initial overstrain, critical values of the principal elongation have been plotted in 
ical thinning in Fig. 5 for a case in which the impressed tensile 
controlling factor, so that z z, in Fig. 2. Negative values of 
iins have of course no special significance; they merely show that 
instability arises before any general elongation or thinning has occurred. The 
range of Figs. 4, 5 has been extended to small negative values of a, corresponding 
to biaxial combinations of tension and compression which are of practical interest 
in certain technological processes. The range of values of the initial overstrain a 
has been extended approximately to the point at which no elongation would occur 
before necking under simple tension; a 0-6 when n lla 0-3 when n 0-5. 
For material in the fully annealed condition (a 0) it will be seen from Fig. 4 
tion at incipient instability is not greatly affected by the stress 
ratio 2, but Fig. 5 shows that the critical thinning increases markedly with this 
ratio, particularly in the higher range of its values. Both the critical strains increase 
with the strain-hardening factor n for all values of the stress-ratio. 
Work-h-rdening, or heat-treatment which produces an increase in the effective 
initial overstrain a, naturally leads to instability at smaller strains under all 


conditions, but Fig. 4 shows that the increase in criticial elongation with stress- 
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ratio is greater with greater overstrain, a trend which does not however extend 


to the critical thinning shewn in Fig. 5. It is notable that material which has 


been overstrained to such an extent that it has no general elongation in simple 


tension (7 L, @ 0-6 or n 0-5, a 0-3) may develop a considerable capacity 
for elongation, and more particularly for thinning, at higher values of the biaxial 
stress ratio. A higher value of the strain-hardening index n, with comparable 
initial overstrain, produces greater increments in both critical strains at higher 


stress ratios. 


Critical thinning under biaxial stress. 


Fig. 5 shows that substantial thinning before instability, both with annealed 
and overstrained material, is chiefly associated with values of the stress ratio 
approaching unity, where it reflects the increased values of the sub-tangent 
in Fig. 2. The small degree of thinning indicated in the tension-compression range 
(« < 0) is of course due to the partial balancing of the longitudinal and lateral 
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strains, a balance which is complete when 2 = — 1 and the conditions are those 

of simple shear. In this case no instability will arise in strain-hardening material. 
The discussion above and its results affecting total strains have been based 
the assumption that the stress ratio 2 has a constant value during the whole 
‘the finite strain development. In cases where this ratio changes, the individual 
| strains are not obtainable by simple integration from equations (2), 

dq 

dw ; 
only on the value of 2 at the critical condition. 


although the values of gq, z and consequently the effective value of % depend 


If the material were to remain isotropic during plastic strain the representative 


‘ain ys could be visualised as half the line integral following the strains €,, €,, €, 


he curve relating these in a three-dimensional diagram, a curve which (since 

€, = 0) will lie in the plane whose normal has direction ratios 1:1: 1 

diagram. In such a ease, if the value of a were known at all stages of the 

train development, this curve could be plotted and its integrated length used 

to correlate the actual strains with the g, % characteristic. The strains at the 

tical point on this characteristic could then be ascertained from the critical 

value of g corresponding to the value of v, and hence of z appropriate to the critical 
point. 


idea of the effect of changing stress ratio on critical thinning in an extreme 
e, can be obtained by assuming that the material is strained in simple tension 
0) up to incipient necking and is then subjected to biaxial tension for which 
1. If u,. w, are the critical values of the representative strain for these ratios, 
the empirical strain-hardening formula gives 


" 
” 


ll 


J 8 


and the appropriate equation (2) then g 


If the material were subjected to biaxial tension (@ 1) throughout, the cor- 
responding strain would be 


2n 


Hence the ultimate thicknesses according as the material is or is not subjected 


t n 2 ° : 
to initial simple tension are related by In . 54 which is the same value 


1 a 


, t , , , ‘ 
tical thinning ratio In © under simple tension. According to this, a 
t 


< 


as the cri 


material which would give a general elongation of 10 per cent, say, and therefore 

general thinnning of about 5 per cent under simple tension, will be up to 5 per 
cent thicker when instability occurs under biaxial tension (7 = 1) if straining has 
commenced under simple tension. 
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In practice of course the assumption of continued isotropy cannot be fully 
sustained if the stress-ratio or the principal axes of stress become altered during 
the development of the strain. But insufficent is known at present of the Baus- 


chinger and cognate effects to introduce them into the analysis. 


DEVELOPMENT OF UNSTABLE STRAIN 


It is not the purpose of the present paper to follow the development of unstable 
strain beyond its inception, but since the evidences of instability in practice 
generally take the form of ruptured material which may have undergone consider- 
able local-or even dispersed — strain after the inception of instability, some 
caution may be required in the interpretation of the ultimate conditions of rupture. 

In the cases of instability discussed hitherto the distribution of stress and strain 
in the stable range has been uniform. Instability may therefore become imminent 
at any point or points. Before any unstable strain can actually occur however 
this imminence must extend to a band or zone which is capable of independent 
strain under the impressed or induced conditions. In the case of a strip under 
simple tension, for example, unstable strain might conceivably arise across a 
section perpendicular to the load line. If the band affected by this strain remained 
under simple tension its width (across the strip) would in isotropic material become 
reduced in the same proportion as its thickness. This reduction would induce 
lateral restraining stresses from the material adjacent to the incipient waist. On 
the other hand if the band of instability were to commence in a direction making 
an angle sin ~! (1/4/83) with the transverse plane the width of this band across 
the strip would remain unaltered by the existing system of strain, which could 
therefore continue indefinitely without restraint from or influence on adjacent 
material. BrsLAarD (1940) has drawn attention to the fact that in strip metal 
in which necking commences while conditions are still fairly isotropic, the neck 
does in fact tend to follow the direction of zero lineal strain. 

In the case of a thin cylinder under predominantly axial tension the boundary 
conditions inhibit oblique necking, so unstable strain develops round a transverse 
ring and induces secondary hoop stresses which spread the effect of the neck to 
some extent along the cylinder. When a thin cylinder is under predominantly 
hoop stress the development of instability follows a different course. The band 
of incipient unstable strain is naturally parallel to the axis and the first effect of 
the strain will be to cause a local swelling along this band. This swelling cannot 
however develop without substantial disturbance to the ambient stress distribu- 
tion. For the local swelling produces a region of increased curvature, connected 
to the main, stable part of the cylinder periphery by a transition curve of reduced 
curvature. These changes automatically relieve the hoop stress at the initial 
swelling and increase it in the region of transition. Consequently unstable straining 


may develop over a considerable peripheral angle, as well as over a considerable 


axial length, and take the form of general thinning over a substantial area of 


swelling. For such unstable strain “ necking” is little more than a courtesy 


title. 
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NON-UNIFORM STRESS DISTRIBUTION 


In the press working of sheet metal cases frequently arise in which the impressed 
conditions of stress and strain are not uniform, but vary systematically from point 
to point. These cases differ from those of uniform stress in two ways. 

In the first place it is necessary to ascertain not only the strain which gives rise 
to instability but also the zone in which it occurs. Every part of a sheet of metal 
under a stretch-forming operation in a press, for example, has its own stress ratio 
and restraints, and instability will occur in that zone which first reaches its own 
critical conditions having regard to the consequences of local strain. The fact 
that instability may be followed by local necking along a defined zone does not 
of course affect the conditions at the inception of instability, but only the way 
in which it develops. 

In the second place the point of instability on the strain-hardening characteristic, 
as defined for example by the critical value of the subtangent 2, is not an explicit 
function of the local stress-ratio and loading conditions as under uniformly 
distributed strain, but it depends on the way in which the stress and strain 
develop over the pressing as a whole, which in turn of course depends on the 
stress-strain characteristic of the particular sheet material. In so far as that there 
is at present no established theory of plastic strain covering the critical parts of 
even a simple pressing, any study of instability is therefore necessarily 
speculative. But if general lines of treatment can be laid down they may at 
least point the way for further inquiry and suggest trends to be checked by 
experiment. 

Discussion in the present paper is confined to two relatively simple cases of the 
formation of a circular sheet of metal into a surface of revolution by lateral pressure, 
If this pressure is applied through a solid punch the form of the surface is prescribed 
but friction needs consideration for realistic treatment; if through fluid pressure 
as in the hydrostatic bulge, friction is negligible but the profile is a matter for 


investigation. 


Tue Hyprostatic BULGE 


We shall discuss the conditions for stability in the ease of a circular sheet 
clamped round the periphery, free of restraint on one side and subjected to fluid 
pressure on the other. Flexural stiffness of the sheet is assumed to be negligible, 
so that the clamp applies no restraining couple as the sheet bends from it during 
the development of the bulge. Instability of the bulge will arise if straining in 
any region is able to continue without further increment of the applied fluid 
pressure. 

Preliminary physical considerations suggest that these critical conditions are 
likely to develop first at the central * pole,” and that the form of the bulge near 
this pole is approximately spherical. 

\dopting the notation of Fig. 6 and confining attention for the moment to 
the polar region, the divergence which develops between the radial or profile 
strain e, and the circumferential strain e, can be correlated with the common 


radius of curvature p, Py = py at the pole. For the difference between the 


arcual leneth ¢@ s and the radial length nr ris py (@ sin 0). And since 
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11 
, is the mean radial (finite) strain over 


the are, and e, the circumferential strain of the ring element defined by 0, we 
may write 


s = (1 + €,)r, and r = (1 + e,) ry where e 


6? 
nearly. 
6 P 


Fig. 6. 


If the corresponding logarithmic strains are €, In (1 + e,) and «, In (1 + e,) 

ns 6? ; , 

it is easily shown that e€, fo nearly. For reasons of symmetry the strains 
; 2 6 b 7 : 

are necessarily even functions of the angle @, so that if 64 terms are neglected 

we may write 


€; — a, 62, 


where and 


The stress ratio is nearly unity and it will be found that the difference 


 (— a, 


3€9 — 67 (2a, 


Provided the stress-ratio & is effectively constant during the strain development 
of an individual element, the thickness 


strain can be written 


5 6+ 
yb iG x = (a, — a,)?\ 
3 | 24€,° al 


neglecting the 6* term. 
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9 
At the pole itself Ey Po Ji , and in its region 


The two curvatures are related 


(a) geometrically : 
(b) statically : r Po 
Pi 


OP. tT € ~ . . . 
2 cot 6.56 and it will be found that 


Hence 


Po 


Let us now assume that @* terms are negligible over the whole range of the 


sa ‘, a, — a. 
bulge 0 6<a. Then we may write ue 1 + Dé? where 0D l 2 above. 
Po Eo 


Typical arcual and radial dimensions are then 
Po 6 (1 


so that s — r = pp. as with the earlier assumption Db Now at the 
clamped perimeter, where @ = «, the circumferential strain «, = 0 while the 
radial strain ¢«, develops. Hence 
1 o 
1+ -—b@ 
3 


1 do 
and ©? — — ~ 
2 Pl 1 + bé? 


when 6 x, so that b 


And since 2 - 
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1 6? 
8 6 Pe 1 @ 8 € 


and ?! — ‘ 1 — » a —— 
Po 10 €) po 40 €g a... 6G 


10 €) 
Moreover, if z remains constant during strain for an individual fibre, it will be 
found that, if 6* terms are neglected, 
8 


as before. 


, 1 
In the immediate polar region : P Po» Hence the strain will become 
7) 


unstable when 
5py 
Po 


84 d€o 


: . . C 
which is equivalent to 
Yo 2€9 


84, n.dy, 


Adopting the strain-hardening relation q, +- w)", so that , 
Yo a + Yo 


; ” ae , , 
and noting that _ 4 at the pole, it will be found that the polar strain 


€o po 


€, when instability occurs is given by 


33. Oo 4 


> 
E> —= te | 4 
20 2 3 


o8 


ty 
t 


12) 
N 


1@) 
w 


RESIDUAL THICKNESS RATIO 


Fig. 7. Critical thinning of bulge as affected by strain-hardening. 


- ; eo ‘ ' : t 
rhe corresponding local reduction in thickness immediately follows : In — 
1 
For practical purposes the useful range of n is from 0-5 to 1-0 and of a from 0 
to 0-6, while a non-hardening material for which n = 0 has academic interest. 
Values of the residual thickness ratio t/t, covering these ranges are plotted in 
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Fig. 7. It will be seen from the table below that the thickness ratios are of an 
order consistent with general experimental evidence and that the curves in Fig. 7 
follow expected trends; the higher the strain-hardening index n the greater the 
strain before instability, the greater the initial overstrain the less the subsequent 


thinning in the bulge. 


Critical Thickness Ratios, 


Experimental Values 


Metal 


Copper Soft 
Hard 


Brass 
Aluminium 
Mild Steel Sof 0-5: 


Stainless Steel Sof 0-5: 
75 S-—O 0-6 


Brown and Sacus (1948). B.T.—Brown and THomMpson (1949). 
Metior (unpub.) 


The for Fong analysis is based on stress-strain relations which are only 
valid as long as the material at all parts of the bulge remains in a yielding condi- 
tion. In other words it would cease to be valid if the representative stress q were 
to suffer a decrement in any zone at any stage of the straining. The possibility of 
this contingency can be settled quite simply by supposing that some elementary 
ring remains without further strain at a certain stage. Then in the statical 

— PP2 (9 P2) which are still valid for this ring, the 

2t 2t Dy 
, and p, remain unchanged. Hence if the applied pressure p increases, 
so also must p, and p, and consequently the representative stress q. But an 


equations Py 


values of t. p 


increment in g cannot occur without further incremental strain. Hence a local 
cessation of strain need not be contemplated before the pressure reaches its maximum 
value, and the analysis is not invalidated on this account so long as the conditions 
are stable. 

The analysis above has been concerned with the conditions of instability at the 
pole. It remains to demonstrate that instability will in fact occur there and 
not elsewhere in the bulge. For this purpose it will suffice to show that when 
critical conditions have been reached at the pole, continued strain elsewhere 


requires an increment in applied pressure. In general, at any section : 


dp dp, dt dps 


Pp Pi t P2 


no us 
at+wyp 


-f 
Now, 
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But since the conditions are critical at the pole tie value of the group of terms 
in brackets in this expression is zero, so that the condition for stability elsewhere 


is that A> 0. Substitution and algebraic manipulation give 


662 ; bu, 66? OG? 


A . = 
wy) 10 5 Wc, — 6? 


where 56? relates to the change in profile slope of an elementary ring under strain 
increments 8:,, d€,, at the pole. It would be tedious to attempt an examination 
of this expression for all values of @, a, n, but the trend will be clear if we 
consider the conditions at the rim, where @= 4. Appropriate substitutions 


are then 


After manipulation, making occasional use of critical relations at the pole, the 


condition for stability at the rim of the bulge reduces for practical purposes to 


Isl , 2 301 2 33 2 
Eg € . adéy 7 a 
240 ) L444 Af 3 160 AJ 3 


For values of a within the practical range 0 to 0-6 this condition is fulfilled for all 


the form : 


positiv e values of €, up to 0-5, and having regard to the useful range of a in relation 


0 
to n and of «, in relation to both, it will be seen that the conditions at the rim for 
all materials of practical interest are substantially more stable than those at the 
pole. 

The conditions of instability in a hydrostatic bulge have been discussed by 
Hint (1950) using quite a different method of approach, and he has obtained 
formulae for numerical solutions for materials corresponding to n 0 and n ] 
in the above analysis. Kor non-hardening materials his critical thickness ratio 
is 0-70 by one method and 0-76 by another, as compared with 0-74 in Fig. 7. For 
a strain-hardening material corresponding to n l and a 1-225 his value is 
0-69 as compared with 0-68 in Kig. 7. At lower values of a, Hrix does not consider 


his formula valid up to instability. 


6. CYLINDRICAL SHELL PRESSING 


When a sheet of metal is in process of being formed over the head of a cylindrical 
punch, the conditions of static equilibrium lead to the following relation between 
the ‘“‘ radial” stress p, and the circumferential stress p, : 


cos & d 


Pe2 to 


COS (0 — $) dé Pr ") cos (@ p) Pr ” 


where ¢, p are local and current values of the metal thickness and (profile) radius 
of curvature, and ¢ is the angle of friction tan~'y measured in the appropriate 
sense (notation analogous to Fig. 6). The complementary statical equation 
involves the local interfacial pressure as an additional variable and does not 
further clarify the relation between p,, po, 4. 

The geometrical consequences of strain lead to the following relationship between 
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the incremental radial (e,) and circumferential (e,) strains when the concomitant 
rotation 5@ of an element defined by @ is known in terms of the conditions of 
strain : 


é tan 6.50 + dr/d (re,). 


l 


If the punch has a flat base of radius R merging into a toroidal quadrant of profile 


radius p, so that r R +- psin @, this becomes : 


d R + psin @ 
€o5 
dé \ ~ p cos 6 


d 


. dé 


and for a hemispherical head : e (e, tan @). (6) 
For the correlation of stress with strain use can be made, firstly, of the Lévy- 


Lode relationship which can be written in the form 


2 x 


. Om» 
ey 2a ] 


and, secondly, of the strain-hardening (q, %) characteristic for the material. If 

the stress-ratio # remains effectively constant for any individual element during 

= ' , i 6 

the development of the (finite) strain, then the radial stress p, = As 
Vl—2@z 


while the thickness change is given by 


In 


These several conditions do not lend themselves to an explicit solution of the 
stress and strain distribution at any stage of the forming process, but conditions 
in any particular case could be investigated by an indirect trial-and-error method 
which can be described for the case of a hemispherical punch head. 


In this case the stress equation (5) takes the form 


2 + 3u tan @) (1 — 3p tan @) 
d (p,t) ey dé. 


Pil 3 + 2 ) tan 6 


1 | 


u 


If some relationship is assumed between z and 6, then this equation can be integrated 


in some form: 


Po to 


where pp, ty refer to the crown, at which @= 0. Substitution from equation (8) 


then gives 


— 
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where q,, %, refer to @ = 0. Adopting the empirical strain-hardening relationship, 
this can be written in a form suitable for computation : 


a) 
—nlIn(a 

9 

- x? 


= (a + ¥,) : n\n (a + yp) 


If 2 is expressed in terms of @ this equation can be solved graphically to give the 
distribution of % for any assumed value of the gross representative strain at the 
crown, a + y%,. The resultant thinning at any point can then easily be found 
from the strain ¥. 

This result will of course only be correct if the assumed relationship between 
x, 6 was itself correct, and this can be investigated by applying the same relation- 
ship to the solution of the strain equation (6), making use of the Lévy-Lode 
condition (7). Integration of the strain equation leads to an expression for the 


principal strain ratio “1 in terms of 6, from which the thickness distribution © 

€o €o 
immediately follows. If the assumed a, @ relationship was correct, this distribution 
will agree with that obtained from the stress analysis. Since the labour of com- 
putation involved in this procedure is considerable, it is convenient and does not 
seem improper to assume some 2, @ relationship which conforms to experimental 
measurements, and to check its consistency through both stress and strain equa- 
tions. An investigation along these lines is at present in hand. 

Once the stress-strain distribution is known the inception of stability can be 
investigated without further difficulty. With a rigid convex punch the essential 
function of an elementary ring in the sheet metal is to transmit the force necessary 
to continue the strain of both the crown and the skirt of the pressing. If the 
ring fails to transmit this force, the crown of the pressing will cease to strain 
further, since the straining force on it will be relaxed, while the skirt will continue 
to strain under basically different conditions controlled by the degree and form 
of blank-holding and by the radial wedge action of the punch. The primary 
criterion of stability of the ring is therefore its ability to transmit the force which 
is represented by the stress p, but which has associated with it a hoop stress p, 
determined in relation to p, by the conditions of the stable strain. In fact the 
stability conditions at any given ring are similar to those in biaxial tension under 
a direct load with a second principal stress bearing an appropriate ratio a to the 
primary one. 

In order to ascertain at what section instability is first reached, it is convenient 
to determine the state of strain which would be reached at the central point of 
the pressing at the juncture when each section reaches its own value of the sub- 
tangent z,. That section which reaches its critical condition at the earliest stage 
of strain of the central point, as measured for example by its subtangent z,, will 
in fact be the seat of instability. If no other section reaches its limit z, before 
the central pole, then instability will of course start there. Once the critical 
zone has been located the corresponding strain follows at once. 


H. W. Swirt1 
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ON DISCONTINUOUS PLASTIC STATES, WITH SPECIAL 
REFERENCE TO LOCALIZED NECKING IN THIN SHEETS 


By R. Hiw 


Department of Theoretical Mechanics, University of Bristol 
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SUMMARY 
PERMISSIBLE discontinuities of stress, velocity, and surface slope are investigated in a plastic-rigid 
sheet deformed in its plane. One such discontinuity of velocity is shown to be the mathematical 
idealization of localized necking ; the necessary restrictions on the stress-state and rate of work- 
hardening are obtained for any yield function and plastic potential. The results are illustrated 
by an examination of the modes of necking in notched tension strips. The constraint factors 


at the yield point are obtained for notches with wedge-shaped or circular roots. 


1. PRESENT STATE OF THEORY OF PLANE PLASTIC STRESS 
WE consider the quasi-static distortion of a plane sheet by forces applied in its 
plane. The variation in thickness at any moment is supposed small enough to 
allow of the basic approximation of the theory of generalized plane stress; all 
components of stress and velocity are accordingly averaged through the thickness. 
The material is assumed to be plastic-rigid, with properties not dependent on the 
hydrostatic part of the stress. 

When the velocity equations in a plastic state are hyperbolic the characteristics 
are the directions of zero rate of extension, whatever the plastic potential. When 
the yield function and plastic potential are identical these directions are also the 
characteristics for the stresses. The velocity relations along the characteristics 
have been derived for any potential and hardness distribution (HILL 1950, p. 306, 


eq. 52) and the stress relations for any yield function and thickness variation 


when the hardness is uniform (op. cit., p. 301, eq. 38). On the other hand, no 
general methods of integration are available for the part of the plastic zone where 
the equations are elliptic. 

Complete solutions to non-trivial problems which involve a finite amount of 
distortion have been obtained only when the configurations are radially symmetric. 
These solutions relate to the expansion of a circular hole in an infinite sheet by 
internal pressure (op. cit., pp. 307-313), the contraction of an annular ring by 
internal tension (op. cit., pp. 284-287), and the bending of a sheet in its plane 
(GayYDoN 1952 ; LuBAHN and Sacus, 1950). The Tresca yield function and Mises 
potential were used in these solutions. 

In more complicated problems it is to be expected, by analogy with the theory 
of plane strain, that the solutions may involve discontinuities in stress or velocity. 
The present paper examines these, and especially a discontinuity in velocity which 
is the mathematical idealization of localized necking. 
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Tue CRITERION FOR A PERMISSIBLE DISCONTINUITY 


In plastic-elastic theory no discontinuities in stress or velocity are admitted ; at 
least, none have so far been found necessary to ensure the existence of a solution. 
However, under certain circumstances, there may be found narrow transition 
zones through which some quantity varies rapidly. If the breadth of such a zone 
becomes vanishingly small, as YouNnG’s modulus is indefinitely increased, there 


is obtained in the limit a plastic-rigid body containing a discontinuity in the 


quantity in question. If plastic-elastic theory is indeed self-contained, plastic-rigid 


solutions can require the admission of these discontinuities only. Others are 
merely formally possible (such as block-sliding across any plane) in the sense of not 
conflicting with the plastic-rigid equations as they stand ; a * solution * containing 
them could not be the correct analogue of the true solution for a plastic-elastic 
body. 

A discontinuity in stress similar to that discussed by PRAGER (1948) is examined 
Section 5. This discontinuity is permissible since it can be regarded as an 
nescent strip of elastically-stressed material (HILL op. cit., p. 160 ; LEE 1951). 
In Section 3 it is shown that under suitable stress conditions the velocity in a 

non-hardening material can be tangentially discontinuous across certain surfaces ; 
an element crossing one suffers a sudden finite shear. This again is permissible 
since such a surface is the limit of what would be an intense shear-zone in a plastic- 
elastic body, the breadth of the zone being small compared with the sheet thickness. 
Since the theory of generalized plane stress treats the thickness as vanishingly 
small we must also admit a quite different kind of discontinuity. For if, in a sheet 
of any finite thickness h, the gradient of some quantity is of order 1/h in a zone 
of breadth comparable with h, this should appear in the generalized theory as a 
discontinuity. Now it is well-known that in a thin strip loaded in tension the 
final necking develops in such a zone (see, for example, NADAI 1951, pp. 319-320) ; 
simultaneously, the parts of the strip unload and move apart as rigid bodies, 
still in the same plane. It is observed that their relative velocity vector is inclined 
at a definite angle to the line of neck (BrisLAARD 1940). To take account of this 
and allied phenomena we have to admit a discontinuity in the normal, as well as 
the tangential, component of velocity across a line or curve, provided the rate 
of hardening does not exceed a certain critical value. It is not permissible to 
admit such discontinuities arbitrarily : they must bear a certain necessary relation 
to the local state of stress. According to the criterion just mentioned, this relation 
is to be obtained by regarding the discontinuity as the limit, when h is made 


vanishingly small, of a zone of intense strain accompanying the relative motion. 


DISCONTINUITIES OF VELOCITY 


It is supposed that the material is isotropic and that the yield function and 
plastic potential are identical (as required by the Bisnop-HI 1 theory of the plastic 
behaviour of a polycrystal, 1951). It is further supposed that they have six-fold 
symmetry, consequent on disregarding Bauschinger and related effects, when 
represented as a surface in principal stress-space (HILL 1950, pp. 18 and 36). Finally, 
the surface must not be concave outward at any point (a further requirement of 


the Bisnop-HILL analysis). 
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Consider, first, the simple shear discontinuity in a non-hardening body. Isotropy 
necessitates the coincidence of the plane and direction of shear with the plane 
and direction of the maximum shear stress ; moreover, the latter must be equal to 
the yield stress in pure shear. If the maximum shear stress lies in the sheet, the 
surface of shearing must be normal to the sheet and contain a maximum shear 
stress direction at each point. The principal stresses are (k, — k, 0) for any potential 
whose surface in stress space has a finite radius of curvature at the point correspond- 
ing to pure shear. On the other hand, if the maximum shear stress is directed out 
of the plane, the principal stresses are (2k, k, 0). The plane and direction of 
shearing bisect the angle between the sheet normal and the axis of the greatest 
principal stress. Exceptionally, if the potential surface is plane in the neighbour- 
hood of the point representing pure shear, the stress can take any value in this 
neighbourhood. In particular, for Tresca’s yield function and potential the 
stresses in the sheet satisfy o, oy 2k, 0 <o, < 2k, for shearing in the plane, 
and o, 2k, 0 a, < 2k, for shearing out of the plane (also similar conditions 
with the signs reversed). 

Consider, now, the necking type of discontinuity defined by a relative velocity 
v, possibly varying from point to point. Let v have magnitude v and make an 
angle % with the neck (Fig. 1). The local breadth b of the neck and the sheet 


thickness h are comparable and are ultimately to be made infinitesimal in com- 


s) 


parison with the length and radius of 
curvature of the trace of the neck. In the 
spirit of the theory of generalized plane 
stress we treat the strain-rate in the neck 
as if it were uniform. It is evident that 
the directions of zero rate of extension 
at each point are along the neck and 


perpendicular to the local direction of v. As 


4 
1 
1 
! 
! 
! 
! 
! 
! 
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1 
! 
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mentioned in Section 1 these directions are 
also the velocity characteristics in the 
material on either side (assuming for the 
moment that the stress varies continuously). 
Thus the incipient neck coincides with 
one characteristic and the discontinuity 
vector is perpendicular to the other; put 
otherwise, the velocity resolute along 
the other characteristic is continuous CHARACTERISTIC 

across the neck. When & 0 there is no Fig. 1. Velocity discontinuity. 
necking, only a relative sliding. Localized 

necking also cannot occur if the stress state is elliptic. 

It is evident that in reality the relative displacement has only to become of 
order h for the neck to become so thin that fracture completes the separation. 
Correspondingly, if we adhere to a strict view of the theory, separation must be 
regarded as instantaneous once a neck is able to develop. Of course, the calculated 
stress at that moment is not necessarily that under which the ultimate fracture 
occurs. 

It is easily shown that the strain-rate tensor in the neck has principal components 


“ (1 +sin #), ? ° (1 —sin ¥), % ” sin a, 

2b | v) 2b | b 
where the third axis is along the sheet normal and the other two bisect the angles 
between the characteristics. The plastic work-rate per unit length of neck is 
thus 


bh W bh (co, ey + Oy €o) L hv [(o, — oO. ! (o, + Gy) sin i]. (1) 


If f denotes the yield function and plastic potential, 


of / of 
. 4 j c 
J (o> Fe) const., —/— 
r 00;/ 0% 

where the constant depends on the degree of hardening. Hence 


j 
SIN wW 


€; T €9 of f | /( of of 
€} - do; 00g) / do} 002 
of of 


Oo; OOo 


where, for real x, 
In particular, 2 for a thin strip pulled in tension, so that 
wb sin! 4 19° 28’; thus the neck is inclined at }a + 3u 54°44" to the 
tension axis while v is inclined at jz bb = 35°16". 

In passing we may note that the work-rate (1), with stresses given by (2) and 
(3), is appropriate in the extremum principle for a plastic-rigid body at the yield 
point (Hit 1951 ; Pracer and Hopce 1951 ; Drucker, PRaAGER and GREENBERG 
1952*) when the fictitious velocity field involves such a discontinuity. The 
adaptation of the principle to generalized plane stress is self-evident. 

When the yield function is that of von MISEs, 


3k? y?, 


‘ : j P F 
38 sin ws . 1 3sin w& 


3 sin? ys)’ , L_ 3 sin? yp)’ 


. bh W kvh 4/(1 + 3 sin? x). 


3 (0, Oz) 
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These equations are equivalent to those obtained by BisyLaarp (1940), who was 
concerned with the necking phenomenon itself and not with permissible discon- 
tinuities in a plastic-rigid solution. For the Tresca yield function, where k now 


denotes 1Y (Y tensile yield stress), 
0<o < 2k, us 0, hy 0, (5a) 


when o, and o, have opposite signs (the characteristics are orthogonal as in plane 


strain). When o, and o, have the same sign the characteristics are coincident 


and 


P i O71 2k, Q .« Os * 2k, us le. ee 


> 


0. (5b) 


2 
If, however, the stress is a uniaxial tension the only condition on the distortion 


* The different points of view expressed by these various authors have recently been further discussed in a paper 


by Lee (1952), with comments by the present writer. 
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is that the greatest principal component of strain should coincide with this 


tension ; % can therefore have any value between 0 and 37. In all cases 


bh W = kvh (1 + sin #). (5c) 


The so-called ‘ parabolic’ and ‘ generalized Tresca’ yield functions, recently 
proposed for plane stress by von Mises (1949) and Hopcer (1950) respectively, 
are not considered here since they make the yield stress in balanced biaxial tension 
different from that in uniaxial tension. They are therefore not appropriate for 


an isotropic material with properties independent of hydrostatic stress. 


INFLUENCE OF WorK-HARDENING 


When the material work-hardens, a further condition is necessary for a localized 
neck to be able to develop: namely, that the hardening produced by the first 
increment of strain in the incipient neck should not be so great as to inhibit its 
immediate development and cause deformation to continue only elsewhere. If 
the parent stress-state is uniform, the neck is straight and the material on either 
side moves as a rigid body without strain-hardening. Hence, at the instant when 
continued necking just becomes possible, the stresses elsewhere are momentarily 
unchanged during the inception of the neck. The rate of hardening in the neck 
then exactly balances the rate of diminution in thickness, while the stress com- 
ponents there preserve constant ratios. 

To evaluate the rate of hardening let us assume that the total amount of hardening 
is a function only of the plastic work W per unit volume, so that (2) may be 
written 


FI (; o) F (WwW). 


. of . of , — 

Then 1 a. + Oy > (o, €, + 9% €.) F (HW ) 
. 25 2 £2 

do; do 


and so, since o o,/o, in the neck when it is just able to develop, 
ft \f 
y +- Oy y (o, ey + Oy Eo) F’ (W). 


0o7 “ )0o 


Hence, by (2) and the properties of equal ratios, 


- 


“1 (2 , (€, + €,) F’ (W). 
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as we have seen, progressive necking is just possible when 

G 

; : 

“3 “7 
07 


rate of hardening must therefore satisfy 
F’ (W) 
for localized necking to be possible. If Y (e) is the uniaxial stress-strain relation 


(obtained by compression normal to the sheet or by balanced biaxial tension in 


its plane), 
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F(W) where W 


Hence 


and the conditions (3). 

If the parent state of stress and hardness is not uniform we may nevertheless 
reasonably expect a good approximation to be obtained by satisfying (6) at every 
point of the neck. Since the neck will usually be curved and the direction of v 
will vary along it, the material on either side must also deform and harden ; the 
amount is negligible, however. 


If f is the Mises expression (4), 
VY 3sin b/1/(1 + 3 sin? ¥&). 


The angle w& is therefore restricted to the range 


1/3 sin r/s/(1 — 7°). (8) 


In particular we note the otherwise obvious fact that a sliding discontinuity 
(ys = 0) is possible only in a non-hardening material. Localized necking cannot 
be induced under any stress system whatever if r > 13/2. 

In uniaxial tension of a thin strip it follows from (2) and (6), in view of €,/€, - 2, 
that localized necking can occur when r < }. On the other hand, as is well-known, 
diffuse necking symmetrical about the tension axis can occur when r < 1*. Thus, 
in a strip of material whose stress-strain curve is rounded we should expect first 
a uniform extension, then diffuse necking, and finally localized necking when the 


requisite decrease in r has occurred. This is indeed observed (Napat 1951, p. 326). 


As the analysis in Section 7 indicates, the shape and general direction of the final 
neck depend on the curvature of the diffuse neck, as well as on the hardness 
distribution there. 


5. DISCONTINUITIES OF STRESS 

For equilibrium the components of the stress acting over any surface are 
necessarily the same on both sides. We prove first that all components of stress 
are continuous across a velocity discontinuity (apart from exceptions to be 
mentioned). To show this for the shearing discontinuity in the plane, where the 
tangential stress is /, it is only necessary to observe that the normal components 
of stress in the plane must be equal ; otherwise the maximum shear stress would 
exceed k, which is not possible when the yield function satisfies the conditions 


* \iore generally, in a uniform biaxial state (¢,,0,) diffuse necking symmetrical about the principal axes can 


first develop when 0G; 0; €y O/C, - This leads to the condition 
vf \? df \? of df\ IF CY, 0) 
r O; { } oO, | } / (o, te, = ) ag 
oo, oo, do, do, d¥ 
lhe right-hand side here is always greater than that in (6), in view of the conditions (3). 
In particular if f is the Mises expression we recover a result due to Swirr (1950) : 


r< (oe, + o,) (40,7 — 70,0, + 40,") /4 ¥’. 


2 2 


On discontinuous plastic states, with special reference to localized necking in thin sheets 95 


previously laid down. Hence all components are continuous.* (Obviously, also, 
the velocity is continuous at a stress discontinuity for, if it were not, the stress 
would have to be continuous as just proved). A similar argument applies to 
shearing out of the plane, except for Tresca-type yield functions where there 
may indeed be a discontinuity. 

To discuss necking it is convenient to introduce the envelope of circles for 
possible plastic states in Monr’s representation. Since the stress state in the 
neck is either hyperbolic or parabolic the associated circle has real contact with 
the envelope at the point whose coordinates are the shear stress along the neck 
and the normal stress across it (H1LL 1950, p. 296). When the stress state is 
hyperbolic it is therefore impossible to find another stress circle through the same 
point that does not cut the envelope and so violate the yield condition. Hence 
the stress on either side of the neck is represented by the same circle and is therefore 
continuous. However, when the 
stress state is parabolic (both 
characteristics coinciding with the 
neck) infinitely many plastic stress DISCONTINUITY 
circles can be drawn for a Tresca- 
type yield function ; the stress may 
then be discontinuous. When the 
surface is not a characteristic a 
stress discontinuity is always 
possible since, through any point 
within the Mohr envelope, infinitely 
many stress circles can be drawn 
without violating the yield condi- 
tion. In particular there are usually 
two such circles which represent 
possible plastic states, having real 
or imaginary contact with the 
envelope ; the following analysis is 
concerned with these. Let o, and G,(>¢,) 

a, (<a,) be the principal com- Fig. 2. Stress discontinuity. 

ponents on one side of the discon- 

tinuity and o,’, a,’ (<,’) those on the other; Fig. 2 shows the convention adopted 
in regard to the angles @ and @’ defining the orientation of the principal axes. 

For the Mises yield function it may be shown that 
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* Alternatively, this may be proved by showing that the velocity must be continuous across a stress discontinuity, 
as was done in the plane strain case by the writer (1950, p. 160). Such a method is a little less straightforward since 
it involves ruling out the possibility of a velocity discontinuity alongside the stress discontinuity ; this was neglected 


in the later and otherwise similar discussion by LEE (1951). 
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For the Tresca yield function suppose that (¢,, ¢,) is a hyperbolic state, so that 
; O> 2k and | o, Lg, | <2k. We do not need to consider separately the 


case when (¢,, a.) is a parabolic state since this is obtained by interchanging roles 


in the equations (10) below. It is found that 
2h. 


0. =. 

when ~? < cos 26 < —!. (10a) 
2h cos 26 2k 2k 

These are formally identical with the conditions at a discontinuity in plane strain. 
Further, 
tan 0’ / sin 28, Z 2k, 


- COS 26. 


cos 26] (1 1 eos 20 


oO 


‘| sin 26, 
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cos 286. (10c) 
“1 | 1 cos 20 (1 20 

2k k 
Exceptionally, when the stress normal to the discontinuity is + 2k the other 
principal components on either side can have any values between 0 and + 2k. The 
discontinuity is then not necessarily the limit of a narrow elastic zone since the 
jump can be bridged by a continuous sequence of plastic states. 

We have seen that the velocity must be continuous across a stress discontinuity. 
If the velocity fields on either side satisfy this condition, and the condition that 
the plastic work-rate is everywhere positive, it follows that the rate of extension 
along the discontinuity is automatically zero. For in view of the convexity of 
f the values of df/dc,, on either side are opposite in sign, where a, is the component 
parallel to the discontinuity. Since f is also the plastic potential the rates of 
extension in this direction have therefore different signs on either side (the work- 
rates being positive). Hence, if the velocity is made continuous, and therefore 
the rate of extension also, the latter must automatically be zero. The vanishing 
of the extension rate is thus not an additional condition to be imposed on the 
velocity fields ; this is contrary to the view expressed by LEE (op. cit., p. 219, 
footnote). 


6. DISCONTINUITIES IN SURFACE SLOPE 


A discontinuity in the slope of the surface may be present in the undeformed 
sheet or may be created during the distortion. We note first that no part of the 
trace of such a discontinuity can currently coincide with a characteristic. This 
follows since the slope enters the differential relation governing the variation 
of the stress components along the characteristic ; since the stresses are continuous, 
so is the slope. (Exceptions occur for a Tresca-type yield function but are not 
considered here). The trace can, however, coincide with an envelope of character- 


istics since the relation mentioned does not hold along the envelope. These 
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remarks apply in particular to the boundary between the rigid and deforming 
parts of a hyperbolic plastic zone since this is a characteristic or envelope of 
characteristics (as when a hole is expanded in a sheet). 

Consider, now, the possibility of a discontinuity in slope in a state of steady 
motion. We have seen that in general the trace cannot coincide with a character- 
istic ; that is, the derivatives of the velocity components are continuous across 
the trace. Accordingly, if volume is to be preserved, the velocity component 
normal to the trace must vanish. Hence the trace, or thickness characteristic as 
we may regard it, must be a streamline. The equation of incompressibility furnishes 
the relation 
ul do, dq ‘ dh 0 (11) 

h 

for the variation of the speed g along a streamline, where (¢,, ¢,) are the normal 
stress components perpendicular and tangential to the streamline. Taking (11) 
in conjunction with the yield condition and the four relations along the other 
two characteristics (referred to in Section 1) we have, in all, six canonical equations 
suitable for determining the three stress components, two velocity components, 
and the thickness as functions of position in a non-hardening material. Although 
the thickness gradient transverse to the stress characteristics enters the associated 
relations, the fact that it is continuous across them makes unnecessary, not to 
say disadvantageous, its elimination by means of the incompressibility equation 
in the manner detailed by Hopce (1951). 

In a non-steady state, on the other hand, the thickness is known to begin with. 
When the initial stress and velocity fields have been computed, the incompressibility 
equation furnishes the rate of change of thickness Dh/ Dt following an element: 


md (12) 


0a;,/ OSs 


1 Dh , d 
h Dt d 


f 
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where s is arc-length measured along curves enveloping the momentary directions 
of flow. .We may therefore calculate the approximate new thickness after some 
selected small interval. Thereafter, the procedure may be repeated for a succession 
of small intervals, at the beginning of each of which the thickness is a previously 


calculated and therefore known quantity. 


NECKING OF NOTCHED STRIPS 


In illustration of the preceding results consider the extension of a long rectangular 
strip symmetrically notched in its plane. The material is supposed to be uniformly 
hardened and to obey the Mises yield criterion. When the notch is sufficiently 
deep and sharp, with a wedge-shaped root,* the relevant part of the characteristic 
field (Fig. 8a) is similar to that in the analogous plane strain problem. It may 
be proved (cf. Hitt 1951, p. 872) that the plastically-stressed zone certainly 
extends at least as far as the field shown. There is, however, no need to determine 
the actual stress distribution elsewhere ; to justify this partial field it is only necessary 
to prove the possibility of constructing elsewhere some distribution satisfying the 

* In practice the radius of curvature of the notch root must be two or three times the sheet thickness if the theory 


of generalized plane stress is to be a satisfactory approximation. 
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boundary-conditions and not violating the yield criterion (PRAGER and HopcGE 
1951, p. 226). Such a construction, valid for sufficiently deep notches of any 
angle, has been given by BisHop (to be published). 

To describe the state of stress where one family of characteristics pass through 
the notch root it is convenient to introduce polar components o,, og, and 7,4. The 
yield condition and the equations of equilibrium are satisfied by 


k cos 4, a4 = 2k cos ¢, 7,4 =ksin ¢, 


where the polar angle ¢ is 
measured from the _ base-line 
indicated in Fig. 3a. This is 
such that the angle between 
it and the farther surface of 
the notch is 28 where, as 
proved in Section 8, 
8 tan“!)/2 54°44 is the 
inclination of the character- 
istics in the state of uniaxial 
tension adjacent to the side 
of the notch. From (4) we 
find that tan w& i cot d and 
hence that the curved 
characteristics have equation 


r= sin d = constant. They 
) 


are inflected where ¢ ly B 


and, if continued, approach 


the base-line asymptotically. 


If 2% is the notch angle ’ 


and @ is now restricted to - 
refer to the innermost 
characteristic through the Fig. 3. Characteristic field in notched tension strip ; 
root wedge-shaped. (a) « > 70°32’ (b) « <70°32’. 
root, then 


2tan¢d + tan2(« + 28 —4d)=0 (14) 


in order that there should be no shear stress along the transverse axis of symmetry. 
The constraint factor, c, defined as the mean longitudinal stress in the minimum 


section divided by the uniaxial yield stress, is found to be 
3 sin? d) + 8 cos $| 21/3 


a7—2B <a; 


empirically, with an overestimate of less than } per cent. It will be observed 
that 6 =0 and ¢c = 2/4/3 when « = a — 2 8B = 70°32’; the field then shrinks 
to a coincident pair of characteristics along the transverse axis (Fig. 3b), where 


a 2k anda. =k. This is also true for all sharper notches since, by the maximum 
4 = 2kando, =k. This isalso true for all sharper notcl by tl 
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work principle, c cannot decrease when material is added in order to reduce the 
notch angle ;* on the other hand, ¢ certainly cannot exceed 2/,/3 since in view 
of (4) no stress component can exceed 2k. It seems safe to expect that the solutions 
are valid when the fractional reduction of width at the notch is more than 25 per 
cent or so. 

If the rate of hardening is sufficiently low two deformation modes are theoretically 
possible : (i) flow through an extended plastic zone ; (ii) localized necking along 
both characteristics through some point of the field. Only the diffuse mode (i) 
occurs when the hardening rate is sufficiently large ; when r < } the mode (ii) can 
also occur, according to (7), and in practice presumably always will (in the case 
of Fig. 3b the condition r < 4} must be approached as a limit by indefinitely 
increasing the curvature of the root). For definiteness, suppose that in mode (ii) 
both branches of the neck pass through the centroid. The velocity field between 
the branches is defined by the boundary condition that at any point of the neck 
the velocity resolute along the other characteristic is continuous (as mentioned 
in Section 3). If the ends of the strip are moved longitudinally with unit speed 
relative to the centroid the elements on the transverse axis travel inward with 
speed tan (}7 tus) where tan & } cot ¢. The relative velocity vector at other 
points of the neck, together 
with the velocity field between 
the two branches, can be 


relations along the character- 


| 

| 
determined by integrating the = ; 

| 

| 

| 


istics. However, since fracture 
follows immediately according 
to a strict view of the present 
theory, there is no opportunity 
for distortion to occur else- 
where; in reality, displacements 
of order h would be expected. 

Consider, next, deep notches 
with circular roots of radius p, 
distance 2a apart. It is believed 
that the relevant fields are as 
in Fig. 4, although no 
justifying stress distribution 
has yet been constructed in 
the remainder of the strip, 
nor is the extent of the diffuse 
mode known. For small 
values of a/p the field is 
radially symmetric (as in an .. | Te ala oa ; : 

: ri Fig. 4. Characteristic field in notched tension strip ; root 

annular ring under external circular. (a) a/p < 1-071, (b)a/p > 1-071. 
tension) and is defined by the 
well-known parametric formulae 

* This incidentally disproves the surmise by HopGe (1950) that c for « = m7 — 28 exceeds its value for any 
neighbouring angle. 


2k sin (0 


re ‘ mm . { 2 ) 
wher¢ . - sec Gexp jy 3 (é 


When @ lo, 7/p = 2-071 and the characteristics coincide. Hence Fig. 4a and 


(16) apply only when a/p 1-071; furthermore, the angular span of the root 


ereater than 48 1 38°56’. The constraint factor is 


must be 


p)/YV 3 ka 


~ | 0-226 
a p 


empirically, with an underestimate of less than } per cent. For sharper notches 


the characteristics coincide along the central part of the transverse axis (Fig. 4b), 
the stresses there being 2k and k. The constraint factor is 


2 a 


0-040 ©, - 1-071. (17b) 
V3 a p 
Localized necking at the yield point is to be expected when r < }. 

Consider, finally, the solution for Tresca’s yield function and potential. The 
constraint factor ¢ can certainly not exceed unity since no stress can exceed 2k. 
That c is, on the other hand, not less than unity (whatever the shape of the notch) 
follows from the maximum work principle by comparison with a uniform tension 
2k in a strip of width 2a. Hence c 1. The notched strip necks directly across the 
minimum section provided r <1, according to (5b) and (6). The result that 
the Mises and Tresca constraint factors do not differ by more than a factor 2//3 
is a particular example of a general comparison theorem (HILu 1952). 

It is worth noting, as a general result, that the maximum constraint factor is 


equal to the ratio of the maximum shear stresses in pure shear and pure tension. 
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SUMMARY 


CALCULATIONS of the drawing stress on the basis of the H1_u-Tuprer theory of sheet-drawing are 
reported for an extended range of angles and reductions for both smooth and rough wedge-shaped 
dies. The results are summarized in convenient empirical formulae. It is shown that the fractional 
redundant work due to inhomogeneous distortion is virtually a function only of a single geometric 
parameter in frictionless drawing. The redundant work does not decrease steadily as the reduction 


is increased, but oscillates with a decreasing amplitude. 


INTRODUCTION 


In the particular forming process under consideration a uniform rectangular sheet 
is reduced in thickness by drawing it through a wedge-shaped die. When the 
width of the sheet is large compared with the length of the die channel, the deforma- 


tion is essentially plane, since the rigid material on either side of the die prevents 


lateral expansion except very near the edges. The process may be regarded as 


the two-dimensional analogue of wire-drawing. 

The only previous theory that adequately takes account of the inhomogeneous 
distortion is that of Hitt and Tupper (1948). Their solution is an exact one for 
an ideal plastic-rigid material deforming under a constant maximum shearing 
stress k. In the present paper further calculations on this theory are presented and 
conveniently summarized in empirical formulae. 

Hitt and Tupper also suggested that the contribution of work-hardening to 
the drawing load could be estimated to a good approximation by assuming that 
the mean strain imparted by the die is independent of the hardening characteristics 


of the material’ (see also H1iLi 1950, p. 172). 


DRAWING STRESS FOR A SmMooTH DIE 


The calculations of H1Li and Tupper for smooth dies cover the range of angles 
and reductions for which the zone of plastically-deforming material intersects 
the longitudinal axis in a single point in a typical plane of flow. This range of 
reductions is defined by the limits 

! GREEN (195la) has demonstrated by means of a scribed grid technique that the deformation in plasticine, 
a work-hardening material, is very like that calculated, even in detail. Wustreica (1951) has found, from 


observations of the total hardening during drawing, that the average strain is approximately the same for copper, 


stainless steel, and mild steel, all these metals being annealed before drawing. 
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0-230 + -r <2sina/(1 + 2 sin «) (1) 
where « is the semi-angle of the die channel (radian measure) and r is the fractional 
reduction in thickness. The expression for the lower limit is empirical, with an 
error in r of less than 1 per cent. At reductions below the lower limit in (1) a 
bulge or standing wave of plastic material forms ahead of the die. At reductions 
beyond the upper limit in (1) the plastically-deforming zone extends over a finite 
portion of the axis. The calculations reported here relate to certain ranges of 
such reductions (namely those corresponding to Fig. 6a, Hit and TupPeEr, op. cit., 
or to Fig. 35a, Hitt 1950, and their analogues at higher reductions). These further 
ranges are defined by the limits 


9 


2sina/(1 + 2 )or<2-06 a — «* 
and 5a — 4-9 q? <r<4a—5a? 


to within 1 per cent. The solution for the intermediate range has been found 
qualitatively (GREEN 1951b) though no exact calculations have been made. How- 
ever, the pressure distribution on the die has been calculated approximately in 
three instances (see Section 3), while close bounds from above and below to the 
drawing stress have been obtained by Hitt (1951) and Green (1952). 

The results are shown in Table 1 in terms of the ratio of the actual drawing 
stress ¢t to the quantity 2k In }1/(1 r)} representing the drawing stress given by 
the Sacus theory, which assumes homogeneous deformation; this ratio is also 
equal to the quotient of the respective die loads or mean pressures. The extent 
by which the ratio exceeds unity is thus a measure of the relative amount of 
redundant work expended in inhomogeneous distortion during drawing. It is 
remarkable that the redundant work does not decrease steadily but varies in an 
oscillatory manner as the reduction is increased ; it never quite reaches zero at 
the minima but the 
amplitude of the oscilla- 
tions decreases steadily. 

It is found that the 
ratio in Table 1 depends 


only on the _ single 
geometrical parameter 
c/d where d is the length 


of the contact with each 


die and ¢ is the length of 
the circular are which 


has its centre at the 
virtual apex of the 
channel and joins the 
midpoints of the two Fig. 1. 
zones of contact (Fig. 1). 

The variation from the mean of the calculated ratios is less than } per cent over most 
of the ranges (1), (2) and (3), and about } per cent near each end of (1) for semi- 
angles between 5° and 30° (the computational error in Table 1 is thought not to 


exceed } percent). It is easily shown that this parameter c/d is equal to (2 — r) «/r. 
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Suppose, now, that the die angle is indefinitely reduced. In the limit there is 
obtained a stress field in the plastically-deforming material which is identical 
with that in a strip of thickness c indented by an opposed pair of flat dies of 
width d. The solution of this problem when c,d > 1 has been given by HILt (1947 
and 1950, p. 257) and when c/d 1 by GREEN (1951b). Table 2 shows the 
calculated indentation pressures p at the yield point divided by 2h, the yield 
stress in homogeneous plane compression.* If the previously-mentioned functional 


relation could legitimately be extrapolated to vanishingly small die-angles it 
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should be found to be identical with that in Table 2. This is indeed so, within 
the limits of variation stated. In the range where an exact theory is not available 
we appeal to the bounds referred to earlier ; Fig. 2 illustrates this in the case of a 
20° total angle. 

We have thereby obtained a suggestive correlation between the respective 
redundant works in drawing and indenting. Moreover, to an accuracy sufficient 


Forp and Warrs (1952) have shown that the indentation pressures for work-hardened copper and brass 


are in excellent agreement with these theoretical values. 
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for practical purposes, interpolation of Table 2 with respect to the c/d ratio can 
be used in preference to the difficult interpolation of Table 1 with respect to the 
die angle and reduction simultaneously. 

It should perhaps be emphasized that whereas the indentation pressure p is 
exactly 2k whenever d/c is integral, the redundant work in drawing appears never 
to be exactly zero ; it does, however, pass through successive minima near integral 
d/c values. The upper bounds to the unknown exact values show that the 
amplitudes of the oscillations when dc > 1 decrease, probably steadily, both 
for drawing and indenting, and that the peaks probably occur near d/¢=4/( n(n +1) }, 
i 

Equation (1) for the bulge limit may also be extrapolated to zero die angle. The 
** bulge limit ” for indenting occurs when c/d = 8-72, and hence r/« > 2d/c = 0-230 


when « — 0, which agrees with (1). 


PRESSURE DISTRIBUTION OVER THE DIE 


Some typical distributions of pressure on the die, for a total angle 10°, are 


shown in Fig, 3, together with the Sacus distribution for comparison (broken curves). 


The latter is defined by q/2h l In (1 v) where z is the reduction up to 
the point under consideration. The local Sacus pressure is thus independent of 
the total reduction and the die angle x, in contrast to the exact value which depends 
on both these quantities. 

In the range (1) the pressure on the die is distributed uniformly, its value being 


equal to t (1 r)/r. In the range (2) the pressure falls steadily in a certain region 


near the entry but becomes uniform towards the exit. In range (3), which is in 
the neighbourhood of d/c = 2, there are two uniform regions and two steps down 
towards the exit ; in the neighbourhood of dc = 3 there would be three uniform 
regions and three steps, and soon. Between (2) and (3) where no exact calculations 
are available, the pressure distributions shown are approximations ; the pressure 
falls near the entry, rises a smaller amount towards the exit and may be uniform 


either in the centre or at the entry and exit. 
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tf. Drawinc Stress For A Roucnu Die 


exact theory for drawing through a rough die was also given by HiILi and 

k in the ranges corresponding to (1), (2), and (3); numerical results were 

for the highest reduction at which the plastically-deforming zone intersects 

xis in a single point, for half-angles between 5° and 30°. The present calcula- 

are for all lower reductions down to the bulge limit, for half-angles between 

15°. Owing to the considerable difficulties of computation the numerical 

error is several times greater than it is when the die is smooth. We do not therefore 

consider it is worthwhile to quote the results individually ; but instead we express 

them collectively in an empirical formula which is believed to be not more than 

1 per cent in error. If ¢ is the drawing stress for a smooth die (Table 1), and ¢’ 
that for the same die when the coefficient of friction is fs the formula is 

ry 


(1 + pcot «) — p (0-2 + 0-08 r cot? x). 
t 


is has been fitted to calculations in a range approximately given by (1) when the 
f angle is between 5° and 15° and » < 0-15; extrapolation is not advisable. If 


nd gq’ are the corresponding pressures on the die (uniformly distributed in this 


q' 2 + 0-08 r cot? «) 


q + ph cot x 


The second terms on the right-hand sides of these equations are the corrections 
to Hitt and Tupper’s suggested rough approximations t’/t ~ 1 + yp cot « and 


q q ~ l. 
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SUMMARY 


AN account is given of the outline and progress of an examination of the general stress, time, 
and temperature dependence of the creep, plastic strain, and relaxation properties of several 
metals and metallic alloys, which, while being typical practical engineering materials, are different 
in their basie structures. The temperature range examined for each of these materials has been 
in each case chosen as the practical temperature range of use at elevated temperatures in actual 
engineering practice. 

The work involves simple tensile, torsion, and combined stress creep tests, and similar varieties 
of short period plastic strain tests and relaxation tests. 

The results, so far obtained in the work, and the inferences drawn from them, are discussed in 
relation to such appropriate theory as has currently been advanced, and in several cases it has 


been possible to suggest relations modifying or replacing those implicit in such theory. 
I g : ' 


INTRODUCTION 


In the past twenty or thirty years the rheology of time-independent plastic strain 
of engineering metals at room temperature has been the subject of considerable 
research. In contrast the investigation of the rheology of such metals at relatively 
elevated temperatures, where both time-independent strain, time-dependent or 
creep strain, and related relaxation and recovery phenomena occur has largely 
been restricted to pure tension or sometimes pure torsion creep tests, little data 


being available for the case of general stress systems. Also, while considerable 


speculation has been made concerning the physical principles underlying the 


mechanism of creep, it still appears to be a fact that even in the case of the pure 
tensile or torsion creep tests insufficient data of a type necessary to afford a really 
searching test of the validity of such theories is available. 

A few years ago with much the above views in mind a programme of work was 
commenced at the National Physical Laboratory* in which it was the intention 
to make a thorough examination of the general stress, time and temperature 
dependences of several metals or metallic alloys which, while being typical practical 
engineering metals, were different in their basic structures and therefore presumably 
likely to allow the maximum divergence of behaviour. The temperature range 
examined for each of these materials was in each case chosen as the practical 
range of use of the materials at high temperatures in actual engineering practice. 

In detail the programme has and will involve simple tensile, torsion, and 


combined tension and torsion creep tests, similar varieties of short period plastic 
* Now continuing at the Mechanical Engineering Research Laboratory, East Kilbride. 
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strain tests (the degree of strain in general being limited to that occurring in the 
initial stages of normal creep tests), and finally similar varieties of relaxation 
tests. 

The following paragraphs indicate briefly the various aspects of the work 
performed or contemplated, and also discuss the nature of and inferences from 


the results so far obtained. 


2. MATERIALS CHOSEN FOR INVESTIGATION 

The basic materials used in the research have been a 0-17 per cent C steel (of 
body-centred cubic lattice) an RR 59 type aluminium alloy (of face centred cubic 
lattice), and a magnesium alloy containing 2 per cent of aluminium (of close-packed 
hexagonal lattice) ; the respective temperature ranges of investigation being (apart 
from some individual tests) 350 to 550°C, 20 to 250°C and 20 to 150°C. Additionally 
limited series of tests have been made on selected materials (e.g. Nimonie 75 alloy, 
0-5 per ct nt Mo ste el or pure copper) for specific purposes. 

In preparing the above mentioned materials for the work, great care has been 
taken to obtain the materials in an isotropic condition as regards creep and plastic 
strain properties by means of suitable mechanical and heat treatments. The test 
pieces used in the great majority of cases have been of a thin walled tubular type 
of 2 inches effective gauge length and a wall thickness of 0-02 to 0-03 inch, the 
erain size of the material being regulated to about six grains to the wall thickness. 
Recent work has involved tubular specimens of wall thickness 0.0625 inch, and 
of effective gauge length 8 inches, and also short compression specimens 0-25 inch 


diameter and 1 inch in length. 


3. CoMmMBINED-STRESS CREEP TESTS UNDER CONSTANT LOADING SYSTEMS 
The initial work has largely been devoted to combined tension and torsion creep 
tests. Such tests have been taken as satisfactorily representing the general stress 


behaviour of metals at normal stresses and temperatures. on the assumption that 


an imposed hydrostatic stress of magnitude comparable to the stresses used in 


the creep tests would make no difference to the magnitude of creep occurring, and 
that tensile and compression creep at corresponding stresses and temperatures are 
similar in magnitude. 

The former assumption has actually been tested experimentally by comparison 
of the creep of a tubular specimen of magnesium alloy at 20°C under several 
systems of combined tension and torsion, and the creep of a thin plate of similar 
material under biaxial tensile stress equivalent in principal stress system to the 
tension and torsion test apart from the addition or subtraction of a hydrostatic 
stress. Very close agreement between the two sets of principal creep rates was 
obtained indicating the validity of the principle in question. The second assumption 
has been based upon previous experience of the various materials used by the 
authors but it is intended to make an explicit check in the case of the materials 
used in the current research, and a compression creep machine (Fig. 1) has been 
designed and constructed for this purpose among others. 

On the above mentioned bases, suggested rheological equations for combined 
stress creep have in the past been of the St. Venant-Mises type C; F(J.)(S;) 


ete. (7 1, 2, 3) where C, is the creep rate at a given period and where J, S; are 
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the second order invariant and stress deviator* of the system. and F denotes 
some function. More general expressions equally useful for both creep and plastic 
strain have been suggested by Pracer and REINER and take the form for creep 
of 
C; = f Jo Js) [p Ja: J 3?) Fg (S; 3J,1) + 4 (Ja, 7,7) S;] 

where C;, etc. are principal values of the creep rate tensor, S; ete. principal values 
of the stress deviator tensor, J, = } (28), J, = 4 (2S), pandqare polynominals 
in J, and J,, and J is the unit tensor. 

BaiLEY has maintained that certain tests of his making are not capable of 


representation by the St. Venant-Mises equation, and he has used the form 


F (J) [(o 


- i 


the creep being considered to be a function of slip on planes other than those of 
maximum shear stress (o; are the principal stresses). 

In this connection it is to be noted 
that it may be shown on_ purely 


theoretical grounds that if the creep 


relations of a material obey the Mises 


oo 


criterion of plastic strain (indicated by | 
the F (J.)). and are also isotropic, 


then n in BaiLey’s equation must be 


unity providing the relations involve 


im 


| 
power terms at all. Thus_ before | 

. ° ° » | 
accepting the validity of any results | 


indicating a departure from the simple 4. .rum pesistance 
St. Venant-Mises relation it is necessary THERMOMETER 
to make sure that this departure is 


not merely due to the occurrence of 


SPECIMEN ——— 


anisotropy. The degree of isotropy 


attained in all materials used in the 


T 
FURNACE L 
| 


author’s tests made it virtually certain 
that this factor would not mask the 
true value of any results obtained. 

A series of results of tests on 0-17 
per cent C steel at 350, 450 and 550°C Oe ee 
on RR59 alloy at 150 and 200°C, — extensomerer mirror 
magnesium alloy at 20 and 50°C, and 
Nimonie 75 at 550 and 600°C are 


summarised in Figs. 2 and 3. Here 


the octahedral stress is plotted against 
the octahedral creep rate, — this 
constituting a direct check of the 
application of the Mises criterion. Obviously all points are closely disposed 


Fig. 1 Apparatus for compression creep tests 


on small specimens. 


about a common curve indicating a close adherence to the Mises criterion. The 
other prominent feature of the figures is that in all cases the curve is comprised 


of two distinct portions ; at lower and moderate stresses the curve is linear, such 
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portions of the curve for all materials being well represented by the St. Venant- 
Mises type of equation 


p lying between the values 0 and 1 for the quite wide range of materials and 
temperatures concerned. As regards time dependence it was found that for all 
materials and temperatures over a quite wide stress range the curves could be 
represented by simply affixing a function of time to the above equation ; in other 
words the curves were geometrically similar. 

At higher stresses the curved portion of the characteristic curve required a 
more complex representation than is given by the above equation. In all materials 
anisotropy occurs at some stage in this stress range although, in one or two cases, 


isotropy is preserved to quite high stress levels. Further, the simple power function 
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Complex stress creep tests on various materials. (a) Magnesium alloy at 20°C and 50°C. 
(b) Nimonie 75 at 650°C and 550°C. 


of J, becomes a multiple power function, the physical significance of which is yet 
to be fully understood. 

Evidently, therefore, the representative equation appears to be a generalized 
St. Venant-Mises or a simplified Prager-Reiner equation. 

With the exception of the carbon steel (where apparent metallurgical changes 
obscure the nature of the anisotropy) all anisotropy may be represented by gencral 
equations of type 


A); (a; - o;)] etc. 


where A;, etc. are anisotropy coefficients. Actually, three differing anisotropy 
coefficients were only needed in the case of carbon steel at 450°C. 


In all other 
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cases except the magnesium alloy at 50°C, A,, = A,,, and the tubes apparently 
exhibit a considerable change of diameter, but not of wall thickness, the major 
principal creep being as in the case of complete isotropy. The value of 4,, depends 
upon the stress system. The direction is that of major principal stress. 

At 50°C for the magnesium alloy the reverse is true, A,, is unity and A,, and 
Al,, have values depending on the stress system, but always such as to make 


Ajo (0, Oy) - As, (a, 


The major principal stress creep is as in the case of isotropy, but a change of wall 
thickness and not of diameter is noted in the tubes. This disparity between the 
mechanisms of deformation of the magnesium alloy at the two temperatures of 
20 and 50°C is in line with marked differences in mechanical working properties 


which have been noted for this material at these temperatures. 
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Fig. 3 Complex stress creep tests on various materials. Relations between log. stress and log. 
creep rate in the octahedral plane. (a) 0.179 C. steel at 350, 450 and 550°C. (b) Aluminium alloy 
at 150 and 200°C, 


Evidently in general the anisotropy arising in these materials is of quite a 
complex nature, but is fortunately confined to stresses that are usually in excess 


of those which would be imposed by designers. 


COMBINED-STRESS CREEP TESTS UNDER VARIABLE SysTEMS OF LOADING 


Since engineering materials used at elevated temperatures may, preparatory 
to their use under a given system of complex stresses, be subjected to prestrain 
in preferential directions, or in the course of their use be subjected to a series 
of changed combined stress systems, it has been decided to investigate the 


12 A. E. JoHNSON AND N. E. Frost 


modification in the characteristic equations necessary to render them applicable 
to the case of prestrained material, or material subject to changing combined 
stress conditions. 

Obviously a programme such as this will eventually involve a considerable 
volume of work, but in commencement a series of tests have been made upon 
magnesium alloy specimens at 20°C, these specimens having previously been the 
subject of creep tests in pure tension or pure torsion. Upon the results of this 
series of tests the framing of a major programme of work will depend. However, 
these preliminary tests have given several interesting indications. 

Since the Mises criterion undoubtedly holds for simple loading, it might be 
thought that in a test in which the ratio of tension to torsion load was changed 
several times, the octahedral stress beine maintained constant, the creep curve 
of octahedral strain would be continuous throughout the series of tests. Such 
however proved not to be the case, and evidently the / (J,) term of constant 
loading characteristics is subjected to modification by the degree of strain involved. 
However it has been found for this material and temperature that whatever the 
changes of loading system made (whether the same octahedral stress was main- 
tained or not) the geometrical curve with respect to time was similar to that of 
the virgin material under constant loading conditions, and further that anisotropy 
(where produced) was similar to that occurring in the virgin material although 
the magnitude of the anisotropy coefficients was altered. An indication was 
also given that at lower stresses where isotropy was preserved modification of 
the F (J) term for simple loading could be approximately represented for moderately 
small strains by the subtraction of a constant from the term, while at higher 
stresses and strains the modification might be proportional to +/J,, the second 
invariant of total strain. The above facts suggest a possible general equation 


of the type 


By I,)] [ 4; (e, oa.) 


} 


where 1; A,;, Aj, are modified anisotropy coefficients, A; and A,; being 
unity for this material, and where / (t) represents the time function appropriate 
to the material in the virgin condition. At low or moderate stresses this equation 


r'¢ duces to 


[ F (J) 1] [S;] f(t). 


However, the above indications are based upon only a few tests, and the major 


programme ahead may not confirm them. 


5. FRACTURE AFTER CREEP UNDER COMBINED STRESS 

It is hoped, for all materials, to investigate the criterion of fracture after creep 
under combined stress, although instability of specimens in the final stages of 
fracture may only make this possible for one or two materials. 

However, an opportunity has occurred to examine the creep-fracture characteris- 
ties of a 0-5 per cent Mo steel which was particularly prone in certain temperature 
ranges to intercrystalline fracture. and the results obtained for this material, 
although unlikely to be typical of the materials used in the major programme, are 
worth noting. 


The tests arose out of the consideration of a paper by W. Stecrriep published 
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in 1943 which dealt with the creep failure of metals as influenced by general stress 
systems, over ranges of temperatures both above and below the so-called “ equi- 
cohesive * temperature defined as that temperature below which fracture in creep 
is purely transcrystalline and above which it is intercrystalline depending in each 
case upon the supposed relative strength of crystal and boundary material. He 
suggested that below the equicohesive temperature the period to fracture depended 
upon the maximum stress deviator portion of the imposed stress system, while 
above the equicohesive temperature the period to fracture depended upon the 
hydrostatic component of that system, regarded as causing the fracture of 
boundaries. General experience suggested that S1EGFRIED’s proposition should be 
modified in as much as that for any particular material and temperature the 


fracture occurring may not be 


wholly trans- or intercrystalline, 
but partly both. To check the 
theory tests were made at such 
a temperature and in such a 
stress range as gave virtually 


entirely intercrystalline failure 


STRESS 


in pure tensile creep. 


The tests consisted of a pure 


tension test, a pure torsion test, 


and three tests in which the 
ratio of tension to torsion stress 
was respectively in the ratios 9:1, 
9:5, and 1 to 2. 


The Srecrriep theory would 
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> 
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z 
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appear to suggest that the 


torsion-test fracture would be 2 30 
entirely transcrystalline. The 10g, PERIOD TO FRACTURE IN HOURS 
» PURE TENSILE TESTS. SOLID SPECIMENS 
PURE TORSION TESTS. TUBULAR SPECIMENS 
PURE TORSION 
tension stress, and accordingly tn/in? TENSION, | tn/in? TORSION 
TENSION, 5 tn/un® TORSION 
TENSION, 8 tn/in® TORSION 


two tests with stress ratios 9 to 


1 and 9 to 5 had the same 


the same _ hydrostatic — stress 
} tension. stress. Thus, 

according to SIEGFRIED, in an fig, Relation between maximum principal stress 

intercrystalline range the two and log. period of fracture. 

tests should have fractured in 

identical periods whatever the value of the torsion stress applied. 

Actually the results of the tests indicated that, while fracture in the pure torsion 
creep test was transcrystalline, no other evidence in favour of the Siegfried 
hypothesis arose. The two tests of similar tensile stress fractured in quite dissimilar 
periods, and with quite differing fractures. 

A criterion of failure was sought, and it became evident that for this material 
at this particular temperature the criterion was closely that of maximum principal 
stress. This is illustrated by Fig. 4. The actual relation was expressed by the 
equation log P A Bo,. where P is the period to fracture and o, is the 


maximum principal stress. 
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6. Time AND TEMPERATURE DEPENDENCE OF CREEP 


For each of the basic materials concerned in this programme it is intended to 
examine the time and temperature dependence of the material ; the former by a 
series of torsion creep tests carried either to fracture or the tertiary region, or 
into the secondary region for prolonged periods, at one or two chosen temperatures, 
and the latter by torsion creep tests of a moderate length at close intervals of 
temperature over the working range. It is thus hoped that sufficient data will 
be accumulated to provide reliable evidence to complete the general stress, time, 
and temperature relations for the materials in question. 

At the moment, the temperature and time dependence tests of the aluminium 
alloy RR 59 have been completed, but whereas the former set of tests has been 
adequately analysed, the latter has not and will not be commented upon. 

The temperature depend- siiilemeiieiaiiaeaiiiaiiaiaaesiaii st ci 
ence tests were made at a | PLOTTED TRANSIENT CREEP = TOTAL CREEP— 


SECONDARY CREEP 


or 


20 U 
50 °C 
100 °C 
* 160 °C 


> ~ , © > 
common stress of 2 tons © rest af 


per sq. in. and 50°C 
intervals between 20 and 
250°C. An additional test 
was also made at 300°C, 
but this lasted only a few 
hours, and analysis in- 
dicated immediately that 
the distortion was of a 
different character from 
that in the other tests. 
Creep recovery was 
measured at the completion 
of each forward creep test. 

Comparison of the test 
data was made with the 
current physical theories 
for primary and _ steady 
stage creep, and with the 
semi-empirical theories 
such as that of Andrade ; 


and of the recoverable creep 


with anelastic and super- 


position theory. Addition- log(t in hours) 
‘ig. 5. R.R.59 Alloy. Application of Smrru’s theory to 


ally, in view of the ** pheno- ; 
transient creep in temperature range 20-250°C. 


menological”’ equations put 
forward by Luspaun, HoLLoMoN, GRAHAM and others, an examination was made 
of the possibility of framing a phenomenological equation from the results. The 
comparison did not give very encouraging results from the point of view of current 
theories. The primary creep equations of Mott and NaBARRO, OROWAN, and SMITH 
(Fig. 5), although generalised where possible, did not adequately represent this 
stage of creep. The steady state equations of Nowtck, and Macuuin, KauzmMan, 


and Fe_rnam (Fig. 6) based upon the Eyring rate process theory did appear to 


D> 


Rheology of metals at elevated temperatures 45 


agree with the asymptotic secondary creep rates measured up to a temperature 
of 200°C, above which temperature an abrupt discontinuity occurred, possibly due 
to complete change of creep mechanism. The ANDRADE equation represented the 
results only at the highest temperatures. The superposition theories of BourzMan, 
BrEcKER, and BENNEwiIrTz did not 


adequately represent the recover- mn oe ree 
b x EXPERIMENTAL POINTS FOR 2 tons/in” STRESS 


je 


able creep. POINTS CORRESPONDING TO REDUCED NOVICK 
> Are . F — AND MACHLIN THEORY, AND ALSO TO KAUZMAN 

In the face of the above | maken Go Glusaeanet Bud? Te Als OT 
negative evidence it was WHERE C= —17-45, A= 3160, AND B=244 
: POINTS CORRESPONDING TO FELTHAM EQUATION 

necessary to examine the data  LBYkT) . 
ab initio, to see whether any as 
. . WHERE A =6 6x10, B 
basis could be found for a general 


ABSOLUTE TEMPERATURE 


equation which might possibly 
form the basis for physical 
analysis. It was found that the 
creep curves at all temperatures 
corresponded with the relation 


CREEP RATE 


At + B tM 


U 


where ¢ is time, and the first 


term represents recoverable creep 


Log e Y/) 


and the second term irrecover- 
able creep, M, and M, both being 


fractional. .M, is approximately 


constant with temperature. The 
detailed results are given in 
ah r eaor : Fig.6 R.R.59 Alloy. Application of various 
Table 1. Up to 150°C it was ihr 

, : : theories to secondary creep in the temperature 
possible to form some sort of range 20-250°C. 
** phenomenological equation, 
M, having the form (DT — C) where T is absolute temperature and D and C are 


constants, but it appeared impossible to do so beyond this temperature. 


TaBLe I 
RR 59 Alloy 
Equations for Creep and Recovery at 20—250°C 


(t represents time in hours from the commencement of the creep and recovery tests) 


Equation of curve of total | Equation of creep 
Temperature forward creep less recover- | recovery curve | Equation of total forward creep curve 
able creep (excluding initial 


elastic  strain*) 


20 All creep recoverable *0-0000038 t°"** 0-0000038 t°"*" 

50 0-000038 1°" 0-0000029 t°** 0-000038 t°*°° 0-0000029 t°** 
100 0-000041 t°"° 0:0000029 t°** 0-000041 t°° + 0-0000029 7°" 
150 0-000031 t°"° 0-0000061 1°" 0-000031 t°? 0-0000061 1°°* 
200 0-00001 t°**4 0-000021 ¢°**? 0-00001 2°** + 0-000021 t°?" 


250 0-0000083 t*”* 0-000052 t’? 0-0000083 t° +- 0-000052 t*** 


* These terms acquire maximum values at the end of transient creep. 
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Now, considering the above equation, the inference seems to be that for this 
material primary and secondary stages of creep share a common mechanism. Such 


a su 


oO 


gestion has previously been made by ZENER. If the general idea that the 
diminishing creep rate is due to a gradual rise of the value of activation stress 
during strain hardening, and its converse (applied to tertiary creep) that a lowering 
of the value of activation stress occurs with time as thermal softening occurs, it 
seems possible that in view of the above results the whole creep curve might 
reasonably be represented by an equation € At + BtM2 + Ct’ where N is 
a number greater than unity, the value of C being chosen to make the third term 
negligible during primary creep. Actually in the case of 0-5 per cent molybdenum 
steel previously mentioned a third term of e’’ appeared to be necessary. However 
it is hoped that since similarity in curve form has been indicated in the temperature- 
dependence tests the time-dependence tests at selected temperatures will indicate 
the nature of the time term corresponding to tertiary creep. 

It is perhaps possible to suggest that for a simple stress system the whole creep 
field at a specific temperature may be represented by an equation of the general 


type 


[480] + [4, 5% + 4.9% + —] [BO + BYMs + Bas + —] 


where the coefficients are chosen to simulate the various features of the creep 
field at high and low stresses and times. The first bracketed term represents 


purely anelastic strain. 


RELAXATION AND Its RELATION 'roO CREEP 


The examination of relaxation under general stress conditions is of course one 
of the major objectives of the programme of research, but it is intended for reasons 
given below to leave this aspect of the work for the time being. 

A considerable number of papers have been published in which relaxation 
equations have been derived from chosen creep equations using either the so-called 
‘“* time-hardening ”” or “strain hardening” theories as a link between the two 
varieties of equation. The relaxation concerned of course relates to plastic creep 
strain as opposed to anelastic strain. 

However, work some years ago by one of the authors on a carbon steel, and 
on a chromium molybdenum bolt steel, convinced him that neither of these 
theories constituted an adequate link between creep and relaxation data. This 
fact appeared to be bound up with the composite nature of the creep and relaxation 
concerned, and the part played by initial plastic strain in modifying the order 
of creep in the relaxation tests. It was decided therefore as a preliminary to 
undertaking the combined stress relaxation work to make some attempt under 
simple loading conditions to determine, for a chosen material (RR59 alloy), the 
relations between creep, recovery and relaxation, commencing at very low stresses 
where the relation was presumably entirely anelastic, and proceeding through 
the stress range where the creep occurring in both creep and relaxation tests 
was not associated with any appreciable degree of initial plastic strain, to a stress 
level at which the plastic strain became relatively heavy. In this way it is hoped 
that the effects of the factors concerned may be separated from each other, and 


a basis derived for framing the combined stress relaxation programme. 
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Accordingly a torsion creep machine was constructed* capable of measuring 
creep rates of the order of 10-®, hour at correspondingly low stresses and of being 
used in creep recovery and relaxation tests. Using this machine a group of tests 
is being made on the RR59 alloy at 50°C following the lines indicated above. The 
initial results obtained have been most encouraging. At creep rates of the order 
10-8 to 10-° hour the creep curve form has been found to be of the type 
E, AS + BSt™!/2 where A is a constant and the term AS representing time 
independent plastic strain, and the term BSt!/”2 representing recoverable creep 
strain. The recovery curve was represented completely by the relation 


€, Bst!/“2, while the creep equivalent curve of the relaxation curve was 


given precisely by the relation « AS + BSt)!/“2 as in the case of the forward 
creep curve. Thus at rates of this order the three phenomena are simply related. 
Raising of the stress level will show the effects of the incidence of normal plastic 
creep strain, and also of initial plastic strain, it is hoped. 

If and when the above tests clarify the relations between creep and relaxation 


sufficiently, the matter of combined stress relaxation will be taken up. 


Time-INDEPENDENT PLASTIC STRAIN AT ELEVATED TEMPERATURES, 


UNDER CONSTANT LOADING CONDITIONS 


In the present context interest in plastic strain, stress, and temperature relations 
largely arises from the fact that appreciable time independent plastic strain is 
frequently associated with the early stages of the creep tests ; but from a practical 
point of view interest is limited to initial plastic strains of the order of 1 or 2 per 
cent only as a maximum. Accordingly a combined tension and torsion machine 
has been constructed, capable of making incremental short time tests in pure 
tension, pure torsion, and any reasonable combination of thesef. 

For each of the basic materials concerned in this work comparison is to be 
made with the theoretical equations normally suggested at room temperature for 
stress plastic strain relations, where possible both deformation and incremental 
theories, and the various theories associated with the build up of macroscopical 
strain from the consideration of microscopic slip being examined. When the whole 
of the data for the group of basic materials is available the possibility of building 
up a new version of the latter type of theory from the data will be considered if 
no existing theory is satisfactory. 

At the time of writing a series of tests has been completed on the magnesium 
alloy at 20, 50, 100, and 150°C. These were in all cases tests at constant stress 
ratio. Difficulties associated with the marked tendency of this material to creep 
precluded any possibility of examining the relative application of deformation and 
incremental theories in this particular case. 

The tests at 20°C and 150°C comprised pure tension, pure torsion, and com- 
binations of tension and torsion approximately in the ratios t/'s = 0-2, 0-5, 1 and 
3, while the tests at 50 and 100°C were limited to the one system t/'s 1 (s = shear 
stress). 

It was found that at all temperatures the material obeyed the Mises rather 
that the maximum shear stress criterion of plastic strain. Up to 100°C the material 


* See Jonnson, A. E., 1950, J. Sci. Instrum., 27, 70. 


+ See PoLiarp, H. V. and Tarse.t, I. J., 1951, Engineering, 171, 58. 
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remained virtually isotropic up to strains of the order 2 per cent, and the results 


up to this temperature were well represented by an equation of the type 


where F (J,) was of the form A [ 2 (0, . 4 and n varying with tempera- 
ture. 

At 150°C, however, the same type of anisotropy that was encountered in this 
material in creep at 50°C (i.e. the secondary deformation was mainly in reduction 


of wall thickness) made its appearance. The anisotropy constants involved, how- 


ever, appeared to be linear functions of the stress invariant J,. The general 


features of the stress-strain relations were again those of the St. Venant-Mises 
equation. 
The actual equations concerned were of the type 


where oe and Ag, are of the form 


C. — as \ de 


where J, is the stress invariant. a, and a, are virtually constant at all stress 


systems and B, and C, vary with the stress system. 


In Figs. 7, 8 and 9 the plot of octahedral stress against octahedral strain is 


x PURE TENSION 
PURE TORSION 
j @ RATIO € 364 
> RATIO € 1o 
+ RATIO € O 47 
) RATIO C/s=02 


Fig. 7 Relations log. a, with log. e«, at 20°C and various stress systems. 

The lines shown in the diagram correspond with the equations. 

{ is ( y 0G; , (o a,)] 

(a, GO; 

CG; 

where n 1-24, 3°65 * 10-° and B has the following values : 
Pure tension ; Pure torsion B l: t/s 0-47, B 

tis 3°64, B 7: and ?¢/s 


o, and e, are octahedral stress and strain. 
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shown for the four temperatures, and the linearity of the curves gives quite 
convincing evidence of the adherence of the material to the simple St. Venant- 
Mises types of relation. 

It will be recalled that the classical tests of TayLor and QuINNEY indicated 
a deviation from the equality between the Lode variables required by the Lévy- 
Mises equation. Their deviation has been expressed analytically by Bat.ey, 
PrRAGER, and others, the resulting expressions in several cases being exceedingly 
complex. With this in mind it is interesting to note that the first of the basic 
materials examined in the current research programme should have yielded 
relatively simple results in accord with the Mises equation as indeed did all 
these basic materials under conditions of creep. It appears not unreasonable to 
suggest that the TayLor and QUINNEY deviation might possibly be bound up with 


occurrence of anisotropy in specimens used. 


Relation log. ¢, with log. «, at 50°C and ratio t/s 1-13. 


The line shown diagram corresponds in principal stress relations of type. 
«, = A[Z(o, — o,)*]" [(a, — @, a,)] 
a,)*|" [(o. (oc, o:)] 


where n 


Fig. 8b Relation log. o, with log. «, at 100°C and ratio t/s 1-14. 


The line shown in the diagram corresponds to principal stress relations of type. 


where n ‘8, 2, and A 1-42 


o, and e, are octahedral stress and strain. 
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In any case it will be interesting to see whether the further M.E.R.L. short 


time plastic strain results support the evidence in favour of adherence to the 


Mises criterion so far obtained. 


FractURE At ELEVATED TEMPERATURES IN SHORT-TIME PLASTIC-STRAIN 
TESTS 
{s indicated in the previous section plastic strains beyond 2 per cent are 
not of interest in this programme of work. However, in carrying out a set of 
short time plastic strain tests on RR59 aluminium alloy (as yet incompletely 
analysed) at 20, 150 and 200°C, it has been found that strains of the order of 
2 per cent coincided in several cases with actual fracture, this fracture being 
such that the section of the tubular test piece was virtually undistorted (that is 
from the point of view of unstable collapse) enabling evidence regarding the 
riterion of fracture to be put forward with some confidence. The results obtained 
for this material at the various temperatures are indicated in Table 2. It will 
be noted that the criterion appears to be between the octahedral stress, and the 
maximum shear stress, and is certainly not a direct function of the maximum 
principal stress. 
x PURE TENSION 
PURE TORSION 
RATIO C/s=325 
RATIO C/s= O08 


RATIO C/S=O 4! 
D RATIO C/S=O02 


Fig. 9 Relations log. o with log. «, at 150°C and various stress systems. 
The lines shown in the , diagram correspond with the equations. 
€, 1 [ Z(c, — a,)*]" [B(o, — a) — C(o, — a,)] 
{ [2 (0, 0) a [(o; ) B (a, o,)] 
A [ZX (o, o;)*|" [C (oe o;) (o, o;)] 
where » 15, A 35 xX 10° and B B, a,V/J., C ‘0 + G2 4/d. 
B,. Cy, a,, @, are numerical constants. 


J. is the second stress invariant. 


and e, are octahedral stress and strain. 


10. GENERALIZED-LOADING TIME-INDEPENDENT PLASTIC-STRAIN TESTS 


«€ 


For similar reasons to those given in Section 8, it is intended to investigate 
the modification in the criterion of time-independent plastic-strain necessitated by 
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generalized loading conditions. This knowledge will of course necessarily be 
complementary to the information gained in the corresponding creep tests since 
changes in loading system of various types may involve increased plastic strain 
as well as creep strain. As a preliminary to this part of the programme, the 


TABLE II 
RR 59 Alloy 
Fracture tests at 20, 150 and 200°C 


Maximum Maximum 


Temperature | principal shear Octahedral 


( stress stress stress 


Pure tension 16-9 
t/s 3°1 15:7 
Varying tension 16:3 
Constant torsion s = 5-0 tons per sq. in. 


Pure tension 

t/s 1-25 

t/s 3°8 

Varying tension 

Constant torsion s = 5-0 tons per sq. in. 


Pure tension 
t/s 3:72 
Varying tension 
onstant torsion $ 2-7 tons per sq. in. 


t tension stress, s shear stress. 


effects of reversal of tensile stress to compression stress (e.g., Bauschinger effect), 
and reversals of torque will be investigated. A set of tests of the former type has 
already been completed for the three basic materials, and it would appear that 
in several instances the Bauschinger effect at high temperatures is small enough 


to be neglected in the framing of general loading equations. 
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SUMMARY 


icXPERIMENTAL and theoretical studies of transient creep are briefly reviewed. Many creep 


r 


curves begin with a rate of strain proportional to (~" where ¢ is time and n is usually 1 (logarithmic 
creep), 2/3 (ANDRADE creep) or 0 (steady state creep). Logarithmic creep can be explained by 
the exhaustion theory in which regions with low activation energies yield first and are then 
used up, leaving the less readily activated regions of higher energy to continue the process, so 
that the rate of creep diminishes. Experiments by Wyarr confirm a deduction of his from the 
exhaustion theory that a mechanical equation of state is obeyed during logarithmic creep. It 
is proposed that the unit process in Wyart’s creep is the cutting of one dislocation through 
inother ; this idea enables one to account quantitatively for the properties of the activation 
energy function obtained from Wyart’s results. A brief discussion of the possibility of explaining 
ANDRADE creep by modifying the exhaustion theory is given. It appears unlikely that this problem 


an be solved until work hardening is introduced into the theory. 


EXPERIMENTAL OBSERVATIONS 


Ont method of studying the plastic properties of solids is to subject a specimen 
a constant applied stress at a constant temperature and to observe the progress 


of its deformation as the time of | 
ipplication increases. This plastic — | 
flow under constant stress. or creep, 
usually begins very rapidly (** in- 
stantaneous” flow) as soon as the 
stress is applied, and then continues 

a diminishing rate (** transient ” 
creep). Fig. 1 illustrates character- 


stic forms of the creep curve. At 


low temperatures the rate diminishes 
so strongly that the instantaneous 


flow is practically all that can be 


seen. and the dimensions of the os 


specimen soon become stable. At Fig. 1. Creep curves : (a) standard form ; (b) at low 
high temperatures, on the other ctresses and low temperatures ; (c) at high stresses 
hand. the rate diminishes more and high temperatures. 

vradually, so that substantial 

amounts of flow continue to occur even when the stress has been acting for 


long time; in many cases a stage may be reached where the rate of flow is 


constant (“steady-state” creep), and this is often followed by “ accelerating ” 
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creep and fracture. Practical interest has been focussed on high-temperature 
creep because of the engineering difficulties which arise when components are 
unable to support applied loads for long periods without continually changing 
their dimensions or breaking, and it is this that has led to the popular notion 
that creep only occurs at high temperatures. 

During the accelerating stage the shape of the creep curve is determined by 
various structural changes, e.g., opening up of cracks, recrystallization. precipitation 
occurring in the material and differs from one specimen to another. There is no 
general time law of creep under these circumstances. On the other hand, the 
early parts of creep curves on different specimens and materials bear sufficient 
resemblances to each other for some general shapes to be recognised. Many 
investigators have shown that the beginning of creep can in most cases be repre 


sented accurately by functions for the creep rate y of the type 
at. (1) 


where y is the strain, ¢ the time, 4 and nv are constants during the creep experiment, 
and 0 n 1. One of the arguments for the use of such time laws as these is 
that y © at tf = 0 when n > 0, which agrees with the experimental observation 
that the rate of strain at the beginning of creep is indefinitely large. even at the 
lowest temperatures. Thus MEIssNeER, PoLANy! and Scumip (1930) obtained 


transient creep curves, which began with characteristic steepness, on crystals of 


zinc and cadmium at a temperature of only 1-2°K. 
When the relation (1) is fitted to experimental creep curves certain values of 


are preferred. The extreme case n 1 is frequently observed and this leads to 


the logarithmic creep law, 


y x. log t. > 3) (2) 


/ 


where « is a constant, which PHILuips (1905) observed in experiments with rubber. 
glass, and various metals, and which has since been confirmed in other investigations 
(CHEVENARD 19384; LAuRENT and Evuprter 1950; Davis and THompson 1950). 

At faster creep rates and large strains n is usually less than unity. Various 
values in the range 0 to 1 may then be observed, but very frequently the value 


2 3 is especially preferred, and this leads to ANDRADE’Ss transient creep law 
(3) 


where § is a constant. ANDRADE (1910, 1914) showed that this was obeved on 
some polycrystalline metals extended some 20 per cent in times of about 30 
minutes. It has subsequently been confirmed on celluloid (FILon and Jrssop 
1928). on single crystals of zine (CorrrRELL and AYTEKIN 1950), and on various 
other materials (LATIN 1948 ; HENDERSON 1951; Wyarr 1951). 

Whenever steady-state creep is observed it is necessary to add to the creep 
formula a term with xn = 0 to represent it. This gives the steady-state or quasi- 


viscous creep strain 


K t. (4) 


where « is a constant. 
Broadly, the effect of increasing the temperature of the creep experiment is to 


increase the proportion of creep strain which is contributed by the terms with 
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the smaller values of n. For example Wyarr (1951) showed with polycrystalline 
copper that y = « logt. gives the best fit at temperatures below about 200°K, 
that y = Bt'/3 is best at temperatures around 400°K. and that a combination 
of these, 

y alogt + pHs, (5) 


is best at intermediate temperatures. The applied stress has a similar effect, and 
the temperature at which ANDRADE creep predominates over logarithmic creep can 
be lowered by increasing the level of stress at which the experiment is made. 
Working at temperatures and stresses where steady-state creep was appreciable. 
FiLon and Jessop (1928) using celluloid, and CorrreL. and AyrreKin (1950) 
using single crystals of zinc, concluded that the relation 

Yo Btls 4 «ct (6) 
fitted their creep curves very well. Here y, represents the * instantaneous ° strain 
which occurs on loading. FiLon and Jessop showed that this relation fitted their 
observed creep strains with an accuracy of about 1 part in 500, although in a few 
cases this extremely good fit was only obtained by permitting (small) negative 
values of 8, the physical significance of which is not clear. 

The magnitudes of the parameters A, «, 8, and «, in these creep formulae depend 
on the applied stress and the temperature. In transient creep the precise form 
of the dependence has still to be elucidated, but qualitatively the effect is that 
the creep curve bends away, with increasing strain, from its initial steep rise less 
sharply at high temperatures and stresses than low ones. Experiments on steady- 
state creep (KAUZMANN 1941; DusumMan, DunBAR, and HUuTHsTEINER 1944 ; 
CorrrRELL and AyYTEKIN 1950) show that « increases exponentially with tempera- 
ture and stress. suggesting a relation 

C exp } U (a) kT}. (7) 
where C is a constant, & is BoLTzMANN’s constant and T' is absolute temperature. 
This relation is typical of a thermally activated process, and the experimental 
observations can be accounted for if the activation energy U (c) is a decreasing 
function of the applied stress o. Over a narrow range of o this function can then 
be linearized into U(c) U boa. where U and b are constants for this stress 


level. and the coefficient of steady-state creep then becomes 
Cexp;,—(U boa)/k T}. 


which agrees well with its observed behaviour (CoTrRELL and AYTEKIN 1950). 


THERMAL ACTIVATION DURING CREEP 


It is a remarkable fact that the time laws of creep described above apply to 


many radically different kinds of solids ; examples of their observance have been 


obtained from metals, non-metals. single crystals, polycrystals, and amorphous 
materials. This must surely mean that the shapes of creep curves, in the initial 
stages at least, are largely independent of the precise atomic mechanism by which 
the movements are accomplished and depend instead only on the existence of 


general features common to all or most solids. Of course the magnitudes of the 
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coefficients A, x, 8, and «, in any particular example could only be explained 
by structural theories which considered particular processes involving, for example, 
dislocations, vacant lattice sites, and grain boundaries. On the other hand, it is 
reasonable to suppose that the general forms of the laws might be explained by 
formal theories which did not consider these structural details. Some of the 
theories that have been proposed involve very precise structural models ; an 
example is the theory of Morr and NapBarro (1948) which involves loops of 
dislocation lines jumping over regions of internal stress set up by precipitates in 
crystal. However, one usually finds in such theories that the form of time law 
which they yield is largely independent of properties unique to the structural 
processes which they assume. 
The basis on which all formal theories of creep have been built is the idea of 
CKER (1925, 1926) that, during creep. the rate of flow is limited because thermal 
ctuations are needed to bring it about. One may define a yield stress oy as that 
the applied stress o at which plastic flow can take place without the aid 
fluctuations. Roughly, this yield stress can be determined from a 
conventional rapid stress-strain experiment ; more precisely, it is not quite deter- 
mined by this since some thermally activated flow can take place at the rate 
of strain which is applied in such an experiment. BECKER’s idea was that during 


creep a, is greater th: . te.. that there is an activation stress g,, ( 


t 
which is finite and positive. An activation energy U (¢,) is associated with this 


activation stress and thermal stress fluctuations are needed in order to overcome, 

temporarily, the activation stress and allow some flow to take place. 
The next important idea is that of ORowAN (1934, 1946-47). He supposed that 
beginning of cree p the activation stress and, correspondingly, the activation 
e vanishingly small; as the creep strain increases the yield stress rises 
y. climbing further and further above the applied stress, so that the 
ictivation stress and activation energy rise. There are three points to notice about 

this idea 
(1 Since the r: if flow must depend on the activation energy through a 
relation of the type 7 C exp } U (o,) kT}, the vanishing of the activation 
at the beginning of creep implies (for a large value of C) an extremely high 
of flow even at a vanishingly small temperature. 

The increase of the yie ld stress and activation stress with the creep strain Is 
in accordance with the property of work hardening that is possessed by many solids. 
(3) The increase of the activation energy with creep strain implies that the 
flow slows down progre ssively. which is characteristic of transient creep. On 
w steady-state creep is reached when the activation stress and activation 
rgv no longer increase with increasing strain. A formal theory of steady-state 
‘reep can be developed along these lines (BAILEY 1926 ; OROWAN 1934 ; CoTTRELI 
and AyTeKIN 1950) by supposing that a stage is reached where work hardening 
mes exactly balanced by thermal softening (* recovery ”), thereby main 
stant values of o and U ( 


i 


[AUSTION Theory OF TRANSIENT CREEP 


Through the work Orowan (1946-47). Morr and Naparro (1948), and 


iru (1948). these ideas have culminated in the so-ealled exhaustion theory 


~~ 
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of creep. An important feature here is that, because large thermal fluctuations 
of stress can only occur at an appreciable rate if they are localised to very small 
volumes of the material, the flowing specimen is to be regarded as an assembly 
of elementary ones. Each successful stress fluctuation affects in the first place 
only one element and produces an increment of plastic deformation in it. This 
does not rule out the possibility, of course, that an increment of deformation in 
one element may “ trigger off’ deformation in its neighbours. In structural 
theories of creep the elements can be identified with particular features, such as 
loops of dislocation lines, in the specimen, but this is not necessary for considering 
the time laws of creep. 

The next assumption is that the material is inhomogeneous on a microscopic 
scale so that different elements have different activation stresses and energies. 
This allows a qualitative explanation of transient creep to be made. At the 
beginning of creep the rate of flow is high because of the presence of numerous 
‘soft spots.” i.e., elements with small activation stresses and energies. As these 
elements yield and make their contribution to the overall deformation they become 
used up or “ exhausted,” so that creep can continue only by the activation of 
elements with progressively larger energies, and the rate of flow becomes smaller. 

To make a quantitative theory on this basis certain additional assumptions 
are necessary, and various possibilities then arise. The assumptions most usually 
made are as follows : 

(1) The activation energy U (c,) is the same function of the activation stress 


co, for all elements. The precise form of this function depends upon the structural 


process involved. In the theory of BeEcKER (1925, 1926) the function is of the 
form U o o,?, in that of Morr and NasBarro (1948) it is U o o3/*, while in a 
recent theory to be described below, in which the elementary process is the cutting 
of one dislocation line by another, the function is U co,. For mathematical 


simplicity in the following discussion we shall consider the case where 


U (a,) Ao, (9) 


a 
A being a constant for constant applied stress ; the other functions are less tractable 
but do not lead to radically different results. 

(2) When an element is thermally activated it contributes an increment v to 
the overall strain, this being the same for all elements. 

(3) After it has been once activated the element makes no more contributions : 
this is equivalent to assuming that its activation energy is raised to a prohibitively 
large value as a result of its plastic deformation. 

(4) The elements are independent of each other in the sense that the activation 
stress of any one of them is unaffected by events occurring amongst its neigh- 
hours. 

The chance per unit time that an element with an activation stress ¢, will be 
activated during an increment of time di is 

I (¢,) v exp } U (¢,)/kT }. (10) 
where v is the frequency of stress fluctuations in it. The rate of creep is then 


2c 


N (c,, t) f (a,) da,, (11) 
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where N (c,, t)d a, is the number of elements in the range o,,0, + do,. Since 
each element is activated not more than once the number of available ones is 


exhausted at a rate 


which gives 


N (a,, t) = N (a,, 0) exp { — f (a,) t}. 


where N (a, 0) is the initial distribution and t is the time of creep. 

The creep rate is given by substituting equation (13) into equation (11). Using 
equations (9) and (10) to write (kT'/A) df (o,) for f(¢,)do, and assuming, for 
simplicity, that N (a,, 0) N, a constant, over the range 0 <o, <a,, and is 


zero outside it, the creep rate is then given by 


7 Nk 4 “Om 
A Jo 


. 


* eS (aa) ‘df (a,) 


UNkKT 


{t [e-t/tm ett) ie Cee ” (14) 


where t,-! = f (0) » and t,-! =f (o,,) = vexp(— Ao, /kT). Over a wide 


0 m ” 


range of time, t, < ft t,,, the factor in the bracket is almost unity, so that the 


time law of creep is essentially 
(uNkT/ A) log v t. (15) 


This logarithmic law is the prototype for exhaustion theories of creep. By 
varying the details of the model, laws of the kind y « (log t)® can be obtained 
(Morr and NaBarro, 1948) and most models yield values of x in the range of 
0-5 tol. The assumption that N (c,, 0) 
is a constant is not convincing and 
distributions such as that sketched in 
ig. 2 seem more reasonable. How- 
ever, unless N (¢,, 0) varies as nearly 
steeply with o, as does exp { — f (a,) t} 
its form cannot very much affect the 
shape of the creep curve; and with 
reasonable values for the physical 


parameters involved exp { — f(¢,) ¢; 


J. 
is practically a step function of | een 
. Fig. 2. ‘The distribution of elements’ with 
o, when vt 1. Over most of the ARN? as ' 
a ; : ; . activation energies in a given range : full curve - 
range ol % this function is either start of creep; broken curve — after creep for a 
almost zero or almost unity, and it time ¢. 
changes sharply from the one to the 
other at the value of o, for which f(¢,)t = 1. 

This step-like form allows the time law to be deduced in a simple and instructive 
manner. After a time ¢ practically all elements have been exhausted for which 


o Cus where 
a t 


(kT A) log vi, (16) 
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and practically none of those for which o, > o, have been used (Fig. 
creep strain is then 


. 


a , 

N (o,; 0) d CO, 
0 
which, with N (¢,, 0) = N and substituting for o,, gives equation (15) again. The 
exhaustion process can thus be regarded as the advance of a vertical step along 
the axis of o, ; as it sweeps through part of the distribution curve, all the elements 
in that part make their contribution to the creep strain and are then no longer 
available. 
a sudden increase in the applied stress at time ¢ 


Because of this sharp step at oa, 


would not produce “ instantaneous * flow unless it was at least equal to o From 


this point of view o + o, can be regarded as the yield stress of the santertal at 
this time. As Mort (1951) has pointed out, this enables one to relate this form 
of exhaustion theory to an earlier and apparently different theory of transient 
creep proposed by Orowan (1946-47). Orowan starts with an expression of the 
type 

Cexp {— U (a, /kT} (18) 


for the creep rate, and then makes use of a work-hardening relation, e.g. 
(19) 


to replace o, by y, where h is a coefficent of work hardening (or the slope of a 
tangential approximation to a non-linear stress-strain curve). Equation (18) is 
then a differential equation for y as a function of t. If we substitute for U and 
o, from equations (9) and (19) Orowawn actually uses a Becker function instead of 


equation (9), equation (18) integrates to give a logarithmic time law 


y = (kT /Ah) log }(ARC/KT) t} (20) 


EXPERIMENTS ON LOGARITHMIC CREEP 


An experimental investigation of Morr and NaBarro’s form of the exhaustion 
theory has been made by Davis and Tuompson (1950). They used a precipitation- 
hardened copper-silver alloy and showed that their creep strains increased pro- 
portionately with (log t)?/°, which agrees with the exhaustion theory when this is 


- e ° 2 ° - ale e 
based on the Mott and NaBarro activation energy function, U « o,%/?, appropriate 


to a precipitation-hardened alloy. By making sudden small increments in the 
applied load during the course of a creep experiment Davis and THompson were 
able to demonstrate the existence of a critical stress, ¢,, which could be reached 
by a suitable increment of load (e.g., 1-4 kg mm after creep for 24 hours at room 
temperature at a stress of about 6 kg mm); increments less than this merely 


increased the rate of flow, without producing “ instantaneous ”’ flow, whereas 
increments greater than this produced instantaneous flow. These experiments 
showed that the magnitude of the activation energy was of the right order to 
be accounted for by the Morr and Nasarro theory of precipitation hardening 
but that the frequency v was several orders of magnitude smaller than the expected 
value. This discrepancy, which concerns the structural part of the theory but 
not the formal one, has not yet been satisfactorily explained. 
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In his detailed study of the creep of polycrystalline copper Wyatt (1951) showed 
that, in the range of temperature where the simple logarithmic law (equation 2) 


of creep was followed. his specimens obeyed a mechanical equation of state, i.e.. 
(21) 


This means that at constant temperature, for example, the rate of strain at any 
instant depends only on the current values of stress and strain, and not on their 
previous values. This was proved by experiments in which sudden increments 
of load were made during the course of creep. The portions of the creep curve 
which followed such increments could always be fitted exactly on to earlier portions 
by sliding them backwards by a suitable amount. 

Wyatt points out that these results are to be expected from the exhaustion 
theory. If a specimen is allowed to creep for a time t, under constant stress, its 
activation stress is then given by o, = (kT/A logvt,. If the applied stress is 


then suddenly increased by an amount Aa ( ; o.), the activation stress is 


There was a point earlier in the deformation of the 


immediate ly reduced to Cy. 
specimen when its activation stress was og, so that the effect of making the incre- 
ment Ao at time ft, is to cause a new portion of the creep curve to start which is 
identical in form with that portion of the original curve that started from the 
time ft, defined by o, (AT, A) log v ty. The mechanical equation of state is 
obeyed because, in the exhaustion theory, the rate of strain at any instant depends 
solely on the current value of the activation stress, and the activation stress itself 


depends entirely on the current values of the strain and the applied stress. 


A SrrucTurRAL THEorY or Wyarrt’s LoGaritrHMic CREEP 


From the distance along the time axis that it was necessary to slide his curves 
back, Wyatt concluded that G, 
theory, the activation energy rises linearly with log ¢t, this implies a linear relation 


rises linearly with log ¢t. Since. in the exhaustion 


between activation stress and activation energy (equation 9), as Wyatt has 
pointed out. We can use this result as a clue to the mechanism of creep in these 
specimens. 

Plastic deformation in crystalline solids mostly occurs through the movement 
of dislocations in the crystals. Detailed accounts of the theory of dislocations 
are available (see, for example, CorrreLL 1948), and we shall merely summarize 
here a few relevant points. The atoms ina slip plane cannot all slip simultaneously 
over their neighbours in the next plane; slip must begin at one place and then 
spread from there throughout the rest of the plane. The line running through the 
slip plane which denotes the boundary of this slip front is called a dislocation. 
When the atoms in the slipped region have moved by only one atomic spacing 
the slip front is called a unit dislocation (or, more often, simply a “ dislocation ”’). 
Slip fronts bounding regions of larger amounts of slip are regarded as composed 
of many unit dislocations. Because it is a source of internal stress, a dislocation 
line has energy. This energy varies with the configuration of the line, and with 
various other circumstances, but is always of order Ga® per atom spacing along 
the line, where G is the shear modulus and a is the atomic spacing. 

The yield strength of a crystalline substance is the stress required to drive 


the dislocations in it through various obstacles, such as precipitates, solute atoms, 
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and other dislocations gliding in other directions, which they meet in their slip 
planes. A sufficiently large applied stress can accomplish this, but when the stress 
is smaller the dislocations can overcome their obstacles only with the aid of thermal 
fluctuations. For a given applied stress each obstacle is characterized by a certain 
activation stress and activation energy. 

Many processes of interaction between dislocations and obstacles have now 
been considered but practically all of them do not give a linear relation between 
activation stress and activation energy. The one process at present known which 
gives the linear relation is that which happens when a dislocation line gliding in 
one slip plane cuts through an intersecting dislocation line lying in some other 
slip system. Since the passage of a dislocation through a slip plane implies the 
displacement of the crystal above that plane by one atomic spacing over the 
crystal below the plane, then, when one jive 
dislocation cuts through another, “jogs” 
will be formed in the dislocation lines, 
as shown in Fig. 3. The energies of the 
dislocations are increased through the 
presence of these jogs and so a force is 
needed to drive the dislocations through 
each other, as HEIDENREICHand SHOCKLEY 
(1948) first pointed out. The activation 
energy and stress for this process can 
be found as follows (CoTTRELL, 1952). 

The energy of the jogs may be written 
as « Ga*®, where « is a number of order 


unity. Suppose that a dislocation line is 
. Fig. 3. Jogs Pand Q formed in intersecting 


. » against a grid of intersecting 
held " = , ne © dislocation lines AB and CD. 


dislocations spaced a distance / apart. One 
of these is cut through when a piece / of the dislocation moves forward a distance 
of about a. If the applied stress on the dislocation is o the work done when the 
piece moves is, from the general theory of dislocations, ca*/. Hence the activation 
energy is 

' = a Ga® — oa? l. 


Let oy, be the applied stress at which U 0. Then 


a/ Py: 


U = al (oy — 0) = alo, = (« Ga®) a 
We shall suppose that the elements in Wyarrt’s exhaustion creep are pieces 
of dislocation lines held up by intersecting dislocations. When a thermal fluctuation 
causes one of them to cut through its obstacle this piece then moves on towards 
the next obstacle, and, by moving, contributes to the creep strain. Several of 
Wyatt's observations can be explained on this basis : 
(1) As already mentioned, the activation energy is proportional to the applied 
stress. 
(2) Nasarro (1952) has pointed out the following consequence of the theory. 
Suppose that, in experiments at the same temperature, two grossly different 


applied stresses, o and o’, are used and that the material is allowed to deform 


freely until its creep rate is about the same in both cases. From equation (22) 
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this means that 


(24) 


where / and l' are characteristic values of 1 for these two conditions of the material. 
Differentiating equation (22) gives dU/do a l, so that in the two experi- 


ments the relation 
dU ,aU’ 
o o - (25) 
da do 
should be obeyed. The quantities dU /do and dU'/do’ are determined in Wyatt's 
incremental loading experiments, and NABARRO points out that the experimental 
values obtained satisfy the relation rather well. 
(3) A numerical comparison is also possible. If we substitute AT log vt for U 


in equation (23) and then differentiate with respect to log t, this equation becomes 


1 do, kT 


—s 4 (26) 
Cy d log t aGa® 


In typical experiments Wyatt applied a stress of about 18 kg mm? and found 


+ 


that increments of 0-1 kg mm™ changed the creep rate by amounts equivalent to 


those produced by changes in log t of about unity. Hence, in these experiments 


the left hand side of equation (26) is about 0-005, which means that « Ga® ~ 200 kT, 
i.e. about 4 electron volts. which is reasonable since Ga® is 4 electron volts in 
copper ¢ 

6. Tue PropLtem or ANDRADE CREEP 


It is at first surprising that the exhaustion theory, which deals successfully with 
the creep behaviour when n 1 in equation (1), should so far have had little success 
in explaining ANDRADE creep, for which n 2/3. However, the model on which 
the exhaustion theory is based will have to be profounc ly altered before it can 
also apply to ANDRADE creep, for Wyatr has shown that the mechanical equation 
of state no longer holds for this kind of creep. It would be useless merely to 
apply the present exhaustion theory to an N (c,; 0) curve deliberately shaped to 

a f'/3 jaw. 

The strain in ANDRADE creep is usually larger than that in logarithmic creep. 
Since in the exhaustion theory not all the elements are thermally activated, and 
those that are activated only jump once, the strains they produce are small unless 
each thermally activated jump “ triggers off” many other jumps in nearby 
elements. But if this happens, and these stimulated elements are selected at 
random from the entire N (c,) distribution, then to a first approximation all 
parts of the distribution are exhausted at the same rate. This rate of exhaustion 
is proportional to the creep rate and the resulting time law of creep is then similar 
to the law of radioactive decay. 

\nother way to obtain large strains from the model is to allow each element 
to jump more than once. This would certainly occur in, for example, the process 
discussed in Section 5, where a piece of dislocation line which had cut through the 
dislocation that was obstructing it would bulge out into the slip plane until it 
came to the next obstacle. The introduction of this idea changes the theory from 
one of exhaustion to one of redistribution. While creep is taking place there is a 


continual interchange of elements among the various parts of the (c,,) distribution. 
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If the elements redistribute themselves within some fixed and finite range of 
activation stress, a steady-state distribution will eventually be set up in which the 
rates at which elements enter and leave any given part of the range are equal. 
When this happens the creep rate becomes constant. This steady state should 
be practically established by the time that every element has been able to jump 
at least once, so that not much creep may occur before the steady state sets in. It 
appears unlikely that such a redistribution theory could give a rate of transient 
creep substantially larger than the steady rate once the creep strain became large 
compared with the elastic strain. 

At large creep strains some true work hardening is to be expected, i.e. hardening 
caused by an increase in the yield stresses of the obstacles and not merely by the 
exhaustion of elements facing the smaller obstacles. It appears that the best 
prospect for a theory of Andrade creep is to take account of this work hardening, 
perhaps by formulating a redistribution theory in which the range of allowed 
activation stresses is increased at a rate determined by the creep rate. 
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SUMMARY 
Waite Corrre.u’s theory of the yield point in single crystals is now widely accepted, it has 
to be combined with some form of grain boundary theory to explain the strength of polyerystalline 
iron. This paper tries to summarise and interrelate the most important macroscopic features 
of the yield in polycrystalline iron, and to single out the fundamental properties which must be 
explained. It appears that the drop in stress after the first yield is responsible for the localisation 
of plastic flow, and that this localisation may in turn be responsible for the macroscopic shear 
associated with the LupErs deformation. The existence of this shear influences the pattera of 
the bands in the specimen and, therefore, the regularity or otherwise of the progress of the vield. 
It is suggested that the two essential quantities to be derived from any theory are the magnitude 


of the Liiders strain and the sharpness of its localisation. 


INTRODUCTION 


Tue stress-strain curve of low-carbon iron or mild steel is very different from the 


approximately parabolic curves typical of metals like aluminium and copper. 


Fic. 1 shows a somewhat 
idealised curve for a low-carbon 
iron, and the important 


quantities which will help to 


specify the yield behaviour 
of the specimen are marked. 
There is a long elastic range, 
which is sharply terminated 
when the upper yield stress is 
reached. After this point 


plastic deformation begins 


locally. The strain in these 
small regions is another 
— . Fig. 1. Stress versus total (elastic and plastic) strain for 
important characteristic of the = = : o (« ' os > Peaeey # ” 
1; led annealed mild steel. U — Upper yield stress. LL — Lower 
material, and is called the yield stress. ¢9 - Liiders strain. A — End of lower yield. 
Liiders strain, and the regions 
which have been deformed Liiders bands, after their discoverer (LUDERS 1860). 
As the extension of the specimen increases, the Liiders bands spread and cover 


a steadily larger area of the specimen until at A the extension corresponds to a 


Now at A.E.R.E Harwell 
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mean strain equal to the Liiders strain and the bands cover the whole specimen. 
The constant stress under which the bands spread is the lower yield stress. 
After the point A the deformation is homogeneous throughout the specimen 
and the stress rises as the material work-hardens. There appears to be no 
way of investigating the mechanical properties of steel at plastic strains less 
than the Liders strain. The horizontal part of the curve does not mean that 
mild steel can be used as an ideally plastic material to confirm experimentally 
the results of plasticity theory as developed for instance by Hix (1950). A 
mean strain less than the Liders strain will be inhomogeneous and _ probably 
has a rather complicated stress pattern associated with it. 

A theory proposed by Corrre.Lt (1948) and developed with his co-workers 
(CorrrRELL and Bitsy, 1949; CorrreELL and CHuurRCHMAN, 1949) attributes the 
long elastic range of iron single crystals, and the drop in stress when yielding 
starts, to the attraction between not very mobile atoms of carbon or nitrogen 
in solution and the dislocations which are responsible for plastic flow. The yield 
occurs when the stresses are large enough to pull the dislocations away from 
their “atmospheres” of impurity atoms. The treatment of polycrystalline material 
on the basis of this theory (CoTrRELL 1951) is rather less satisfactory, in that 
the grain boundaries have to act as additional barriers to dislocations, and although 
a plausible account of the upper yield point can be given in terms of this modified 
theory, the dependence of the lower yield point and the Liiders strain on grain 
size cannot be dealt with. 

The purpose of this paper is to try to interrelate the macroscopic features of 
yielding in polycrystalline material as far as possible in order to show more clearly 


which properties may be considered as fundamental. 


TESTING MACHINE AND VARIABLES 


The type of testing machine used can materially affect the appearance of the 
stress-strain curve. The curve of Fig. 1 is drawn for a test on a long thin wire 
specimen tested at constant crosshead velocity on a hard machine, in which a small 
extension of the specimen can produce a large decrease in the stress. There is little 
inertia in the stress-measuring device, and the abrupt fall from the upper yield 
point can be recorded. In many conventional machines the load is the variable 
under direct control, and the extension is measured ; in these machines there is 
obviously no way of recording the suddenness of the fall in stress, and if the machine 
has considerable inertia, complex effects of “ overshooting *’ may apply larger 
loads than intended for short times. The curves obtained in this way are 
considerably more difficult to interpret and we shall always refer to curves of the 
type of Fig. 1. The strain measurement in normal testing practice is often not 
very accurate in the region of less than 5 per cent which interests us here. HAL 
and SyLWEstrowi1cz (1951), HALL (1951 a and b), and ELam (1938) have described 
tests on suitable machines, but in some of the earlier work it is quite difficult 
to assign values to the stresses and strains we are interested in, owing to the lack 
of control of testing velocity (see the curves of Epwarps and PFEIL, 1925). It will 


appear later in this paper that it is valuable to observe not only the quantities 


indicated in Fig. 1, but also the appearance of the surface during deformation, 


fan 


both microscopically and on a larger scale. Reproducible measurements of the 
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upper yield stress are very difficult to carry out, for they are determined largely 
by stress concentrations which vary from specimen to specimen, but, when some 
reliable technique is found, it appears that the upper yield point always follows 
the same trends with external variables as does the lower yield point. Attention 
is, therefore, focussed on the dependence of lower yield stress and Liiders strain 
on the various variables, and on the qualitative appearance of the specimen. 
The most important variables whose effect is to be investigated are : 
(1) Grain size. 
) Alloying composition. 
Testing temperature. 
Heating and strain history. 
(5) Specimen size and shape. 
(6) Testing velocity. 
In order to limit the scope of this paper we shall consider only fully reerystallized 
material, tested at or below room temperature, thus eliminating the complex 
ing and blue brittleness (see KENYON and Burns 1940, HAL 


rr 


effects of strain a 


1952). 


Ss 


Yield Stress Kg/mm* 
Al 
° 


, Crystals | mm. 
1 
O 20 40 60 80 


i 


Fig. 2. Lower yield stress versus grain size for many alloys. Dashed line — Imperfectly decar- 
burised iron (Epwarps and Pret. 1925). Full line —- Mean of many plain carbon steels (Epwarps, 
Jones and WALTERS 1939). Circles — Various alloy steels (HDWARDs, PuriLurps and JONES 1940). 


Chain line — Simple bands in low carbon irons (HALL 1951b). 


It is found that the grain size of the specimen is one of the most important 
variables determining the lower yield stress (HALL 1951b). A re-analysis of the 
results of Epwarps and his co-workers (1925, 1940, 1943) in terms of grain size 
alone (Fig. 2) shows that the main effect of many alloying elements is to control 
the grain size, and thus, indirectly, the yield point. The carbide-forming elements 
Ti, Va, and Cr are exceptions to this, and their presence materially lowers the yield 


point, presumably by removing almost all the carbon from solution in the lattice. 


ed 
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(The lowering of the yield point does not, of course, imply a decrease in the ultimate 
strength or toughness of the material, but only that plastic deformation begins 
more easily in these alloys than in plain carbon steels of the same grain size). 
Another exception appears to be large-grained aluminium-bearing alloys, which 
have abnormally high yield points. No explanation of this result has been given. 

The work by HA.u on thin wires shows a similar dependence on grain size, but 
all his figures lie consistently below those of Epwarps (Fig. 2). It is not thought 
that this is a true size effect, for tests on an intermediate size (}” 4’ cross- 
section) have shown that points may be obtained near either curve, but not 
between. The higher one is associated with the propagation of complex bands 
(see Fig. 3a) and the lower with simple bands (Fig. 3b). Not only do the complex 
bands raise the mean value of the lower vield, but they also make the curve 
much less smooth. There is a drop of stress associated with the formation of 
each new tongue of deformation. 

The grain size and specimen size both affect the type of band pattern. Ha. 
(1950) has described how the bands become less sharply defined and much more 
difficult to see as the grain size increases beyond about 1/30 mm diameter. He has 
distinguished between these diffuse bands, and the sharp ones observed in fine 
grained material. The specimen size determines the pattern of the bands ; broadly 
speaking, heavy stiff specimens yield in complex patterns, while lighter flexible 
ones give single bands. 

The temperature of test has a marked effect on the observed yield strength as 
is shown by experiments carried out by GEIL and CarwILe (1950) and by ExLprx 
and Couns (1951). The results are rather similar to those got by Corrre.L and 
CuuRCHMAN (1949) for single crystals, and follow a law of the type Y.S. a + bT} 
fairly well up to room temperature. Above this temperature aging effects become 
important, and the whole behaviour of the material is different. This form of 
curve is what would be deduced from a BecKER-OrowaAN stress assisted thermal 
activation process, as pointed out by CoTrre.it and BILBy (1949). 

The yield stress rises fairly rapidly with the velocity of testing (ELAM 1938, 
Hatt and SyLWestrrowicz 1951), which emphasises the desirability of keeping 


this variable under direct control. 


GEOMETRY OF DEFORMATION 


The actual strains in, and the dispositions of, the Liiders bands have been studied 
by Napat (1931), FELL (1935, 1937), and Hatt and SyLwestrowicz (1951), but 
the earlier work was done on complex bands, which do not in general give truly 
homogeneous strains within the bands, and some of the observations were limited 
to one face of the specimen. Most of the results are consistent with the picture 
given below. 

A Liiders band is normally bounded by a plane which is near a plane of maximum 
shearing stress. In a series of ten tensile tests the plane normal made an angle 


of 48 1-5° with the tensile axis, in excellent agreement with the figure quoted 


by Napat. This seems to be a true deviation from 45°. The angle made on the 


broad face of strip specimen by the trace of the band edge may take any value 
consistent with the plane being at 48°, but is often at about 65° to the axis. No 


explanation of the frequency with which this angle occurred was found. 
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In torsion tests on tube specimens the band front was a plane normal to the 
tube axis, which is the plane of maximum shear. 

Measurements by FELL showed that the material undergoes a sharp and well 
defined shear at the band front. This shear has been confirmed by HA. and 
SYLWEstTROWICZ, who also point out, however, that the shear strain alone cannot 
account for the observed decrease in all diameters of an initially circular wire 
after the passage of a band front. HAL. (195la) has, therefore, suggested that 
the deformation should be regarded as due to two separate contributions ; first, a 
pure shear at the band front which takes the material locally through the yield, 
followed by the second contribution of decelerating flow under constant stress. 
The assumption is made that this * flow ” is not necessarily pure shear, and will 
give equal contractions to all diameters. 

The sharpness of the band front has been investigated using the opaque-stop 
microscope (LomerR and Prarr 1952). Fig. 4 shows the appearance of the edge 
of a band, at a magnification of about 200. It will be seen that the shear of 
the surface, which produces the contrast between the dark and light parts of the 
image, develops in about one crystal diameter. The deformed area is very much 
roughened by the deformation. 

It was hoped that more detailed information about the actual strains in the 
Liiders bands would be informative, and specimens of pentagonal cross-section as 
shown in Fig. 5 were prepared by milling from }’’ x }’’ bar. This shape was 
chosen to allow the strain tensor to be completely determined. The strains on 
the now rather narrow faces were measured by photographing the lightly etched 
surface before and after deforma- 
tion at a_ very carefully fixed 


magnification on a projection 


7) 
microscope. It was necessary to "We, 
’ — fe) 


replace the specimen accurately on 
the stage so that the same field 
was photog ‘aphed the second time, 
which avoided errors from the 
distortion of the objectives, and to 


avoid using the fine-focus adjust- 


ment which altered the tube length 


of the microscope. It was found 


that strains of 5 per cent could be 
measured to within about 0-1 per y 


gauge length of about 


cent on a 
Fig. 5. Pentagonal specimens used for complete 


1 mm. The axial strain, which 
should have been the same on all a ela te tas 

faces, did not always agree well, and it was soon found that in fact the strain on 
these small gauge lengths was far from homogeneous, although they were some 
thirty crystals long. For instance, on two lengths, 1 mm long and 1 mm apart, 
the strains were respectively 2-8 per cent and 3-2 per cent. Presumably these 
fluctuations average out over longer lengths, but as it is not possible to use wider 
specimens without getting complex bands, it seems that the inaccuracy of the 


method must be put at something more like + 0-3 per cent. A typical result 


Simple Liiders band in strip ‘ig. 3b. Complex Liiders band in 


specimen L’’ >< }” bar specimen. 


Fig. 4. Edge of Liiders band under opaque stop microscope (x 200, reduced 
by }). The contrast arises from the tilt of the deformed left-hand side. Note the 


sharpness of the edge and the crumpled appearance of the deformed part. 
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was that the strain tensor referred to the axes shown in the figure was : 


2-06 — 0-93 — 0-10 
0-93 1-66 0-30 
0-10 0-30 3-14 


or, when rounded to make the dilatation zero : 


— 1-85 — 0-9 
0-9 1-45 
0-1 0-3 


or resolved into the two components suggested by HALL, using independent direct 
measurements of the plane of the band front to determine the direction of the 


line of greatest slope, which decides the new axes to which to refer the shear : 


— 0-7 0-4 O. 
0-4 — 0-7 0- 
0-3 0-3 1-4 


The non-diagonal terms in the second tensor are not much outside the experi- 
mental error, and can be ignored. 

The conclusion of Hatt and SyLwestrowicz that there is a considerable 
contribution to the extension apart from the pure shear is supported fully, but 
it may be questioned whether the resolution of the strain in this way justifies the 


introduction of two distinct mechanisms of deformation. 


Errect OF Macroscopic CONSTRAINTS 


The picture of the Liiders phenomena which emerges is this. The bands in 
small-grained material are sharply bounded by a surface which approximately 
a plane of maximum shearing stress. A distinct shear occurs at this boundary, 
and in the case of material containing 40 grains/mm. accounts for about half the 
total extension. In large-grained material, diffuse bands are observed (HALL 
1951b) and there is no appreciable surface kink or associated shear. The type 
of band, sharp or diffuse, is determined by the grain size. On the other hand, 
the type of band pattern observed depends primarily on specimen size and shape, 
though complex diffuse bands have not been recognised, if they exist. Thus in 
all grain sizes, a slender specimen gives a smooth single band, while in stiff specimens 
fine-grained material gives complex bands. 

It seems reasonable to suggest that the complex bands are a consequence of 
the attempts of the specimen to remain aligned in the grips of the machine, and 
to have the characteristic shear across each band front. Clearly, large fibre stresses 
would be necessary to bend the specimen back into line if all the shear occurred 
at a single plane right across the specimen. The magnitude of these stresses near 
the kink is about 


coth 
9 


/ al 


for the case of an elastic bar with an angle 2« at the mid-point ; where E = effective 
elastic modulus (plastic tangent modulus); r, / = radius, length of specimen, 
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respectively ; A? EI/Y A, I moment of inertia of cross-section ; Y applied 
tensile stress ; cross-sectional area. It is not quite clear what value to use 
for EL, but the slope of the join O.1 in Fig. 1 is perhaps a reasonable average value, 
and #k/Y L/«, ~ 30. For a circular bar then A ~ 3r. 

If 1/67 2. coth1/6r ~ 1, and the fibre stress for « 2° is about F/100, or 
1/3 yield stress. As 1/6r decreases below unity, the fibre stresses rise rapidly, 
and at 1/7 3, are almost equal to the yield stress. This suggests that to minimise 
the disturbance introduced by the shear kink the length to diameter ratio should 
be twelve to one or more; this seems reasonable, for specimens much over }” 
diameter give complex bands on a gauge length of 4” or 5” 

That complex bands are not a result of overall size is demonstrated by the fact 
that torsion tests on tube of wall thickness ’’ and internal diameter }’’ always 
gave smooth propagation of clean bands. In this case the sharp shear does not 
produce any substantial disturbance in the macroscopic shape of the specimen 
and does not disturb the stress distribution. <A tensile test on a similar tube 


specimen gave a complex pattern. 


MECHANISM OF DEFORMATION 


The inhomogeneity of the deformation of iron is a direct result of the fact that 
there is a falling part of the stress-strain curve, so that once some plastic strain 
has occurred, this is the part of the specimen which deforms further. Some 
modification or elaboration of CorrrEeLL’s theory of the yield point of single 
crystals of iron will probably explain this. There remains the question of why 
the deformation should consist largely of a shear across the boundary of the 
deformed region. To this there may be two possible solutions ; either there is 


some characteristic mechanism of deformation associated only with the initial 


yield and involving a small shear naturally, such as “ kinking ”’ first described 


by Orowan (1942), or, alternatively, it may be a consequence of the localisation 
of the strain, and only secondarily due to the properties of the material. 

In order to examine the first possible explanation, it is clearly advantageous to 
examine specimens which have had the least possible plastic strain, so that any 
features characteristic of the yield phenomenon are not swamped by the subsequent 
deformation. The most noticeable feature of specimens extended by the Liiders 
strain of some 5 per cent is the very great ‘“‘ crumpling ” of the surface, on the 
scale about a crystal diameter (see Fig. 4). The surface is as rough as that of 
copper or aluminium after about 20 per cent extension. This effect was not 
found in the torsion experiments which showed quite well marked Liiders bands, 
and so cannot be regarded as being truly an essential feature of the yield. The 
appearance and number of slip lines seen varies greatly with the method of prepara- 
tion of the surface. Electro-polishing in the acetic acid — chromic anhydride bath 
recommended by Morris (1949) led to the slip lines being very difficult to see ; 
they were apparently neither so sharp nor so high as when mechanical polishing 
was used. These observations are in accord with those of BRown and HoNEYCOMBE 
(1951) on aluminium, and of Paxton, ADAMS and MAssa.sk1 (1952) on single 
crystals of iron. The main difference is the short electropolishing treatment of 


the polycrystalline iron which serves to remove the effects of mechanical polishing. 
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The worked layer on the surface is presumably much thinner on the hard polycrystals 
than on the soft single crystals. 

Napal (op. cit. Fig. 62) has pointed out that occasional large areas of roughly 
oriented slip, over regions of some tens of crystals, are often observed. There 
seems to be no obvious connection between the orientation of these groups and the 
direction of the Liiders band trace as it passed through the region. The fact that 
these areas occur is probably a consequence of the fact that the “ pencil slip ” of 
iron, which does not occur on a single family of crystallographic planes, can 
comparatively easily pass continuously through a grain boundary if the crystals 
on either side have their slip directions not too far from parallel. 

We may conclude from these observations that there is no direct evidence for 
a new deformation mechanism associated with the primary yield phenomena in 
iron. 

The possibility that the characteristic shear deformation is a consequence of 
the constraints at the elastic-plastic boundary which is the edge of the Liiders 
band seems more attractive. In order to retain continuity of displacements across 
the boundary the compressive strains in directions parallel to the boundary must 
be equal on either side of the boundary, and so are both small, of the order of the 
elastic deformations. If we assume there is no volume change on plastic deforma- 
tion there can only be small changes in the compressive strains normal to the 
plane. It is easy to see that there cannot be a discontinuity in the shear strain 
in the plane of the boundary. There remain only the two shear strains involving 
displacements parallel to the boundary, representing the sliding of layers parallel 
to the boundary. These are not hindered by the plastic-elastic boundary, and are 
therefore the only strains permitted to the first few layers which are close to the 
elastic region. As we move away from the boundary the constraint must become 
less effective, and more general deformation is possible. No progress towards a 
full solution of the plastic problem involved has proved possible yet. If the 
relative importance of the two components of the strain is to be assessed, it is 
clearly necessary to treat the full three-dimensional case, and also, to limit the 
strain in the plastic region, to include work hardening. 

There is, however, one experimental fact which seems to support this explanation. 


In large-grained specimens the band edge is diffuse, and so only a small amount 


of the deformation is severely constrained by the elastic material, and the theory 


sketched above would predict a very small pure shear contribution. This is in 
excellent accord with experience, for diffuse bands are always difficult to see, 
and can only be found by close examination of the surface, and not by looking 
for a tilt of the surface shown by the reflection of a light. 

There is one further complicating factor in the tensile test. The initial pure 
shear deformation produces a kinked bar, which is pulled straight by the applied 
load. This involves plastic bending under a net tension, which always produces 
a greater extension than would be expected from the tension alone (see for instance 
Swirt 1948). It seems that this effect could make a considerable contribution 
to the extension; for small linear strain hardening the extension at the end of 
bending and straightening is nearly the mean of the strain at the centre plane at 
the outside edge of the bent specimen. Since the curvature of the specimen in 


the plastic region may be such as to give a change of angle of about 2° in a specimen 
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diameter, the extreme fibre strain may be about 3 per cent, and the effect discussed 
could lead to a net extension of 1$ per cent. This figure is to be regarded as an 
upper limit, since in fact the strain hardening is neither small nor linear. This 
kind of factor does not enter into the torsion test, but it is not easy to use this 
comparison to test its importance since the stress and strain systems are not the 
same in the two cases. Rough measurements indicate that the shear stress across 
the plane of the band front is the same in the two cases (TrEsca’s criterion of 
yielding ; see also Morrison 1939) and that the plastic work done in the torsion 
test is some 20-30 per cent smaller than in the tensile test, as would be expected 
if the plastic extension is increased above its ‘ natural’ value by the bending 
effect just discussed. The interpretation of the results is, however, too difficult 


to allow any definite statement to be made. 


6. SUMMARY AND CONCLUSION 


This paper has briefly summarized some of the better-established facts about 
yielding in low-carbon iron. The properties of polycrystalline iron are controlled 
very markedly by the grain size, and CoTrRELL’s theory of the yield point must 
again use the idea of the boundaries being a barrier to plastic deformation. The 
initial deformation is localized in Liiders bands, within which the strain is made 
up of roughly equal components of shear and normal extension. The shear com- 
ponent causes the bar to become sharply kinked, and this in turn introduces large 
bending moments which influence the band pattern. There is further evidence 
that the appearance of the slip lines on deformed metal depends on the mode of 
preparation of the surface, but no evidence for a special mechanism of deformation 
associated with the primary yield. It is, however, possible to explain qualitatively 
the shear strain as a consequence of constraints imposed by the elastic-plastic 
boundary of the Liiders band. The value of the Liiders strain must be determined 


by the strain-hardening properties of the material, and if this could be explained 


and the sharpness of the band front predicted, it seems that most of the macroscopic 


peculiarities of the yield strains could be explained on the lines indicated here. 
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BOOK REVIEWS 


H. M. Hansen and P. F. Cuenrea: Mechanics of Vibration. John Wiley & Sons, Inc., 
New York: Chapman & Hall, London. 1952, 417 pp., $8 or 64s 


Tue aim of the authors has been to provide a thorough and elementary treatment of the basic 
principles of vibration theory which would serve as a text in an engineering course. The book 
succeeds admirably in this purpose, an especially attractive feature being the collection of some 
350 graded problems and solutions. Forced vibrations of systems of one and two degrees of 
freedom are treated for the most part. LAGRANGE’s equations are introduced, somewhat briefly, 
but not the classical theory of normal modes. The book closes with chapters on transient 
vibrations, both linear and non-linear. 

The method described for finding the frequencies and modes of an n-degree of freedom system 
is the well-known and popular one of Houzer ; this, however, is applicable only when the masses 
and springs are distributed as in a torsional system. Curiously enough, considerable space is 
given to GRAEFFE’s root-squaring method for solving the frequency equation ; this method 
seems to have little to commend it in this context, since the frequency determinant has first 
to be expanded and the modes have afterwards still to be found. One wonders why the SropoLa 
iterative method was not given for preference, even though the proof of convergence would 
probably have to be omitted in a book at this level. Continuous systems are mentioned only 
briefly, mainly to illustrate the approximate estimate of the fundamental frequency by RayLEIGH’s 
principle (the proof of which is not given). 

The distinctive part of the book, in the reviewer’s opinion, is the very thorough exposition 
of the so-called mobility method. Essentially, this is a systematic way of treating a complex 
system as a combination of a few standard units whose responses to forced vibrations are known. 
\ direct setting-up and solution of the equations of motion is thereby avoided, while at the 
same time more insight is gained into the interaction and relative importance of the component 
parts. These advantages should commend the method to engineers. 


The book is attractively produced and the illustrations are numerous and lucid. 


W. Pracer and P. G. Honcr, Jr.: The Theory of Perfectly Plastic Solids. John Wiley and 


Sons, Ine., New York ; Chapman and Hall Ltd., London. 1951, 264 pp. x, $5.50 or £2.2s 


Tur subject of plasticity is neither flesh, fowl nor good red herring in that it does not belong 
wholly to metal physics, to conventional engineering nor to applied mathematics. It is therefore 
difficult to write a book on plasticity which will be readily understandable by all those interested, 
and yet which is still rigorous and comprehensive. Indeed, the widely different training of 
engineers, physicists, and mathematicians makes it virtually impossible to satisfy their several 
needs simultaneously. The literature can consequently be classified fairly sharply into three 
groups, reflecting the approach of the author, and the kind of audience for which he is catering. 
The present book is based on a Brown University Survey Report designed for theoretical 
research workers, which has been modified to appeal to pre- and post-graduate students of 
engineering. The authors state that the book gives an introductory treatment on an intermediate 
level, but a brief survey will convince the informed reader that such a claim is too modest. The 
authors confine themselves to the theory of ** perfectly plastic,” i-e., non-hardening and isotropic, 
solids, which they feel to have reached a sufficiently definitive form to be included in a course 
for first year and graduate engineers. Even this branch of the subject has now developed to a 
sufficient magnitude to require several volumes for an exhaustive treatment of both theoretical 
and experimental aspects. A compromise has been reached by dealing exclusively with the 
mathematical theory. The mode of approach and the mathematics used have been selected 
to be acceptable to engineering students, although the authors have not allowed a desire for 
simplicity to preclude the use of more advanced mathematical techniques where necessary, 


in the discussion of extremum principles. The book commences with an introduction to the con- 
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cepts of stress and strain and tensor invariants, leading to a mathematical discussion of the 
Treica and von Mises yield criteria and the Reuss stress-strain relations. A short chapter on 
the plastic-elastic behaviour of beams is followed by a discussion of the twisting of prismatic 
bars, and the combined torsion and tension of a circular cylinder. The three following chapters 
deal with plane strain, giving specific solutions to several initial vield and steady motion problems. 
The book concludes with chapters on limit analysis and extremum principles. Some particular 
applications of plastic limit analysis were first published in the book, 

It is inevitable that in a book of this size and scope the research worker will find the treatment 
too curtailed, but the authors have given references to enable most of the original papers to be 
consulted. Those entering the field for the first time will be able to feel that the problems handled 
are of current, and often research, interest. 


W. Bisnop. 


Progress in Metal Physics : Vol.3 Edited by Bruce CuatmMers. Pergamon Press Ltd., 


London 1952. 9}x 6. pp. viii x 334 with numerous illustrations. 48s. 


IN this series reviewing progress in metal physics at approximately yearly intervals the editor 
and publishers have undertaken a task which some regard as primarily the responsibility of the 
scientific societies rather than of “ private enterprise.” They did so, of course, because the 
societies most concerned have not catered adequately for the demand that undoubtedly exists. 
With the appearance of the third volume in the series it may be opportune to consider how 
far the objects set forth in the foreword to the first volume have been achieved and whether 
the pattern now emerging will, on a long term basis, satisfy the need for authoritative reviews 
of the present state of knowledge in specialised fields of metal physics. 

The standard of the articles in Volume I was almost uniformly high but although several of 
the later articles can also be regarded as authoritative reviews of the kind aimed at, some are 
of considerably lower standard and do not justify inclusion in this series. It would, perhaps, 
be remarkable if the high quality of the best articles in each volume were reached by every 
contributor but one feels that a little more discrimination by the editor would enable this goal 
to be more closely approached. After all, if an article does not reach the required standard 
it need not be printed. 

In the volume under review the chapter on * Crystallography of Transformations ” by 
J.S. Bowes and C. S. BArRertrT is first-rate and could be taken as a model by future contri- 
butors ; it could with advantage be studied by classical metallographers as well as by metal 
physicists. After reading the title, most metallurgists will expect something quite different 
from D. K. C. MacDonatn’s article on ** The Properties of Metals at Low Temperatures.” 
Contrary to the author’s opening sentence, practical metallurgists are greatly interested in the 
effect of low temperatures on mechanical properties of metals and they will be disappointed to 


find that this chapter only summarises recent work on fundamental electrical and thermal 


properties of metals and makes no reference to mechanical properties as such. The subject 


discussed by Dr. MACDONALD is a very specialised one and the wisdom of including it in the 
series at this stage may be questioned. ‘* Recent Advances in the Electron Theory of Metals ” 
with particular reference to the problems posed by the modern theory of dislocations and of 
other lattice defects are reviewed in a characteristic manner by N. F. Morr and his article will 
be widely appreciated. 

The subject of twinning is ripe for review even though much remains to be learnt about 
it. It is therefore unfortunate that the article on *“* Twinning ” by R. CLarK and G. B. Craic 
does not reach the high standard required ; something more than a summary of literature is 
needed to give a clear impression of the present state of knowledge. The chapters by UrsuLa 
Martius on ** Ferromagnetism ” and by G. B. GREENOUGH on * Quantitative X-ray Diffraction 
Observations on Strained Metal Aggregates” are both competent reviews by workers in the 
respective fields. In many respects the treatment of ‘* Recrystallisation and Grain Growth ” 
by J. E. Burk and D. TurNnBULL will be better appreciated by experts than by those who claim 
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no special knowledge of the subject. Nevertheless, the section on annealing twins is much more 
readily understood than the corresponding section of the article on “ Twinning.” 

In the final chapter Bruce CHALMERs describes the advances that have been made regarding 
the ** Structure of Crystal Boundaries ” since the subject was reviewed in the first volume. More 
progress reports of this type and quality will be welcomed in future volumes. 

To sum up, the best of the articles so far published in this series serve a most useful purpose ; 
if the remainder approached their high standard ** Progress in Metal Physies ** would be assured 
of a permanent place in the literature of metallurgy. 

A. G. QUARRELL 


ANNOUNCEMENTS 


ACTA METALLURGICA 


The Interim Board of Governors of Acta Metallurgica announce that this International 


Journal, which will be devoted to the fundamental Physics and Chemistry of metals, will commence 


publication in January, 1953. Acta Metallurgica will contain papers that describe original 


research, either theoretical or experimental, which leads to a fuller understanding of the properties 
and behaviour of metals in terms of fundamental particles, forces and energies. It will also 
contain letters to the editor, critical book reviews and occasional review articles. The Editor 
is Bruce CHaLMers of the University of Toronto, and he will be assisted by a distinguished 


panel of associate editors. The business management is in the hands of Mr. WALLACE WATERFALL, 


of the American Institute of Physics. 


Journal of the Mechanics and Physics of Solids, 1953, Vol. 1, pp. 77 to 89. Pergamon Press Ltd., London. 


LIMIT ANALYSIS OF ARCHES 


By E. T. Onat and W. Pracer 
Division of Applied Mathematics, Brown University, Providence, R.I. 


(Received 31st July, 1952 


SUMMARY 
In the limit analysis of frames it is usually assumed that the limiting bending moment of a 
cross section is not significantly reduced by the presence of axial forces. In the limit analysis 
of flat arches this assumption is not permissible as a rule. In the present paper the basic concepts 
of limit analysis are extended to members in which axial forces as well as bending moments must 
be taken into account. Methods of determining the critical load intensity of arches are developed 
and illustrated by numerical examples. 


1. INTRODUCTION 


THE basic concepts of limit analysis were developed in connection with the design 
of statically indeterminate beams."t If the influence of the shear force is neglected, 
as is customary, the mechanical behaviour of a beam made of an elastic-plastic 
material can be described in terms of the bending moment, M, and the angle of 
flexure per unit length, y. The typical WM versus y% diagram obtained in a flexure 
experiment exhibits a more or less sharply defined “ turn ”’ when the absolute 
value of the bending moment reaches a critical value MM, : a small increase of the 
absolute value of the bending moment beyond .V/, causes a very significant increase 
in the absolute value of the angle of flexure. Practically, this means a “ yield 
hinge’ forms at any cross section where the bending moment reaches M, in 


‘ 


absolute value. 
As the loads acting on a statically indeterminate beam are increased, each new 


yield hinge reduces the degree of indeterminacy of the beam. Eventually, yield 
hinges will form in a number sufficient to cause excessive plastic deformation and 
hence render the beam unserviceable. Limit analysis is concerned with the 
determination of the load intensity at which this stage is reached. 

The same ideas have been applied to frames! in spite of the fact that in this 
-ase the plastic behaviour of the members should be described in terms of bending 
moment and axial force on one hand, and angle of flexure and axial extension (or 


+t The term “ limit analysis”’ seems preferable to the customary term “limit design’? when the problem under 
consideration concerns the determination of the carrying capacity of a given structure. Use of the term “ limit design ” 
should be reserved for cases where the basic concepts of limit analysis are employed to design a structure so as to 
combine a prescribed carrying capacity with other desirable characteristics such as low weight. For a discussion of 
certain aspects of limit design for minimum weight see J. HEYMAN, 1951, Quart. App. Math., 8, 373. 

tt Fora comprehensive bibliography of early work in this field see H. Marer-Leisnitz, Preliminary Publication 
of the Second Congress of the International Association for Bridge and Structural Engineering, Berlin, 1936, 103. 

l See, for instance, J. F. BAKER, 1949, J. Inst. Civ. Eng., 32, 188; P. S. Symonps, Graduate Division of Applied 
Mathematics, Brown University, Report All-S6 to ONR, May 1950; P. S. SyYMonpDs and B. G. NEAL, 1951, J. Franklin 
Inst., 252, 383 and 469. 
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on the other hand. The excuse usually offered for the neglect of 


compre ss1lon 


While 


axial forces and extensions is the fact that, for solid sections at least, a moderate 


al foree does not lower the critical bending moment ., appreciably. 
the neglect of axial forces and extensions may be justified in the case of frames 
of conventional design. it is not likely to be permissible in the case of arches. In 


the basie concepts of limit analysis are therefore extended to members 
| forces as well as bending moments must be taken into account. 


aXntlal 


» Pruastic BEHAVIOUR OF TYPICAL SECTIONS 


Consider the solid rectangular section shown in Fig. 1 (a). To find a critical 
combination of axial foree N and bending moment .V assume a “ fully plastic 
tribution such as 


stress distru 


Fig. 1 (b): from 
m a 
fibre down to a 


tion is under 
stress in, Sav, 


compression, while the rest 


the section is under the 


vield stress in tension. In 
the following, these vield 
stresses will be assumed to 
absolute 
notations 
resultant of these stresses is then found to be 
N (1) 


iting moment with respect to the horizontal through the centroid 


is found as 


W) Uo. 
/ (Oo: 


he section is stressed in simple tension : 


M=0.N BHo, = No (3) 


denotes the limiting value of the axial force in the absence of bending. 
H, the section is stressed in simple compression : 


M=0,N BHo, Ny 


H 2, the section is stressed in pure bending : 


M = BH?o,/4 = M,N = 0, 


denotes the limiting value of the bending moment in the absence of 


force. For values of y between 0 and H, limiting combinations of axial 


ce and bending moment can be obtained by eliminating y from (1) and (2). 
of N, and VW, as given by (3) and (4), the relation resulting from 


/ can be written in the form 


N \? M 
(x) ii M, 
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In Fig. 2, where N/N, and MM, are used as rectangular coordinates, equation 
(6) is represented by the parabolic are .1BC, If the fully plastic stress distribution 
of Fig. 1 (c) had been used instead of that shown in Fig. 1 (b), the parabolic are 
ADC would have been obtained instead of the are ABC. 

Points within the area bounded by these parabolic ares in Fig. 2 represent 
‘safe combinations of axial force and bending moment, while points on these 
ares represent critical combinations. 

Under any such critical 
combination of axial foree and 
bending moment a_ certain 
type of plastic deformation 
becomes possible which is 
characterized by the value of 
the ratio between the unit axial 
extension, «, and the angle of 
flexure per unit length, ¥y. 

Note that the values of N and 
M do not determine the values 
of y% and e¢ but only the ratio 
e/W%, since the material can 
flow plastically under constant 
stress. For N 0, M M,, 
for instance, the _ plastic 
deformation must be pure 
bending with « 0, but the 
angle of flexure % remains undetermined. 

For the stress distribution of Fig. 1(b) (for which JJ > 0) the neutral fibre 
which does not experience any axial extension is at the depth y below the top 
fibre. If it is assumed that the cross section remains plane, the following relation 
between the unit extension ¢ of the centroidal fibre and the angle of flexure % 


is obtained : 


| * y| us, (7) 


») 


From (10,) (2), (4) and (7), it follows that 


» (8) 
If the left-hand side of (6) considered as a function of N/N, and WM, is denoted 


by F, (8) can be written as 


Noe >F oF 


, Y 
Mob d(N/N,)/ 9(M/My) ) 


Equation (9) establishes the following important fact : if a critical combination 
N, M is represented in Fig. 2 by the point EF on the boundary of the safe domain, 
and a corresponding plastic deformation by the vector OF with the components 
N,« and M,¥, this vector has the direction of the exterior normal to the boundary 
of the safe domain at the point E. The following consideration leads to a physical] 
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interpretation of this fact. Since the plastic deformation ¢«, % develops under 
constant values N, M, the mechanical energy dissipated in this deformation is 


cviven by 


D=Ne+M¢ (~) (Q¢) (=) (atau). (10) 


— —— 


e last expression proves D to be the scalar product of the vectors OF and OF 


2. that is, the product of OF and the projection of OF on OF. Inspection 


of Fig. 2 shows then that the energy dissipation computed from a given plastic 
deformation e«, & and the critical combination N, M causing this deformation 
is larger than the energy dissipation computed from the given deformation and 
any safe combination of axial force and bending moment. This is the special 
form which Hriw’s (1948) principle of maximum plastic work assumes for the 
ease of combined tension and bending. 

Other cross sections can be treated along similar lines. When the results for 
symmetrical sections are plotted in the manner of Fig. 2 with the appropriate 
values of N, and .V,, the safe domain is found to differ less from that obtained 
for the solid rectangular section than might be expected. For instance, for the 
I section shown in Fig. 3, the safe domain in the third quadrant of Fig. 2 would 


IM/M,I 


be bounded by the dotted line 4D instead of the full line which corresponds to the 
rectangular section. For unsymmetrical sections, however, the safe domain is 
no longer symmetrical with respect to the NN, axis. In all cases the safe domain 
is found to be convex. When the safe domain has been established, the relation 
between the plastic deformation ¢, % and the critical combination N, M which 
causes this deformation is established by the principle of maximum plastic work. 

In the following, it will be found convenient to approximate the curved boundary 
of the safe domain by a polygon. As the dotted line AGB in Fig. 2 indicates, a 
reasonably good approximation in the case of a solid rectangular section is given 
by the octagon with the vertices (+ 1, 0), (+ 4. + 3), (0, +1). Since this approxi- 
mating polygon does nowhere protrude beyond the curved boundary furnished 
by the theory, the carrying capacity computed on the basis of the polygonal 
approximation cannot exceed the true carrying capacity. 

When the boundary of the safe domain is thus modified with the view to 
simplifving the mathematical work, the relation between e, yY and N, M must 
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also be modified so as to preserve the validity of the principle of maximum work. 
This necessity was first pointed out by Heyman (1951) in a paper on the limit 
analysis of frames with members subjected to bending and torsion. 

On account of the symmetry of the safe domain in Fig. 2 with respect to the 
coordinate axes, it is possible to restrict the following discussion to one quadrant 
or, what amounts to the same, to consider only the absolute values of N/N, and 
M/M, disregarding the signs of these quantities. The aforementioned approxi- 
mation to the boundary of the safe domain for a solid rectangular section is shown 
in this manner in Fig. 4. If the principle of maximum plastic work is to remain 
valid, the vector with the components Nj |e|, 4/, || must have the direction OF 
for all critical combinations of axial force and bending moment represented by 
interior points of the segment 4B, and the direction OF’ for all critical combina- 
tions represented by interior points of the segment 4’B. In the first case, 


No\e| 7 S (11) 
M, || ? 


and in the second case 
No|e| 
M,|¥| 
For a plastic deformation satisfying (11), the mechanical energy dissipated can 
be evaluated, by means of (10), from the critical combination represented by any 


point on 4B, for instance from that represented by . Thus, 


=. (12) 


D = N,le| if Nole|/Mo|¥| = 3 Zand | | 


) | Nol 


Similarly, 


D = M,|¥| it No | ¢|/My |¥| = 1/2 and 5) —| + |. P= Jo}<5- (4) 


For critical combinations of axial force and bending moment represented by the 
vertices A, B, or A’, the type of plastic deformation is not so narrowly restricted. 
For the vertex B, for instance, any value of No | «|/M, | &| between the limits set 
by (11) and (12) is possible. Thus, 

Re he — 

D =-_-N,|e| + ; Mol ¥| if — < 


» 


1 | M | 
2°| Mo| 


(15) 
Similarly 
- N 


N, |e 


M| 
M,| 


( N 
- | «< 1 « \ | 
UM, | ‘| = and N 0, | 


D = M, || ifo < 
0 
As is indicated by (17), the manner in which the boundary of the safe domain has 
been modified in the neighbourhood of the point N/N, = 0, .M@/M, = 1, implies 
that the response to the loads N = 0, M = M, is no longer necessarily pure 


bending with « = 0. 
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3. Puastic BEHAVIOUR OF ARCHES 


Limit analysis of beams made of highly ductile materials such as structural 
steel is based on the following empirical fact : when large plastic deformations 
first develop, they are highly localized so that the deformation of the beam can 
be adequately described in terms of rigid lengths of beam joined by yield hinges. 
In fact. for a beam made of a perfectly plastic material large plastic deformations 
ean be shown to occur only in the vicinity of certain critical sections. The same is 
true for arches made of a perfectly plastic material so that the term “ yield hinge ” 
is equally appropriate in this case. There is this difference, however, that a yield 
hinge in a beam permits only the relative rotation of adjoining sections, whereas 
a vield hinge in an arch must permit approach or separation of adjoining sections 
as well as relative rotation. 

The mechanical behaviour of a yield hinge in a beam is completely defined 


by the statement that the bending moment must have the absolute value MW, 


while the sense of the relative rotation must correspond to the sign of the bending 


moment. The mechanical behaviour of a yield hinge in an arch is more complex. If 
the approximation discussed in connection with Fig. 4 is accepted for the solid 
rectangular section, equations (13) to (17) define the mechanical behaviour of such 
a vield hinge provided that ¢€ is now interpreted as the separation (or approach) 
of the sections joined by the hinge and yw as their relative rotation. 

The method of limit analysis of arches presented in the following is based on 
theorems which were first established by GREENBERG and PRAGER (1951) in the 
case of beams and frames, then extended by Drucker, GREENBERG, and PRAGER 
(1951) to problems of plane strain in a continuous medium obeying the stress- 
strain law of Praxnpti and Reuss, and finally extended by the same authors 
(1952) to more general types of elastic-plastic materials. An alternative proof of 
these theorems containing a different approach to the problem based on an extended 
form of an earlier theorem (Hit. 1950) has been given by Hixi (1951), and the 
advantages and disadvantages of the two types of approach have been discussed 
in detail by LEE (1952). 

A two-hinged arch is simply indeterminate and a built-in arch is triply indeter- 
minate. In the first case the horizontal thrust is best chosen as the redundant 
quantity, and in the second case the thrust and the clamping moments at the two 
ends. In cach case, the statically determinate base structure is an arch with a 
fixed hinge at. say. the left-hand end and a movable hinge at the other end. All 
distributions of axial force and bending moment which are produced in this base 
structure by the given loads together with assumed intensities of the redundant 
quantities will be referred to as “ statically admissible states of stress.” If such 
a statically admissible state of stress provides, at each cross section, values of 
the axial force and bending moment which are represented by a point inside the 
safe domain of Fig. 4. this state of stress is called a “‘ safe statically admissible 
state of stress.” With this terminology. the first fundamental theorem of limit 
analysis can be stated as follows : 

Theorem I. The given loads cannot be critical if a safe statically admissible 
state of stress can be found for these loads. 

To illustrate the application of this theorem to the limit analysis of arches, 


consider a two-hinged circular arch of uniform rectangular cross section carrying 
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a single vertical load at the centre of span (Fig. 5). The vertical component of 
the reaction R at each support equals P, while the horizontal component is the 
redundant thrust 7. For any assumed value of 7’, the axial force N and the 
bending moment MW are readily computed for any section of the arch. The 
dangerous sections are the central section 1 and the sections 2 where the tangents 
to the centre line of the arch are parallel to the reactions R. Indeed, the axial 
force as well as the bending 
moment assume higher 
values at 2 than at the 
sections immediately to the 
left or right of 2. The 
location of the sections 2 
depends, of course, on the 
assumed value of MT. 
According to Theorem I 
the given load 2P cannot 
be critical if a value of 7 
can be found such that the 
corresponding values of N 
and M at the dangerous 
sections are represented by 
points inside the safe domain of Fig. 4. 

With the notations of Fig. 5, the values of N and M at the dangerous sections 
are 

R cos (4, a), J pk [cos x cos (4, - x) |, (18) 


- pR (1 COS «), (19) 
where 
R = P cosec (4 x). (20) 


Since T = P cot (@, —«), the angle « is determined by the value of 7’: this 
angle therefore plays the role of a statically indeterminate quantity in equations 
(18) to (20). A way of determining « is indicated by the following reasoning. 
Whereas complete neglect of axial forces would not be justified, this influence is 
secondary compared to that of the bending moments in the case of single loads 
such as considered here. For the purpose of a rough estimate of the carrying 
capacity of the arch, the influence of the axial forces may therefore be neglected. 
To produce yield hinges at the dangerous sections, the moment arms of the 
reactions R must therefore be the same with respect to these sections. With the 


notations of Fig. 5, this condition may be written as follows : 
1 — cos « cos « — cos (A) — «). (21) 


After « has been determined from this equation by trial and error, the absolute 
value of the bending moment at, say, the section 2 is set equal to M), and the 


resulting equation is solved for P. Thus 


p— M, sin (0, — «) 


p 1—cose 
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For 6, = 45°, p = 30’, for instance, one finds « = 18° 35-5’ from (21) and then 
Pp/M, 8-50 from (22). 

In view of the preponderant influence of the bending moments, it may be 
assumed that |N/N,|< § throughout the arch. Accordingly, (14) must be used 
in assessing the influence of the axial forces. With the expressions (18) and (19), 
the condition that sections 1 and 2 be equally dangerous then takes the form 


] 7) Lp 
} l : x) + cos « — cos (6, — «)], 23 
» H \ ” H [ ( 0 ] ( ) 
»/-M, has been replaced by 4/H in accordance with (4) and (5). After « 
has been determined from (23) by trial and error, $|N/No| + \M M, | at, say, the 
section 2 is set equal to unity in accordance with (14), and the resulting equation 


where N 


is solved for P. Thus, 
sin (4, _ 
cos x + (H 8p) 


x) 


(24) 


For 4, 15°, p = 30’, H = 2’, for instance, one finds « = 18° 32-6’ from (23) 


and then Pp/M, = 7-40 from (24). With this value of P, the value of |N/N, 


at section 2 is found to be 


N|_ P Ppl 


cosec (6 cosec (8 a) = 0-278. (25) 


" , 0 x 0 
No| No M, 4p 


Since this value is below 1/2, the use of (14) in establishing (23) was justified. 

In the case of the present example, taking account of axial forces thus does not 
shift the dangerous sections appreciably but lowers the critical load by 13 per cent. 

Whereas the first fundamental theorem 
of limit analysis takes a statical approach 
to the problem, the second theorem takes 
a kinematical approach. Yield hinges 
are assumed at a sufficient number of 
sections to allow infinitesimal displace- 
ments in the structure even though the 


lengths between successive yield hinges 


are treated as rigid. Any state of 
infinitesimal displacement obtained in this 
manner will be called ‘“ kinematically 


admissible.”’ The work done by the given 


Sa ee Se 


loads on a kinematically admissible state 


of displacement is then compared to the 


mechanical energy dissipated in the yield 
hinges. If this energy, evaluated from 
equations (13) to (17), should turn out to 
be smaller than the work done by the 
given loads the considered kinematically admissible state of displacement will 


Fig. 6 


be called “ unsafe.” With this terminology, the second fundamental theorem of 
limit analysis can be stated as follows : 

Theorem II. The given loads exceed the critical loads if an unsafe kinematically 
admissible state of displacement can be found for the given loads. 
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To illustrate the application of this theorem to the limit analysis of arches, 
consider again the problem indicated in Fig. 5. As has been shown above, the 
statical analysis which neglects the influence of the axial forces furnishes a good 
approximation to the actual location of the yield hinges even though it gives a 
too high value for the critical load intensity. The location of the hinges 2 in Fig. 5 
will therefore be assumed to correspond to the value « = 18° 35-5’ which was 
obtained from (21). 

Fig. 6 shows the notations used in evaluating the displacements from the 
deformations in the yield hinges. It is convenient to determine the displacements 
relative to the centre of the yield hinge 1. The section.immediately to the left 
of this hinge then moves horizontally to the right by ¢,/2 and rotates in the sense 
indicated in Fig. 6 by ¥,/2. Here, €, and %, denote the approach and the relative 
rotation, respectively, between the sections which are joined by this yield hinge. 
Similarly, «, and ¥, in Fig. 6 indicate the approach and relative rotation between 
the sections which are joined by the yield hinge 2. Since (14) has been found to 
apply at all hinges, 

(26) 


where 


The ratio ¥,/y%, can now be found from the condition that the left-hand end 
A of the arch must not have any horizontal displacement u with respect to the 
centre of the hinge 1. With the notations of Fig. 6, the condition u = 0 furnishes 


H 
2 1+ Z) cos (05 — 2) — c0s & 
#, _ 2[y + Boos (4% — «)] __ I Sp iil ‘J. (98) 
be oP 1 — = — cos 6 
Sp 
The vertical displacement of the end A relative to the centre of the yield hinge 1 
is found to be 


' aa — p(x — Bsin (6) — «)] 


9 


— Yop E (1 + x sin (6, — «) — (2 — ay sin a. (29) 
2 8p Po 

The central load 2P does the work W = 2Pv and, according to (14), the total 
mechanical energy dissipated at all yield hinges of the arch is D = M, (%,+2y,). 
Thus, the considered kinematically admissible state of displacement is unsafe if 
P exceeds the value 


M, (2 { 2) 


p 2 (1 - ;.) sin (8, — «) — (2 — o) sin | 
Here, ¥,/#. must be evaluated from (28). With 0, = 45°, p = 30’, H = 2’, and 


a = 18° 35-5’, one finds P* = 7-45 M,/p. Since an approximate location rather 
than the exact location of the yield hinges has been used, P* must exceed the 


p* (30) 
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actnal critical load P in accordance with Theorem 2. In fact, the critical load 
7 


found above from statical considerations was P 40 M, p. 


!. EXAMPLES 


In the case of distributed loads the dangerous sections are less readily determined 
than in the case of concentrated loads. Moreover, if the load is uniformly distributed 
over the entire span, it is no longer possible to determine the approximate locations 


pepe t yee tet ere tte e eid 


of the dangerous sections by 


neglecting the axial forces. Indeed, 
for such a load an are can be so 


designed that N N,, M 0 at 


all cross sections. 

Consider a two-hinged circular 
arch of uniform rectangular cross 
section carrying the distributed load 
p per unit length of the span. If 
three yield hinges are assumed as in 
Fig. 7, some of the previous kine- 


matical formulas remain _ valid. 


Only, in view of the preponderance 
of the axial forces, (13) must now 
be used instead of (14). This means that in equations (28) and (29) the ratio H/8p 
must be replaced by 3H/8p; also, the angle @, — « must be replaced by the 


angle @ indicated in Fig. 7. Thus, 


2 | | l + et cos @ cos | 
Sp 


3H 


Sp 


cos A 


=f sin 6 (2 ri sin 6 
Sp W 


where ys, and y, are assumed to have the directions shown in Fig. 6. 


The work of the given load is now found to be 


} 2 

|. —_—a ; , ’ 

1 FP’ sin? 4, €,pp (sin 6, — sin @) sin @ 
) ”» - 


Po x (sin 6, — sin ay) . 


; 
UL 2 ) Pp sin 4, 


According to (13). 
ws. 


3H 


5 


Substitution of this and (82) into (33) furnishes 


o|(l¢ _ 
Wy py Pp- | (= ” 1) sin- 6, + (] 


BEE \, ..« 
sins @]. 
Lp 


The mechanical energy dissipated in the yield hinges is now 


bg — sy 
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ZY) - M, (yb, +. 2yho). (36) 


By setting D equal to W and solving the resulting equation for p, one finds 


l 
3M, (2+ 2 


pP : us ; 
p” | | = 2) sin® 4, 
Y2 

where &, /y% must be computed from (31). Since this value of p is found from an 
arbitrarily assumed location @ of the yield hinges 2, it cannot be smaller than 
the critical value of p. This critical value can therefore be found by determining 
@ so that the right-hand side of (37) is minimized. This is most readily done by 
computing p from (37) for a few values of @ and determining the minimum from 
a graph of p versus @. 

For 6, 15°, p ', IT = 2’ the critical value of 2pp sin 6), i.e. the total 
load on the arch, is found to be 68-1 .M,/p. This result should be compared with 
the critical load 2P = 14-8 M,/p which this arch can carry as a concentrated load 
applied at the central cross section. 

As a final example, consider the same arch when only the left-hand half of the 
span carries the uniformly distributed load p. Under such unsymmetric loading 
the bending moments are preponderant, and the axial forces may be neglected 


in a preliminary analysis. Consider separately the bending moment diagrams 


corresponding to (1) the load and the vertical reactions, and (2) the horizontal 
thrust. To a suitable scale, the second diagram is given by the centre line of the 
arch. By trial and error, the first diagram must now be drawn to such a scale 
that after superposition of the two diagrams the extreme bending moments for 
the two sides of the arch have equal absolute values (Fig. 8). These extreme 
bending moments are found to occur at the sections defined by 0, = 14°, 6, = 24°. 
The scale of the bending moment diagram of Fig. 8 is determined by the fact 
that the absolute value of these extreme bending moments must be M,. From 
this, the load is found to be p = 32-1 M,)/p? and the thrust T' = 0-217 Ny. The 
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axial forces at the sections 1 and 2 of Fig. 8 can now be computed; one finds 
N,/No = 0-22 and N,/N, = 0-23. Since these values are both smaller than }, 
(14) will be used in the following kinematic analysis. 

Fig. 9 shows the displacements in the hinges as well as the angular displacement 
w of the left-most portion of the arch. The conditions that the horizontal and 
vertical displacement components of the right-hand end B vanish are 


yp (cos 6, — cos 4) — €, cos 6, — yp (cos 8, — cos A) — €, cos 0, = 0, (38) 


2wp sin 6 — ,p (sin 6 + sin 6,) + €, sin 0, + pep (sin 6) — sin 84) 
— e,sin 6, = 0. (39) 


According to (14), 


When this is substituted into (38) and (39), one finds 
Yo/p, = 1-20, w/b, 0-416. 


The work of the applied load is 


yp? . mer 
sin? 6, + €, pp sin? 6, 
> 


Finally, according to (14) the mechanical energy dissipated in the hinges is 
D My (4; t po). 


From W D it follows that 


Wy 


2M, (1 ts 
1 


Since the hinge locations used in this kinematic analysis are only approximate, 
this value of p cannot be smaller than the actual critical value. If this seems 
desirable, the influence of small variations of 6, and @, in the neighbourhood of 
the values used above may be studied with the purpose of minimizing p and 
thus obtaining the actual critical load. According to the authors’ experience 
with this and other problems, however, this is an unnecessary refinement by 
which a small correction of one or two per cent is obtained at a disproportionate 

xpense jn labour. 

In conclusion, a word of caution seems to be in order. Limit analysis is based 
on a more realistic representation of the actual mechanical behaviour of many 
structural materials than the customary elastic analysis. Limit analysis therefore 
may eventually replace elastic analysis. As elastic analysis, however, limit 
analysis must be supplemented by a study of structural stability whenever com- 
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pressive axial forces of significant intensity exist in the structure. The preceding 
discussion thus represents only the first step in a complete analysis of the structure.* 
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SUMMARY 
\ BRIEF analysis has been made of the ultimate strengths of short span I-beams bent in their 
planes of maximum stiffness by pure terminal couples. In the cases treated, primary failure 
vould occur by lateral buckling in all but the most stocky members. The critical applied 
moments were less in magnitude than the fully plastic moment, the practical collapse load 
coinciding with that causing full plasticity of the flanges. 

The principle discussed by SHANLEY (1947) has been assumed applicable to problems of beam 
stability and the theory has been extended to beams the materials of which exhibit both dis- 
continuous and continuous stress-strain relationships. Estimates of the buckling moments of 
typical stocky beams have been compared with the results of a series of tests, the theory predicting 


a lower limit to the range of possible collapse loads. 


INTRODUCTION 


Tue trend towards limit design of complex engineering constructions has led to 
detailed investigations into the ultimate load-carrying capacity of entire structures, 
in the course of which the lateral stability of beams stressed beyond the elastic 
limit has been found to be an important factor. It is known that even stocky 
beams, the spans of which are not large in relation to their cross-sectional 
dimensions, will never attain their full strength under pure bending without prior 
collapse by buckling out of the plane of loading. Thus a complete knowledge of 
the inelastic behaviour of beams is desirable before design may be safely based 
upon ultimate strength. 

\ recent theoretical analysis of the behaviour of yielded mild steel beams of 
rectangular cross-section has been made by NEAL (1949), who compared his 
solution with the results of tests on small beams under uniform bending moment. 
These results showed that, although the failing loads predicted by his theory 
could with great care be attained, collapse might occur at lower loads, even under 
laboratory conditions. Thus, while providing an estimate of the critical loads 
for ideal beams, NEAL'S method gives no indication of the lowest loads at which 
practical members may fail if subject to small disturbing forces. The load at 
which bifurcation of the equilibrium position may first occur differs from the 
conventional critical load, as indicated by SHANLEY (1947). Columns stressed 
into the plastic range have usually collapsed at loads slightly greater than those 
based on a tangent modulus theory, but considerably below the critical loads 
given by the reduced modulus approach developed by von Karman (1910). It 


might, therefore, be expected that the SHANLEyY principle could be advisedly 
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extended to beam problems as providing a theoretical lower limit to the range 
of applied loads within which Jateral buckling may occur. Furthermore, the 
adoption of this principle considerably simplifies the analysis, especially when 
treating materials exhibiting a continuous stress-strain relationship. 

The present analysis of the inelastic behaviour of symmetrical I-beams is based 
upon the SHANLEY concept, and is confined to members loaded under uniform 
bending moment. Materials having both discontinuous and continuous stress- 


strain relationships are considered. 


LATERAL BUCKLING UNDER UNIFORM BENDING MOMENT 


The critical condition for lateral buckling of a perfect beam loaded in its plane 
of maximum flexural stiffness is defined by the moment required to maintain 
the system in a state of neutral equilibrium. A solution to the critical loading 
under any conditions of support may be derived from the equations of flexural 
and torsional equilibrium of a member slightly displaced from its stable position. 
Employing the methods of ReissNER (1904) and CuwaLa (1939) these equations 
may be written as 


Bu’ = M (1 os “| 8, 


1 
where wu is the lateral displacement of the shear centre, 

@ is the angle of twist, 

A and B are the primary and secondary flexural rigidities, 

C and C, are the torsional and warping rigidities, 

M and T, are the bending moment and torque at any section, and primes 
denote derivatives with respect to z, the co-ordinate along the longitudinal 
beam axis, with origin at a support. 

It is assumed that the ratio C/A is small compared with unity in deriving 
equation (1). 
For a beam bent by pure terminal couples, 7, and supported with rigid torsional 


supports but with no end restraint to bending actions, M is constant and 
T. = — Mu’. Hence the general solution for @ may be obtained from (1) and 


(2) in the form 
asin mz + b eos mz + ce 4 3) 
l { 1) 
2p? \ | 4p* g*| 


ie . * 
2p? \4p4 qt} 
a 
J 


in which 


C/C. @ 


1 


The critical value of the bending moment is then derived by satisfying the end 
conditions and eliminating the arbitrary constants from (3). The stipulation of 
no rotation at the supports furnishes the conditions 
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6 = oatz = Oandz = L, where L is the span. 
The remaining conditions are governed by the degree of restraint to sectional 
warping afforded by the supports. When warping is unrestrained, 6’’ = 0 at 
z = 0 and z = L, and the critical moment becomes 


a iN ; , cy (4) 


A 


This expression is similar to that obtained by TrmosHENKo (1936), with the addition 
of the term in the denominator. 

When warping is rigidly restrained at the supports, as it must be in any experi- 
mental attempt to simulate terminal loading, the governing end conditions are 
#’ = 0 atz2=0andz=L. The expression controlling the value of the critical 


moment becomes 
(n? — m?) sin mL sinh nL + 2mn (1 — cos mL cosh nL) = 0. 


The corresponding critical moment is given by 


m / BC [ m? 7. 1/2 
LN (, _ B\ € 


(1-3) 


Putting n? = m? +-C/C,, the value of the critical moment may be determined 
from (5) and (6) for any assumed value of CL?/C, by a process of trial and error. 
By application of the strain energy method developed by TimosHENKo (1910), 


an approximate solution has been found to the critical moment for a beam having 


BC 4n2C, ]1/2 - 
B z re | 7) 
(1 4) 


end warping restraint, given by 


This expression shows reasonable agreement with the above analytical solution 
over a large range of values of CL?/C,, and proving simple in application, has 
been adopted in the present analysis. 

It is seen that the magnitude of the buckling moment depends not only upon 
the i iitial secondary flexural and torsional stiffnesses of the beam, but also upon 
its primary flexural and warping rigidities. When a part of the cross-section has 
been stressed into the plastic range under applied bending actions, these properties 
are modified, the flexural rigidities decreasing with increased applied moment. 
Thus, the stability of a partially plastic beam is determined by the relationships 
between these rigidities and the bending moment, and in the following discussion 
the problems of the stability of I-beams having two different material properties 
are treated. 


3. SYMMETRICAL MILD STEEL I-BEAMsS 
(a) Stress-strain relation 


The material to be considered in the first instance is assumed to have identical 


properties in tension and compression and to exhibit the stress-strain relation 
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3 
shown in Fig. 1. The material is wholly elastic until the upper yield stress, rY, is 
attained, at which a drop in stress occurs at constant strain. On further straining, 
the stress remains at the lower yield value, Y, until the range of work-hardening 
is reached. Such properties may be found in annealed mild steel. In contrast, 
rolled structural steel may show no marked upper yield, and may have differing 
properties in tension and compression, as discussed by KLINGLER and Sacus 
(1948). 


STRAIN 


Fig. 1 


nell 
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via 
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Fig. 2 


(b) Moment of resistance 

In a beam subjected to pure end couples applied about a principal axis, it is 
evident from symmetry that cross-sectional planes remain plane during bending. 
Longitudinal strains vary directly with distance from the neutral axis and the 
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distribution of bending stress in an I-beam bent in its plane of greatest stiffness 
is consequently similar to that shown in Fig. 2b. The upper yield stress is reached 
at a distance ad from the neutral axis, 2 — 2, beyond which the material is stressed 
at the lower yield stress as in Fig. 2a. 
The equilibrium condition that the moment of resistance afforded by the internal 
forces must equal the applied moment leads to a relationship between the applied 
moment, the yield stress and the geometry of the cross-section. Where the flange 
is only partly plastic this relation may be written as 
M 3 3 
— = b(1 th _B (b — t,) (8) 
Y d? 3x » 

where f l t»/d. 

Similarly, when the flanges are to the yield stress and the web 

is partly plastic, 
M 2ra? 
— = b(1 p*) — t, 7) — + os, (9) 
Y d? 3 
The fully plastic moment at which the entire section is stressed at the lower 


yield stress is attained when « = 0, and is given by 
(10) 


This represents the maximum moment that the beam will sustain before collapse 
in the plane of loading, and is used as a basis for comparison in further discussion. 


(c) Primary flexural rigidity 
The stiffness of the beam in the plane of loading has an influence upon the 
critical load at which lateral buckling occurs, as shown in Section 2, and is deters 
mined by the primary flexural rigidity, A, defined by 
A M p (11) 


where p is the primary curvature. 
In a partially plastic member p = p,/x, where p, is the curvature at which 


yield commences in the extreme fibres ; hence, putting p, = rY /Ed, the primary 


rigidity becomes 


A= E—] 
ry 


Vu, (12) 
where E is Young’s modulus. The ratio between the plastic and elastic primary 
rigidities may be written as 

A aM 

El, M, 
where M) is the moment causing onset of yield in the extreme fibres. For a given 
value of «, J is known from (8) and (9), and hence 7, may be estimated. 


(d) Secondary flexural rigidity 


In accordance with the SHANLEY principle it is assumed that the beam becomes 
unstable by a gradual process of combined primary and secondary flexure. In this 
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way the bending actions may be so co-ordinated that no reversal of stress occurs 
anywhere in the section, despite differential straining in the flanges. This basic 
assumption is more likely to be satisfied under practical conditions than the 
supposition that a beam remains undisplaced laterally and free from disturbing 
forces until the critical load 1s reached. 

In the case of partially plastic mild steel I-beams the estimation of the secondary 
flexural rigidity is greatly simplified by the adoption of this principle. The 
material stressed beyond yield under primary bending may be regarded as totally 
ineffective when considering secondary bending actions, and the remainder of the 
section is treated as fully elastic (cf. Fig. 2). Thus the ratio of the secondary 
flexural rigidity, B, to the elastic value, B,, may be expressed as 

B) b® + Bt,,? 
- B) b® +- pt,,*’ 


t 


(14) 


Similarly 


(e) Torsional rigidity 


The phenomenon of lateral buckling involves failure by instability in a combined 
flexural and torsional mode. In consequence the stability of a beam depends in 
part upon its torsional rigidity under pure torsion, defined by the initial relation 
between applied torque about its longitudinal axis and the ensuing angle of twist, 
while under constant bending loads. It has been shown experimentally by 
Morrison and SHEPHERD (1950) that the initial torsional rigidity of a thin-walled 
tube overstrained in tension remains at its elastic value, and NEAL (1949) has 
verified, both in theory and experimentally, that the same observation is true for 
a partially plastic narrow beam. Thus it may be reasonably assumed that no 
modification need be made to the term representing the elastic torsional rigidity 
of an I-beam when partly stressed beyond yield in bending. 

In addition to the resistance to applied torque provided by the system of shear 
stresses arising in pure torsion, a beam of open cross-section supported at its ends 
will exhibit resistance due to shear stresses induced by the restraint of sectional 
warping. 

In the case of an I-beam this resistance is due to differential bending of the 
flanges alone, and in the range of stocky beams may prove an important factor 
governing stability. Furthermore, the magnitude of the warping term in the 
stability equation varies considerably with the conditions of support, as shown 
in Section 2. 

Once the yield stress is attained in the flanges, however, their flexural rigidity 
in their own plane decreases rapidly with increased bending moment, and the 


warping rigidity is reduced in proportion. On the assumption that warping 
displacements occur conjointly with primary and secondary bending displacements, 
the ratio of the warping rigidity of a partially plastic beam to its elastic value 


may be seen to be 


YG 
({) Method of solution 


On introducing the modified values of the beam properties into (4) and (7), 
the critical bending moments for a partially plastic beam may be derived from 


the equation 


(18) 


where 1 for free warping at the supports, 
k t for restrained warping at the supports, 
EI ,h? 


» 


and for I-beams, in which J, is the maximum second moment area 


of one flange and h is the distance between flange centroids. 
Moreover, the critical moment must equal the moment of resistance given by 
(8) and (9). 

The method of solution involves the determination of the critical span for an 
assumed value of the parameter «. Thus the moment of resistance and the reduced 
rigidities may be simply estimated from the foregoing results, and hence the 
corresponding value of L is obtained by solution of the quadratic equation obtained 
by re-forming (18). 

Owing to the complexity of the solution it is not possible to present the relation- 
ship between slenderness and the ratio of buckling moment to fully plastic moment 
in a general form for a given material. Thus each section must be treated 


independently. 
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(g) Experimental results 


As an example of the behaviour of stocky beams under uniform bending, the 
buckling moments of 1” x 3’’ x }” mild steel I-beams have been estimated by 
means of the foregoing solution. This theory has been compared with the results 
of several tests carried out in the Engineering Laboratories of the University 
of Bristol. A number of I-beams were fabricated from 3’’ x }’’ x }” Tee section 
welded web to web. The material was in the condition as rolled and its properties 
were determined from control tests on specimens cut from the section. In tension 


the steel had an upper yield stress of 22-00 tons/in,? and a lower yield of 20-94 
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tons/in.?, The compressive yield stress corresponded to the lower yield in tension 
but no upper yield was observed in compression, owing to eccentricities of loading 
inherent in the testing system. 

A diagram of the bending rig in which the beams were tested is shown in Fig. 3. 
The apparatus was designed by T. E. CarmicuaE. (1952) to provide conditions 
of loading and support closely simulating those assumed in theory, with rigid 
restraint to warping at the supports. The ends of the test beams were held by 
clamping blocks, housed in the lever arms through which the terminal couples 
were applied. The arms were supported on ball races in line with the ends of the 
test beams and were loaded at their ends through transversely mounted races 
attached to a loading beam. 

Six beams, of spans varying from 9 in. to 39 in., were tested, and their collapse 
loads were observed, the test results being compared with the theory in Fig. 4. No 
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intentional disturbing force was applied to the beams during testing, although 
appreciable lateral and torsional displacements developed at loads approaching 
the buckling load in most instances. The theoretical solution is seen to provide 
a reasonable estimate of the load carrying capacity of these members, although 
two failed at rather lower loads than predicted. 

It is of interest to note that, over a large range of stocky beams, the buckling 
moment is nearly equal to that causing full plasticity in the flanges. Thus the 
fully plastic moment can never be attained, except for very short spans, and it 
must be expected that primary failure will occur by buckling at the lower moment. 
For more slender beams the buckling moment decreases gradually with increased 


span until the span at which the critical moment is equal to that causing onset 
of yield in the extreme fibres. For further increases in span the buckling moment 
falls rapidly, the critical value being given by the elastic theory. 
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SYMMETRICAL ALUMINIUM ALLOY I-BEAMS 
(a) Stress-strain relation 


In contrast to the mild steel beams previously discussed, it is of interest to 
analyse the behaviour of typical beams whose material has a continuous stress- 
strain relation of the form shown in Fig. 5. The material is assumed to be entirely 
elastic until the elastic limit, o,, is reached. On further straining the stress-strain 
relation becomes non-linear until a stress, Y, is reached at which the strain continues 
to increase at constant stress. The properties are typical of many aluminium 


illovs in structural use. as well as of cold-rolled steel. 


AREA AT 
YIELD STRESS 


Fig. 6 
(b) Mome nt of resistance 


The zones of plasticity and the distribution of stress within the section of an 


I-beam of the assumed material, bent by pure terminal couples into the inelastic 
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range, are shown in Figs. 6a. and 6b. respectively. The elastic limit is reached 
at a distance ad from the neutral axis and the strain at any point is ¢,y/ad. 
Thus the stress distribution may be represented as a function of y, say o = F(y). 
If the ratio of the strain at yield to the strain at the elastic limit is s, the yield 
stress is reached at a height «sd above the neutral axis. 

The moment of resistance is again expressed as a function of x. When1l > « > 8, 
assuming 8 > 1/s, 
“d 


+ 2b F(y) y dy (19) 


ad ad 


. 


ot 
ee 


M 


where J, is the second moment of area of the elastic portion of the section about 
« —a. Similarly, when B > « > 1/s, 


Co I “Bd ‘ *d 
i 2t.. Fy) y dy +- 2b | Fy) y dy. (20) 


xd ~ ad . Ba 


M 


When the yield stress is attained in the flanges the moment of resistance becomes 


o I “pd "asd *d 
€ € 


M 2t F(y) y dy + 2b | F(y) y dy + Yy dy, . (21) 


um 


xd ad J Bd J asd 
A similar expression may be used when the yield stress is reached in the web and 
the fully plastic moment is given by (10). 


(c) Reduced rigidities 
The primary flexural rigidity may again be estimated from (13) in which M, 
is replaced by M,, the applied moment required to stress the extreme fibres to 
the elastic limit. Thus, in the critical moment equation, 
M 
tT = a“2—. 
M, 


Calculation of the secondary flexural rigidity is made possible by the adoption 
of the SHANLEY concept, whereas any attempt to apply a “ reduced modulus ’ 
approach for a material having a continuous stress-strain relation would prove 
extremely laborious. The reduced value of this lateral rigidity may be estimated 
by replacing the elastic modulus by a tangent modulus, p£, in the inelastic parts 
of the section. Considering an elementary rectangular strip of flange of thickness 
dy and width 8, as in Fig. 6a, it will be seen that its flexural rigidity is given by 
pEb®dy/12. Thus when the flanges are only partly plastic the total secondary 
rigidity is given by 


a \ pdy +d(«— p)| + t,3d pl. (23) 


ad 


When the web is partly plastic this expression becomes 


E “d *Bd 
B | pdy + t,3 (ad + pe dy | (24) 


6 Bd | / ad J 
As in the case of mild steel beams, the portion of the section stressed to the 
yield stress is assumed to be ineffective in providing lateral stiffness, and the 


upper limit to the integrals must be reduced when « < 1/s. 
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Where the web is very thin compared with the flange breadth, its contribution 
to overall lateral stiffness may be ignored and the ratio of the secondary flexural 


rigidity to its elastic value becomes 


l 1 *d 
| j a dy 


a!) ad 


and r. p dy, 


the upper limit to the integral being reduced to sad when «a < 1/s. 

It may reasonably be assumed that the initial torsional rigidity of the beam 
again remains unaffected by plastic bending. The warping rigidity, governed by 
the lateral flexural stiffness of the flanges, decreases as the section is stressed 
farther into the plastic range; the ratio of its plastic to elastic values, 7,, will 
be identical to the expressions given for 7, in (25) and (26). Thus 7, = 0 when 


> 


8) Sh, 
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Fig. ‘ 
(d) Method of solution 


The values of the critical spans for beams having the assumed material properties 
may again be deduced from (18). For assumed values of «, the reduced rigidities 
may be estimated from the above expressions by introducing the tangent modulus 
iat €,y 
function, », in terms of the variable. Thus, as o F(y) and e e, the tangent 

ad 
modulus is given by 


da «addF(y) 


de ee dy 


pe (27) 
The corresponding end moments may then be obtained from the expressions for 
moment of resistance and the relationship between critical loading and slenderness 


may be plotted for any given beam. 


The stability and strength of stocky beams 
(e) Experimental results 

A further series of tests, carried out with 1’’ x 1” x 4" extruded I-beams of 
HE.10.W aluminium alloy material, has afforded an experimental comparison with 
the tangent modulus theory. The tensile and compressive stress-strain curves for 
the material are shown in Fig. 7, being identical in the early stages of plasticity 
but exhibiting slightly differing yield stresses. A function was chosen in the 
analysis to fit the tensile curve as providing a lower limit to the probable range 
of mean properties. 

The critical moments were estimated as outlined in Section 3 (d), the critical 
lengths being determined for assumed values of «, and the relation between the 
ratio of critical to fully plastic moments and slenderness is shown in Fig. 8. The 
elastic limit is reached at a moment M = 0-666 MW, a much lower fraction than 
usual in similar mild steel beams. Beyond this value the critical moment drops 
below the elastic value and tends towards the moment causing full plasticity in 
the flanges, only 2} per cent below the fully plastic moment. The fully plastic 
moment is only attainable for unpractically short spans. 


—— ot —— ——+-—-<| FLANGES FULLY PLASTIC 


\ ELASTIC THEORY 


‘\ \ APPROXIMATE REDUCED 
MODULUS THEORY 


APPROXIMATE TANGENT 
MODULUS THEORY 


TEST RESULTS 


It has been suggested by BLEIcu (1952) that a satisfactory approximate solution 
might be obtained by simply replacing the value of E throughout the section by 
its tangential value corresponding to the stress in the extreme fibres, when estimating 


the lateral flexural rigidity. TrmosuENKo (1936) proposed a similar use of the 


corresponding reduced modulus. The curves based on both of these assumptions 
are plotted in Fig. 8, from which it is apparent that the tangent modulus approxi- 


102 A. R. Furnt 


mation provides a safe design basis, whereas the reduced modulus curve may 


prove unsatisfactory in the more slender range of spans. 

A number of beams were tested under uniform bending moment in the rig 
described above, and the observed collapse loads are indicated in Fig. 8. It was 
found that the more slender beams failed at lower moments than predicted, owing 
to initial imperfections. The critical loads predicted from measured displacements, 
by the method due to SourHWELL (1932), agreed with the elastic theory however. In 


the plastic range the degree of scatter was considerable, again possibly owing to 
the different imperfections encountered. It was evident, however, that the 
theoretical curve did provide a lower limit for failure within the plastic range 


and that the moment causing fully plastic flanges was not exceeded. 
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ANALYSIS OF THE PLASTIC BENDING OF A THIN 
STRIP IN ITS PLANE 


By F. A. GayDon 
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SUMMARY 
THE problem is treated as one of generalized plane stress, and a solution by successive approxima- 
tion is carried sufficiently far to cover strains realisable in practice. Full account is taken of 
the variation in thickness and the movement of the neutral surface. The extreme fibre-strain, 
predicted on the basis of the Mises yield criterion and stress-strain relations, agrees well with 
experimental data of SANGDAHL, AuL, and SAcHs (1948). 


INTRODUCTION 


Tue problem considered is that of a thin rectangular strip bent in its plane by 
end couples sufficiently large to cause the whole volume to become plastic. It is 
assumed that there are no through-thickness components of stress, the problem 
being treated as one of generalized plane stress. The solution given in this paper 
is one of successive approximation ; it appears to be impossible to obtain an exact 
analytic solution. LuBann and Sacus (1950) have obtained numerical solutions 
for various cases, but their results differ in some respects from those presented 
here.* 

To simplify the analysis a linear yield criterion involving two parameters is 
used. By special choice of the parameters either the Tresca yield criterion or a 
sufficient approximation to the Mises yield criterion can, for example, be obtained. 
Further assumptions are (i) that strain-hardening is negligible, (ii) that the strip 
is sufficiently long for the stress and strain to be considered uniform along each 


longitudinal fibre except near the ends, and (iii) that the bending is caused by 


end-couples only. 

It follows from (ii) and (iii) that the radial stress o, and circumferential stress og 
are the principal stresses. Let a, 6 (Fig. 1) be the internal and external radii of 
curvature when the angle of bending is « per unit original length, and let (r, 0) be 
the polar coordinates of any point P of the centre longitudinal section, (it will be 
verified a posteriori that the surfaces are concentric cylinders). Let h be the local 
thickness at any instant; h varies with r. 

* LUBAHN and SAcus’ numerical work shows that the height (6 — a) has decreased by 10 per cent when the 
ratio height /(external radius of curvature) has reached 5/6. However, according to the analysis given here the 
height is constant to a high degree of approximation. Again, in their treatment of plane strain bending it is tacitly 
assumed that the fibre whose resultant change in length is zero at each stage is the one coinciding with the neutral 


surface. An exact analysis by HiLt (1950) shows, however, that this fibre is actually the one lying midway between 
the inner and outer surfaces, for bending under conditions of plane strain. 
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Initially the strip is straight, of height t and thickness ho, a and b being infinite. 
At any subsequent time there will exist a surface concentric with the inner and 
outer ones, such that longitudinal fibres which are being momentarily compressed 
and those which are being extended lie on opposite sides of it. Let ¢ be the radius 


of curvature of this surface. 


In a further small strain, in which the angle of bending increases by an amount 
dz, it is supposed that a particle has displacements ud« radially outwards and 
vd«x circumferentially in the direction of increasing 6. A solution is found for 
which u is a function of r only and v = r@/x, and is shown to be consistent with 


all equations. In this solution plane radial cross-sections remain plane, while the 


inner and outer surfaces remain concentric and cylindrical throughout the deforma- 
tion. The equations which have to be satisfied are the yield criterion (discussed 
in Section 2); the equation of equilibrium 

d 


he 
dr (no,) 


the Léivy-MissEs relation 
€9 
where a ‘ dot’ denotes rate of change with respect to «, following a particle ; and 


the equation of incompressibility, 


Tue YIELD CRITERION 
This is taken in the form 


og — Ac, = Y, 
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where Y is the uniaxial yield stress. The Tresca, or maximum shear stress, 
criterion is obtained from (4) by putting A = 1, » = 0, since oa, is everywhere 
compressive. The relevant portions of the yield locus are in the immediate neigh- 
bourhood of the points representing pure tension and compression. The tangents 
at these points to the MIsEs ellipse 


| 
og 


are therefore a good approximation to the ellipse itself, and correspond to A 
and » = } in (4).* Other values of A and p» in the ranges } <A < 1,0 <p 
provide an intermediate locus. 


3. First APPROXIMATION 


For the first approximation the thickness h is regarded as uniform in equation (1). 
Then, on substituting in (1) for og from the first of equations (4), it is found that 
for r >c 


n(,] 


Put r = b — 2 and expand the right hand side, discarding terms of higher degree 
than (v/b)? ; this still allows consideration of large strains. Then 


for all A. (5) 
For r <c substitute in (1) for og from the second of equation (4) ; then 


a r\h-1 
- 1 - (“) . »p+1; 
p—l a : 


— In (r/a) ; p=. 


” j 


Put b —a=t and r = b —2 and expand the right hand side as before ; then 


t — 2) a? —-l)at t? 
ees ee an 


b 2h2 b2 2h2 


For equilibrium oa, is continuous at r = c, that is atz = b —c. Hence, from (5) 
and (6), a first approximation to ¢ is given by 


c 


z= « Sade, (7) 


From equation (2), since 


it follows that 


* This approximation is of the same order as that used later in other equations. 
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Pr) / (1 l anait 
or / ry 209 — oO; 


where U = ux. Substitute in the above equation for og from the first of (4) and 
for o, from (5). Expand the right-hand side retaining terms up to the first degree 
in a/b ; these are all that are required to obtain U to the second degree. Then 
yU U 5a 3a 
am (1 | _— 1 + ). 
2b 2 2b 
The solution of this equation is 
v 3a? ; 
7 5) (8) 
2b 1b? 
At the neutral surface €g must be continuous ; since it changes sign it is therefore 
Zero. Hence 


when 


and therefore A = 
16b? 


Equation (8) thus becomes 
U ta So hig =~ 
b 2b «4b? «4b? 16b? 
Similarly, from (6) and the second of (4) it is found that 


U 2 Bat r 3x2 Bat 
ae Sh +34 cea 
b 2h 2b? 1b? 2b 42 1b? 


The condition at the neutral surface determines 


(A+ p- 1) i? 
16)? 
and therefore 
U t 
b 2h Lb? 457 


Put a 0 in (9) anda t in (11); then 


dx. (12) 


x 


da , | 14 t + pp — 1) f 


b 'D oh | 16b2 


Therefore, to this order of approximation, db da = 0 and b t is constant 
throughout the deformation. Integration of (12) leads to 


_t , A+e4 mel. (13) 


2h 32h2 


L. VARIATIONS IN THICKNESS 


Before the equation for h can be found it is necessary to obtain the relation 
between the original coordinate 2, of a particular particle and its current coordinatea. 
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When « increases by da the incremental radial displacement is ud ; 6 increases 
algebraically by db and a by dz. Therefore udx = db — dz; that is 
Da da 
—-=]—#., 
Db db 
where D/Db denotes differentiation following the particle. Substitute in this 


equation from (9) and (12); then 


Da at x 


Db 402 4b?" 
The solution to the present degree of approximation is 


9 


= Tot me ro” 

15? 4b? 
is 

a 


2 4b? si 


To obtain h to the second degree, the through-thickness strain rate is required 
to the second degree and therefore also €,. Hence it is not sufficient to differentiate 
U as given by (9). Instead the LEvy-MIses equation (2) must be used. 

Now, since v = r@/«, 

; Bat (A+p—1)# 
Le | — = 4 { > 3 

, ; 1? 165? 
and so, from (2), 


x t +p —1)? 
2b tb 8b? 325? 


2b 4b y ‘Sb? 82b7 


v t lla? +- x — 13) ¢ 


From these, together with (16) and (3), it follows that 


x 7 t x = +p _1)# 
a Dh 2b 4b 82h2 ? 


h Da x Bat (A+un 
2 4b 8b2 | 4b? 32b? 


c@<b—e; 


b—c<act. 


Substitution from (12) and (14) in (17) gives 


bDh t «a at, Atp+3)# 


B25? 


h Db 46 2b 82 


On integrating and afterwards substituting for a from (15), 


xv vr A i +] t? 
zr t rt ( +H ) (19) 


Dic ae i a es 0<@r<b—-c 
64b2 , 


46 ' 16h? — 


Similarly, 
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x t Tat (A+ p+ 13)? 
2b 4b 165? 645? 


5. SECOND APPROXIMATION 
Return now to (1) and substitute 


h 
ho 


For 0 <a < e the equation becomes 


a l x a t\ | 
1-4 1 t or (1 *) (1 +3 =) bok: 1) 2}, 
dw | 2b 4b) Y) b b 2b = 4b Y 
Only first degree terms need be retained on the right-hand side. The solution of 


this equation is then 

3) x 
21 
(2 1) at (2u + 1) 


—— + ——__ b—cex@act. 22 
4b? ob? 4? il ds., (22) 


On equating the right-hand sides of equations (21) and (22) for x - ¢, a second 


approximation for ¢ is found to be 


J I ns bod (23) 
16)? 
The first order terms in equations (21) and (22) are the same as those in the first 
approximation for the stresses given by (5) and (6). It follows that these stresses 
will not alter U to second degree as given by (8) and (10). However, the constants 
A and B are altered in consequence of the use of (23) in the boundary condition 
instead of (7). The alterations amount to replacing A + » by A + » + 1, so that 


the second approximation to U is 


U , t at (A + p) 
b 2b «4b? 1b? 166? 


Note that this second approximation still gives dt = db — da = 0. In like manner 
(13) becomes 


(25) 


and the equations for h/h, become 


h i t at Ar BT ¢ ) t? 


ho "2b 4b | (160 6452 


h x t Tat A+p+14)? 
ho 2b 4b ~~ 160? 6452 


> 


From (4), (21) and (22) the circumferential stress is given by 
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og Ax A (2A 3) a? . 


# rs 25 
1.5? " (7) 


| : -<a@<t. (29 
2h? 12 ( ) 


Equations (23) to (27) involve A and yp in the combination A + p only. These 
equations are thus identical for the Tresca and the linearised Mises criteria, 
since A + 4 = 1 for both. The stresses, however, are different. 


ie) 
INSIDE 


Fig. 2. Variations of radial stress as bending progresses (TRrsCA yield criterion). 


6. Tuirp APPROXIMATION TO THE STRESSES 


o. can now be found correct to the third power of 2/b by substituting in (1) the 
r 
second degree expressions for h/hg, namely equations (26) and (27). Then 


x (2A — 3) 2? (4A? 16A + 21) 2° 3a*t 


452 24) 32h” 


3) : (Qu +1)é . ( tu? — 16u + 21) as 
aC 4b? 243 
1“ (31) 


(16y? — 32n + 33)a%t + T)at? — (16p? + 82p + 27)¢ 


— . 5 a -- b—cx@rct, 
326° . 96b' 
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from which the third degree expression for c/b is found to be 


( t (A+pt+1) (A? — p? + 5A + Tp + 6)8 

b 2b 16)? 1928 , 
a,/Y is plotted against a/t for different values of t/b in Fig. 2 for the TREsca 
criterion A = 1, » = 0, and in Fig. 3 for the linearised Mises criterion A = }, 
rT }. For both criteria equation (32) reduces to 


. t {? 3 
a (33) 
b 2h Sh? 16)* 


[t is interesting to observe that this value of ¢ is the same as that given by the first 
\/(ab) in powers of t/b. It is remarkable 


four terms of the expansion of ¢ 
that \ (ab) is also the radius of the neutral surface in the plane strain problem 
whatever criterion is used (H1L.L 1950) ; moreover t remains strictly constant there. 


oO 
INSIDE 


Fig. 3. Variation of radial stress as bending progresses (MIsEs yield criterion). 


THe BENDING COUPLE 


The couple is given by 
*b—<¢ at 
G = — | og hadx — | og hadx 
0 J b-c 


where, for convenience, moments are taken about z = 0. After integration, this 


gives 
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’ , (A jt 
G Yh, t? | 1 — 34 
i | - (34) 
It is to be remarked that the couple remains constant, to this approximation, for 


the Miss yield criterion (A = p 5). 


S. COMPARISON WITH EXPERIMEN’ 
The total logarithmic strain eg at the outer surface is 


t (A+p+4) 


oh | 32b2 


€9 In ba , from (25). 
This reduces to 
t jt? 


“8 op * 3252’ 


for A + w = 1 (Fig. 4). The exact solution for the same quantity in the corres- 
ponding plane strain problem is 


2h 


€9 In | 
a 


PLATE AY <O+1 


r 


PLATE /v 
LATE Yi 


THEORETICAL CURVE 
|} FOR TRESCA AND 
VON MISES CRITERIA 


which, on the scale used, is indistinguishable from that shown. Also plotted on 
Fig. 4 are the results of experiments by SANGpAHL, AUL, and SAcus (1948) on an 
aluminium alloy. It can be seen that these agree as well as can be expected in 
view of the assumptions of isotropy and no strain-hardening. A small decrease 
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in height ¢ was observed in these experiments (5 per cent when t/b = 0-6) ; this 


can probably be attributed to anisotropy or strain-hardening, or both together. 
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AN INVESTIGATION OF THE PLASTIC BEHAVIOUR OF 
METAL RODS SUBJECTED TO LONGITUDINAL IMPACT 
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( Received 30th September, 1952) 


SUMMARY 


THE difficulties inherent in attempts to obtain dynamic stress-strain relations by conventional 
experimental methods are discussed. A new method of test is described, in which these difficulties 
are avoided ; in this test a cylindrical specimen is subjected to compressive impact and the strain 
developed in it is measured electrically. Results of tests on aluminium alloy specimens are 


given, and a dynamic stress-strain relation is derived. 


INTRODUCTION 


Many investigations have been made in order to obtain data concerning the 
behaviour of metals subjected to rapid loading. One of the earliest was that of 
Hopkinson (1905) who carried out experiments in which a wire was subjected to 
tensile impact by means of a falling weight. The results of these experiments 
indicated that iron wire was able to withstand stresses considerably greater than 
the static yield stress for a time of the order of 10 sec., without appreciable 


permanent set occurring. Later, various investigators (GrnNs 1937; CLARK and 
DATWYLER 1938; Brown and VINCENT 1941) devised apparatus designed to give 
direct measurement of the stress and strain occurring during an impact test, and 


thus to give a dynamic stress-strain relation. However, the accuracy of results 
obtained in this way is seriously limited, owing to a number of difficulties which 
are discussed in Section 2 below. It appears that no accurate measurement has 
been made of the part of the dynamic stress-strain curve in which the plastic 
and elastic strains are of the same order. 

The present paper describes some experiments carried out in order to obtain 
information regarding the onset of plastic deformation in a metal under impact 
loading, using a new method of test in which, it is believed, some of the main 


difficulties of impact testing are avoided. 


Metruop or TEst 


(i) General Considerations 

There appear to be three main difficulties inherent in any attempt to derive a 
dynamic stress-strain curve directly by measurement during tensile impact tests 
on short specimens. 
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(a) Inertia of the specimen. If the velocity of impact is great enough to cause 
even moderately rapid straining, wave propagation effects will cause large variations 
of strain along the length of the specimen at any given instant. The theory of 
plastic wave propagation, developed independently by Taytor (1946) and 
VON KArMAN (1946). has been applied to the tensile impact test by CLARK and 
Duwez (1948). They have shown that, owing to wave propagation effects, an 
impact test in which the stress is measured at one end of a tension specimen and 
the strain is derived from the total extension of the specimen will give a diagram 
different from the stress-strain relation of the material. 

(b) Inertia of the weighbar. A number of investigators have used apparatus in 
which the stress is determined by measurement of the strain in an elastic weighbar 
in series with the specimen. With this arrangement, stress waves are propagated 
along the weighbar and give rise to oscillations in the weighbar signal, thus rendering 
accurate interpretation of the results very diflicult. An analysis of this effect has 
also been made by CLARK and Duwez. 

(c) Eecentricity of loading. In a tensile test. it is necessary to attach to the 
specimen an anvil which is struck by a hammer. Owing to the very small time 
intervals involved, it is almost impossible to ensure axiality of loading with this 
arrangement. For example, if the strain at yield is 10-3, and the rate of strain 
is assumed to be 10 sec.~', vield will occur in 10~ sec. Thus, assuming that impact 
between the anvil and hammer occurs at two diametrically opposite points, the 
time between the two blows must be small compared with 10~* sec. Moreover, at 
all times the difference between the forces exerted at the two points must be 
exceedingly small if serious bending effects are to be avoided. These conditions 


appear to be impossible to fulfil in practice. 


(ii) Re pe ated impact tests 


In view of the difficulties discussed in Section 2 (i) an entirely different method 
of test was devised. This method is one of repeated compressive impact on each 


specimen, and uses the inertia of the specimen itself to generate the stress. It 


depends on the fact that if a free cylindrical specimen is subjected to axial com- 


pressive impact each element of the specimen will be subjected to stress for a 
short interval of time. At the instant of impact a compressive stress wave is 
propagated into the specimen, and this is reflected from the free end as a wave of 
unloading. The impact is terminated soon after this reflected wave reaches the 
impact end, and the specimen then moves on at a speed greater than the impact 
velocity, both its ends being free of stress. The magnitude of the stress to which 
a given element of the specimen is subjected depends on the impact velocity, and 
the duration of the stress depends mainly on the distance of the element from the 
free end of the specimen. From measurements of the strain occurring at any 
given point in the specimen some of the dynamic properties of the material may 
be derived. 

The advantages of this method of test are that since no anvil or weighbar is 
attached to the specimen effects due to the measuring apparatus itself are 
eliminated, and that by using a compressive impact the eccentricity of loading 
can be reduced to an acceptable amount. 


The strain-time variation at any position may be recorded by means of resistance 
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strain gauges of small gauge length, in conjunction with a cathode ray tube and 
camera. The record thus obtained will indicate for the gauge position 

(a) the maximum strain occurring during the impact (e’), 

(b) the permanent strain after unloading (e’’), 
and (c) the rate of loading and unloading. 

It would in principle be possible to determine the dynamic elastic limit by 
carrying out a series of tests on a specimen, increasing the impact velocity until 
permanent set first occurred. If the value of «’ were then ¢,, the stress at the 
elastic limit would be given by 


ey BE €y (1) 


0 
where E is the dynamic modulus of elasticity. 

The value of this modulus may be obtained from a vibration test ; however, 
since it must lie between the values for isothermal and adiabatic conditions, and 
it can be shown that for most metals these values differ by less than 0-5 per cent, 
a static test may be used. 

The value of o, can be obtained accurately by the above method only for a 
metal with a sharp yield point. If there is no definite yield point, the permanent 
set may be small after unloading from stresses considerably greater than ap. 
However, the dynamic proof stress corresponding to a given permanent set e’’ 
may be calculated if it is assumed that the metal unloads elastically, as in a static 
test. This stress is given by 

(2) 
From a number of tests on different specimens at various impact velocities a 
dynamic stress-strain diagram may be obtained by plotting corresponding values 
of o’ and e¢’. If it is assumed that on reloading a specimen the metal follows the 
original stress-strain diagram as soon as the stress exceeds the previous maximum, 
the diagram may be obtained by repeated tests on the same specimen. Thus, if 
the suffix n refers to the values obtained in the nth test on a particular specimen, 


a point on its dynamic stress-strain curve is given by 


3) 
“a I 
This eliminates the necessity of testing a large number of different specimens, 


with the consequent probable scatter due to variation between specimens. 


DeTAILS OF APPARATUS 

(i) Mechanical 
The specimens used were cylindrical, $ inch in diameter and 11 inches in length, 
the strain gauges being placed 1 inch from the impact end. During the test the 


specimen was mounted in guides with its axis vertical ; a rubber disc was used 


to apply sufficient friction to prevent the specimen falling under its own weight, 
but apart from this the specimen was free to move vertically. 

The impact was applied by a steel dise 1} inches in thickness, which formed 
part of a falling weight. This weight could be raised to any height up to 18 feet 
and was guided by steel wires. The arrangement of specimen and weight as 


used originally is shown in Fig. 1 (a). It was found that with this arrangement 
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large eccentricity of loading occurred when plane ended specimens were used ; 
this was due to the impossibility of ensuring simultaneous contact over the whole 
end plane of the specimen. A great improvement was effected by machining the 
end of the specimen to a spherical shape, of radius 1 inch. Considerable eccentricity 
of loading was, however, still evident (see Section 5 (ii)); this was due to the 
fact that, owing to tilting oscillations during its descent, the impacting surface 
of the falling weight was not exactly horizontal at the moment of impact. A 
modified arrangement was therefore used in which the impact was transmitted 
through a hardened steel rod coaxial 
with the specimen. This rod was ipo 
supported in guides with its plane end 


in contact with the rounded end of mows: sia alae 


the specimen, as shown in Fig. 1 (b). 
This arrangement ensured that initially 
the surface transmitting the impact oiiiaaies 
stress to the specimen was normal to 


the axis of the specimen. Moreover, 
STRAIN GAUGES ~_ 


flexural displacements in an _ elastic 
rod are transmitted more slowly than 
axial displacements, the velocity of aa 

UBBER DISC 
propagation of the former decreasing 
with increasing wavelength. Thus it 
was expected that during the time of 
loading of the specimen the motion of 
the end of the steel rod would be little 


affected by disturbances due to non- 


axial impact by the falling weight. a b 


Kvidence that with this arrangement Fig. 1. Impact apparatus. 
the effect of eccentricity of loading (a) Arrangement for direct impact, showing falling 
was small was given by tests in which weight. (b) Arrangement for impact transmitted 
the difference between the outputs of through steel rod. 
diametrically opposite strain gauges 
was measured (see Section 5 (ii)). It was found that with this method of loading 
the experimental results were consistent and repeatable. 

Shortly after the impact the falling weight was arrested by a rubber block. 
The specimen and steel rod were free to move axially, apart from the small friction 


forces exerted by the rubber dises used to bring them to rest (see Fig. 1.). 


(ii) Hlectrical 


The resistance strain gauges used were of Type 6H manufactured by H. Tinsley 
& Co. Ltd. This type of gauge has a resistance of about 50 ohms and a gauge 
length of 8 mm ; its mass is small (about 0-04 gm), thus minimizing inertia effects. 
On each specimen two gauges were cemented diametrically opposite to each 
other and connected in series. The gauges were connected in a simple potentiometer 
circuit, the output being fed to an amplifier. For some tests the potentiometer 
formed part of a Wheatstone Bridge circuit, so that the permanent strain could 


he measured after impact (see Section 5 (ili)). 
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The amplified signal was applied to the Y-plates of a high-speed cathode ray 
tube (type VCR 87). To the X-plates was applied the output of a single stroke 
generator, triggered by the signal. The duration of the sweep could be varied, 
and was usually set at about 400 microseconds. The “ writing speed” of the 
spot was of the order of 105 cm/sec. and it was found that in order to obtain a 
satisfactory photographic record of the trace it was necessary to switch the beam 
to full brightness during the movement of the spot. This was done by means 
of a brightening pulse generator, also triggered by the signal, whose output was 
applied to the grid of the cathod ray tube. 

In order to provide a timing mark on the record, the beam was interrupted 
every 10 microseconds by means of a crystal-controlled resistance-capacity 
oscillator. 


(ii) Photographic 


The camera used was a Cossor Model 427 oscillograph camera with an [/3-5 
lens. The film used was Ilford Recording Film Type 5G91. The negatives obtained 
were inserted in an enlarger, and the image projected on to squared paper and 


traced. 
CALIBRATION 


The voltage output of the potentiometer circuit is given by 


Ae .IAR (4) 
Rk, +R 
where RF is the total gauge resistance, AR is the change in R, R, is the resistance in 
series with the gauges, and J is the gauge current. 


If the change of resistance AR is due to a mechanical strain e, 
AR = RS« (5) 


where S is the gauge factor. This factor is a constant for any particular gauge. It 
is determined by the manufacturers for each batch of gauges and the accuracy 
claimed is + 2 per cent. In order to check the response of the gauges under 
dynamic conditions, however, a series of tests under elastic conditions was carried 
out (see Section 5 (il)). 

From equations (4) and (5) the output due to a strain e€ is 


lor any given type of gauge, FR and S are fixed, and there is a maximum allowable 
current. For maximum sensitivity, therefore, the gauge should be run at this 
maximum current, and the series resistance R, should be large. Little advantage 
is gained, however, by making R, greater than two or three times the gauge 
resistance R. 

The calibration signal was produced by closing a switch inserting a high resistance 


R. in parallel with the gauges. The alternative method of short-circuiting a 


small series resistance was found to be unsatisfactory, owing to the very rapid 
switching required and the extremely small allowable contact resistance, 
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The closing of the parallel circuit causes a sudden decrease of resistance 
AR = R?/(R +R), and is’ thus equivalent to a _ mechanical strain 
€ RAS (R 4 R.)}. Since in most cases R, > 200 R, a sufficiently accurate 
value was usually given by e R/(SR,). 

Immediately before each test, a series of calibration signals was recorded 
photographically using different values of R,. These signals gave the deflections 
corresponding to known values of strain and thus a calibration curve for the 


test could be drawn. 


> 


Since the time between 


nn 


calibration and test was only a 
few seconds, it is considered 


that this method of calibration 


) 


eliminates possible inaccuracies 


due to change of amplifier 


ke 


gain or alteration of gauge 


STRESS OD —= 1000 |b/in* 


~ 


current. 


° 


EXPERIMENTAL RESULTS sTaaIn ¢€ =—— 
(i) Static tests 


The material used was an 


rs 


aluminium alloy containing 2 


Us) 


per cent magnesium, } per 


iO 


cent manganese, supplied by 
the Northern Aluminium 


Cc 


Company Ltd. Specimens for 


static tension and compression 


ro 


cy 
S 
= 
° 
Oo 
Q 
¢ 
| 
S 
“ 
” 
« 
~ 
“” 


tests were machined from the 


nN 


same bar as was used for the 


° 


impact specimens. All speci- 
. —4 
mens were annealed for 1 hour STRAIN € x10 


in air at 350°C after machining. Fig. 2. Static stress-strain curves showing unloading lines. 
Fig. 2 (a) shows the result (a) Tension test using Cambridge extensometer. 
of a_ tensile test using a (b) Compression test using 38 resistance strain gauges. 
Cambridge extensometer, and 
Fig. 2 (b) that of a compression test using three type 6H resistance strain gauges. 
It will be seen that there is little difference between the stress-strain curves for 
tension and compression. During these tests, the specimen was periodically 
unloaded before continuing the test, and the unloading lines are shown in Figs. 
2(a) and 2(b). It was found that these unloading lines were straight, and that 
their slopes were equal to that of the initial elastic loading line, within the limits 


of experimental error. 


(ii) Elastic range dynamic tests 


In order to check the method of calibration, two series of tests were carried 
out at low impact velocities such that with axial loading no plastic strain would 


occur in the specimen (except locally at the spherical end). 
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(a) Direct impact. The relation between the impact velocity V and the strain 
«’ propagated into the specimen is 
t 
V(E/p) 


where p is the density of the specimen. This relation is plotted in Fig. 3, using 


s 


(7) 


the value of FE obtained from static tests. 


Vv 


VELOCITY 


© EXPERIMENTAL RESULTS 


6 


TRAIN € ——— 


Fig. 3. Relation between velocity of impact (VV) and strain in specimen (e’) — elastic conditions. 


(a) Theoretical relation for direct impact (Eq. 7). (b) Theoretical relation for impact through 
steel rod (Eq. 8). 


Results of repeated impact tests at increasing velocities are also shown in 
Fig. 3. It can be seen that for impact speeds greater than 40 in. /sec. the measured 
strains are appreciably larger than those given by equation (7). It was thought 
that this was due to bending effects, and this was confirmed by a test in which 
the difference between the strains in the two gauges was measured and found to 
be considerable. It was then decided to apply the impact through a steel rod 
as described in Section 3 (i). 

(b) Impact through steel rod. The relation between V and e’ for this case is 


a 2 


—— ——— 8) 
\/ (E/p) 1 -+ +/(Ep/E, ps) ( 


where E, and p, are respectively the modulus of elasticity and density of the 


steel. This relation is also plotted in Fig. 3, using the value of EF, obtained from 
a vibration test on the steel rod used. 

The results of a number of tests on different specimens are plotted in this figure, 
and it is seen that they lie very close to the line given by equation (8). The fact 
that the eccentricity of loading was small was confirmed by tests in which the 
difference between the two gauge outputs was recorded. It was found that the 
variation between the gauges was less than + 10 per cent from the mean. This 
corresponds to an eccentricity of 2} per cent of the radius, or less than 0-007 in. 
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Fig. 4 (a) shows a typical record for an elastic impact, and Fig. 4 (b) the record 
It may be noted that after unloading 


for a repeat impact at the same velocity. 
there is a small elastic wave travelling up and down the rod, i.e. the rod is vibrating 
This is a consequence of the finite acceleration of the impact end at 


slightly. 
the moment of impact. 


STRAIN 


TIME ——> psec 
Fig. 4. Strain-time records (elastic conditions). 
(a) Impact at 120 in./see ; peak strain 8-8 x 10-*. (b) Repeat impact at 120 in./see; 
strain 8-9 x 10-+. 


STRAIN 


1 


100 200 300 
jesec TIME pesec 


Strain-time records (plastic conditions). 
(a) Impact at 158 in./sec ; pres ious permanent strain 4-6 x 10-*; peak strain 13-9 « 10-+*: 
additional permanent stram 3:7 1G-*. (b) Impact at 192 in./sec ; previous permanent 


strain 2°5 16-*; peak strain 16-7 10-*: additional permanent strain 1-5 x 10-+. 


(iii) Plastic range dynamic tests 


These tests were carried out using the steel rod to transmit the stress. 

Fig. 5 shows typical records obtained when plastic deformation occurred. It 
will be seen that the increase of strain is more gradual than that obtaining under 
elastic conditions (see Fig. 4). This is due to local plastic deformation at the 
impact end, and to the smaller velocity of propagation of the larger plastic strains. 
The records also show that after unloading the specimen continues to vibrate 
elastically. 

In order to check the assumptions made in interpreting the strain-time records 


a theoretical analysis was made of the wave propagation effects occurring in the 
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specimen. From this analysis strain-time curves for the gauge position were 
calculated, using the static stress-strain relation. The exact shape of these curves 
depends not only on the stress-strain relation but on the local deformation occurring 
at the impact end of the specimen; in order to allow for the latter effect an 
exponentially increasing end velocity was assumed. 

The general shape of the calculated curves was similar to that of the strain-time 
records obtained experimentally and it was confirmed that the first peak of the 
curve gives the maximum strain reached at the gauge position, while the mean 
height of the latter part of the curve gives the permanent strain there. The 
permanent strain was therefore measured by taking this mean height and using 
the calibration curve obtained as described in Section 4. As a further check the 


value of the permanent strain 


was also. — obtained by 
measuring the permanent 
change in the gauge resistance ————t 

ie a STATIC TESTS MEAN 
by means of a_ sensitive ress ooieninnssonsnmtiniagidaniesl 
Wheatstone Bridge circuit ; 
the values obtained agreed 
well with those obtained from 


RESULTS OF IMPACT TESTS 


the strain-time records. 


Each specimen was sub- S ; 0 40 
jected to repeated impacts at STRAIN € ——= 
increasing velocities, and 
values of o and ec were 
calculated by equations (3). 
Fig. 6 shows the results 


obtained in this way for two 


STATIC TESTS MEAN 


—— + 


different specimens, together 
with the mean static stress- 
strain curve. It will be seen 
that the points obtained from 
the impact tests lie appreciably 
above the static stress-strain 


>) RESULTS OF IMPACT TESTS 


STRESS J=*1000 Ib/in® 


curve, except at stresses below : 4 
; Se artngsgt STRAIN € ——= x10 

the static elastic limit. Thus, 

under the conditions of these Fig. 6. Static and dynamic stress-strain curves. 

tests, the stress necessary to (a) Specimen 1. (b) Specimen 2. 

cause a given plastic strain is 

greater than that which would 

cause the same strain in a static test. 

the 0-1 per cent proof stress is raised above the “ static ** value by 15 per cent and 


The two curves of Fig. 6 indicate that 


18 per cent respectively. 

This increase is of the same order as that found by Napali and MANJOINE (1941) 
for the ultimate stress of pure aluminium ; their tests indicate that the ultimate 
stress of pure aluminium when tested in tension at a strain rate of 10 sec.— is 
about 25 per cent higher than when tested at a strain rate of 10~ sec.—. 

It is not possible to specify an exact figure for the rate of strain in the present 
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tests, as it appears from the strain-time records (Fig. 5) that the rate decreases 
as the strain increases. The time taken to reach the maximum strain was, however, 
very nearly constant in all tests, being rather less than 10 sec. Thus the average 
rate of strain during loading was of the order of 15 sec.~!, though the initial rate 


in any test was several times this value. 


6. CONCLUSIONS 


It has been established that the resistance strain gauge is capable of responding 
accurately to the rapidly varying strains occurring during the longitudinal impact 
of metal rods. For impacts at low velocities the measured strains agree well with 
those calculated from the theory of elastic wave propagation. 

The plastic strains caused by longitudinal impacts at higher velocities have 
been measured, and dynamic stress-strain curves have been derived from repeated 


impact tests. For the aluminium alloy tested, the results indicate that under the 


conditions of these tests the plastic strain caused by a given stress is considerably 
less than would be caused by that stress applied statically. In the plastic range 


investigated, the stress-strain curve is found to be raised by 15 — 20 per cent. 


APPENDIX 
Derivation of equation (8) 


It may be shown from considerations of continuity and momentum that under 
elastic conditions the speed of propagation of a longitudinal wave in a thin rod 


IS 


V(E/p) (9) 


and that across a wave front the increases in compressive stress (Ag) and particle 


velocity (Av) are related by 
Ao pcAv. (10) 


The sign here depends on the direction of propagation of the wave ; it is positive 
when this direction is the same as that in which the particle velocity is measured. A 
direct impact on the specimen at velocity V therefore causes the propagation of a 
stress pcV = 4/(Ep)V, and hence the strain propagated into the specimen is 
V 1 (E p) (Kq. (7)). 

When an impact at velocity V is transmitted through the steel rod, the stress 


propagated into this rod is, according to (10), 
Oo; = peV (11) 


where c, = 1/(E,/p,), the elastic wave velocity for steel. On arrival at the 
interface between the two rods this wave causes the propagation of a stress o’ 
into the specimen. From (10), therefore, the particle velocity in the specimen 


| econies 


a /pe. (12) 


Since the two rods are equal in diameter, the stress at the end of the steel rod 


must become o’ also: further. if the reds are to remain in contact. the particle 
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velocity there must become v’. Thus a reflected wave is propagated back into 
the steel rod, with velocity —c,. Across this wave: Ao =o —o, and 

v =v’ —V. Substituting these values into (10) and using (12) to eliminate 
v’ we obtain 
a (1 + p, c,/ pe) 
from (11). 


From (9) this may be written 


, l { l 
‘ ‘s (Ep) * (BE, 7) 


Hence the strain propagated into the specimen is given by 
» 


: : (8) bis. 
1 + \/(Ep/E, ps) 


the steel and alloy used. \/(Ep/E, p,) = 1/3 very nearly, so this becomes 
V , 
meee 9 approximately. 
V(E/p) 
Thus, under elastic conditions, the effect of the steel rod is to increase by a factor 
of 3/2 the strain propagated into the specimen due to an impact of given velocity. 
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THE AUTOFRETTAGE OF THICK TUBES WITH FREE 
ENDS 


By D. G. B. Tuomas 
British Iron & Steel Research Association, Sheffield 


SUMMARY 
A NUMERICAL analysis is made of the expansion by internal pressure of a partially plastic open- 
ended tube of wall-ratio 2:1. This is based on the PrRaNpTL-ReEvuss incremental stress-strain 
relations, together with the Tresca vield criterion. The calculated surface strains are described 
by simple formulae. Comparison is made with previous solutions based on total stress-strain 


relations, 


INTRODUCTION 


THE expansion of a thick-walled tube by internal pressure has been treated by 
many authors, mainly because of the importance of the problem in connection with 
the autofrettaging (or pre-stressing) of gun barrels and pressure vessels. There 


are three main forms of the problem, namely, one in which the tube is considered 


to be in a state of plane strain, one in which the tube is closed by plugs firmly 


attached to it (a “ closed-end’ tube) and one in which the tube is closed by 
floating pistons (an “‘ open-end ” tube). The first two have been adequately dealt 
with in the past (see Hit 1950), but the third has only been treated using the 
total strain theory of Hencky (STEELE 1952; ALLEN and Sopwitu 1951; 
MacGrecor, Corrix, and FIisuer 1948). 

In this paper the stress and strain distributions in a moderately thick partially 
plastic tube (wall ratio 2:1) are found by means of a numerical integration of 
the PranptL-Revuss equations of incremental plastic strain in conjunction with 
Tresca’s yield condition. The results of this integration are compared graphically 
with the results of previous workers. It is found, further, that the calculated 
surface strain can be described quite closely by extremely simple formulae. 


ANALYSIS OF THE “ OpEN-END ” PROBLEM 


This section contains as much of the analysis set out by Hii (1950) as is 
necessary for an understanding of the difference equations in the next section. 
Consider the expansion of a thick-walled tube by a uniform internal pressure, 
the external pressure being zero. At any instant after the bore has yielded, the 
annulus contained by the bore (7 = a) and some internal surface (7 = c) is plastic, 
while the outer annulus, contained by r = ¢ and the outer surface (r = b) is in 
an elastic state of stress. It is assumed that 
(i) The tube is sufficiently long to make the stresses and strains independent 
of the axial co-ordinate. 


124 
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(ii) The ends of the tube are not loaded. and the tube is free to expand 
axially (open-end condition). 

(iii) The axial stress is the intermediate principal stress in the plastic region. 

(iv) The maximum shear stress in the plastic region is constant (TREscA’s 
vield criterion). 

The first assumption implies that plane sections of the tube remain plane through- 
out the expansion, and hence that the axial strain ¢, is constant throughout the 
tube at any instant. 

When the tube is wholly elastic, og < o, < o,, which suggests assumption (iii). 
As will be seen later, this does not hold near the outer surface of the tube when 
the elastic annulus has almost disappeared. An adequate solution after this 
stage would require a complete reanalysis of the problem, which is not under- 
taken. 

The fourth assumption implies that strain-hardening is neglected. 

In the elastic region, ¢c < r < b, the elastic equations can be solved under the 


boundary conditions 
g, 0 on r =b and og —o,= Y onr le (1) 


where o,, og and Y are respectively the radial and tangential stresses and the 


vield stress of the material in tension. The result is 


) 
| 
\ 
| 
| 
| 


where ¢, is the axial strain, # is Young’s modulus, and v is Poisson’s ratio (taken 
as 0-3 throughout this paper). The radial displacement of a point in the clastic 


region is therefore 


? 7 r Yc? I 
BY : 2 Eb? | 


In the plastic region, a <r <c, the equation of equilibrium combined with 
the yield criterion gives 


(4) 


Integrating, and using the condition that oc, must be continuous across r = e¢, 


p= —m (1 


e = — in (") + 4 (1 - 


so that the internal pressure is 


p = Y¥ In (c/a) 
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The inner surface of the tube yields initially when ¢ = a or 
Po > 4 ~— a? /b?) 
and the tube is first completely plastic when c = b or 
Py Y In (c/d). (8) 


According to TURNER (1909), if p,< 2 pp all elements recover elastically on un- 


loading and, provided there is no Bauschinger effect, a subsequent application 


f p, does not cause the tube to yield. This condition is satisfied here, as can 


be seen by putting b/a 2 in equations (7) and (8). However, there seems to 
be some doubt (WARREN 1947) as to whether the recovery would actually be 
entirely elastic. 

The stresses o, and og throughout the tube are, from equations (2), (5) and (6), 
statically determined in terms of the pressure p (via the parameter c) independently 
of the end conditions or of the strains, provided variations of the internal and 
external radii can be neglected. On the other hand, the axial stress can only 
be found by following the strain history. None of the stresses can be statically 
determined if the von Mises yield criterion is used, as this criterion involves the 
axial stress in its enunciation (see equation 21 below). 

Since the plastic flow is restrained by the external elastic annulus while the 
tube is only partly plastic, and since only a moderately thick tube (b/a 2) is 
considered, variations of the internal and external radii can be neglected to a 
first approximation. 


The Reuss incremental stress-strain relations for a plastic material are 
Ede do, vdop vdo, -+- 0,’ dr (9) 
with two other similar equations for Edeg and Ede,. dd is a proportionality 
factor which varies over the field, a,’ a, — $(c, + og + ¢,), and the increments 


refer to an element of material, not to an element of space. 


The elimination of dA from the three equations (9) leads to 


. = (1 — 2v) 49 3 In (e/r) + 3e?/2b7! Y/E, 


0 (11) 
VW he re 
Y + In(c/r) — c?/2b?. (12) 
The third equation for the three unknowns, u, g and e¢,, is supplied by the condition 
that the total axial load across any cross-section is zero, so that 


. 
é 


Y) dr 2arq dr + ma? p/Y 


(13) 


Finally, since wu and o, are continuous across r = c, the elastic equations (2) and 
(3) give the relations 
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Eu/Y — vecKe,/Y 
and 
2v) c?2/2b? (15) 


on the plastic-elastic boundary. 

It may be shown by the usual methods that the equations (10), (11) and (13) 
are hyperbolic with, to our degree of approximation, characteristics 7 = constant 
and c = constant in the (7, ¢) plane. They must be integrated numerically along 
these characteristics. For this purpose suitable finite difference approximations 


are outlined in the next section. 


3. NUMERICAL INTEGRATION 


The (r, c) plane was divided into a rectangular mesh, with mesh-lengths 


Ac =: ir = a/10 for b/a = 2. r=e 
The internal radius a@ was 
put arbitrarily equal to 
unity. Referring to Fig. 1, 
suppose that all the required 
quantities have been found 
for all mesh points within 
and on the sides of the 
triangle OAP. Let the ome 
operator d represent a raf 
difference along a_ line 
parallel to the diagonal 
r= ec, and the operator A 
a difference along a _ line 
parallel to the ordinates 
r constant. 

On the _ plastic-elastic 


boundary r = c, the values 
of Eu/Y and q at B are 
given in terms of c, Ee,/Y Fig. 1. Notation in the (r, c) plane. 

and the constants of the 

system by equations (14) and (15) respectively. Thus, if AP is the characteristic ce, 


d(Ku/Y) v(c + Ac) d(KHe,/Y) — vAcKe,/Y + 
2v) (c + Ac) cAc/2b? +4 i Ac (1 
dq 4 d(Ke,/Y) (1 2v) (ec + 4 Ac) Ac/b?. 


The difference d(Ke,/Y) between the values of Ee,/Y on AP and on BQ must, 
initially, be estimated by extrapolation from previous values. Using this estimate, 
Eu/Y¥ and q can be found at B from equations (16) and (17) (using vy = 0-3). Their 
values at C can now be computed in terms of (Hu/Y), and q, from finite difference 
approximations to equations (10) and (11). In equation (12), which provides the 
differential relation along BQ, the differentials d(Hu/Y) and dq are replaced by 
the differences (d — A) (Eu/Y) and (d — A)q. Simiarly in equation (13), whieh 
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holds along the lines r = constant (parallel to AC), the differentials are replaced 
by A(Eu/Y) and Ag respectively. Also, the value of a function in an interval 
is taken to be the mean of its values at the ends of that interval. Making these 


substitutions, equations (10) and (11) become 
A(Eu/¥V)r/(r + $ dr) 4 (1 2v) dr Ag 
dr d (Ke_/Y) d(Eu/Y) + E(u i du) dr/Y (r 
(1 — 2v) dr {3 In [(¢ + Ac) (r + § Sr)] — B(e + Ac)?/2b? — (q +4dq)} (18) 


2v) (Aq)? +- (2 /8r) AgA (fu Y) 
$q(1 — 2v) + (1 — 2v) Ae (e + § Ac) + (1 — 2v) (ec + § Ac) Ac/P 
l)d (Be VY) + (4g 8r) A(Bu/Y) 
2v) (2g — 1) Ae ( s Ac) + (1 2v) (2g — 1) (ec + $ Ac) Ac/b?>=0. = (19) 


A simultaneous solution of equations (18) and (1%) for A(£u/Y) and Ag then 
leads to g,, and (£u/Y),.... We therefore know, by subtraction, the d(Eu/Y) and 
dq corresponding to the interval CD, and, continuing in a similar manner, we can 
find in turn values of the unknowns at all the mesh-points on the characteristic 


BQ. The resulting g-values are substituted in equation (6) in the form 


Ac 


d | Ee.) l ion dr 3 f pets JP Ac)? 


) bh? ; Ac) J a 


: (20) 
y 
to give a second estimate of d(Ke,/¥), which is used in a repeat of the entire 
process from equations (16) and (17) onwards. The iteration is, of course, continued 
until two successive values of d (Ee,/Y) are identical to within the computational 
error. Finally, the last set of q-values is substituted in equation (12), together 
with the appropriate parameters, to give o,/Y over the whole field. 

When c was greater than about 1.3 this straightforward process was, however. 
not feasible, as the values of d(Ke,/Y) either did not converge or converged 
very slowly. It was then necessary to use the empirical property that any small 
increment in d (KHe,/¥) causes an approximately equal increment in both Ag and 
dg at each mesh point along BQ. This permits the calculation of a series of values 
Y) which 


satisfies the equation most closely can be selected. This value was usually found 


of the right hand side of equation (23), from which the value of d (Ee 


z 


to be practically unaltered by a further iteration. 


t. APPROXIMATIONS TO THE YIELD CRITERION 


After the completion of the solution, it was found that at one point (2, 2) in 
the (7, c) net, the axial stress was no longer the intermediate principal stress. The 
discrepancy was fortunately comparatively small (see Fig. 2), for at (2, 2) «, — o, 

0-0784 Y. However. this fact prevents the continuation of the solution beyond 
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the point at which all the tube becomes plastic, without a complete reformulation 
of the theory. This was not considered practicable. 
Since voN Mises’ yield criterion 


(21) 


is generally held to give a more accurate description of the behaviour of most 

metals than the Tresca criterion, it is interesting to see whether the present 

TrEsca solution can be used to give = aoe 

a fair approximation to a_ solution wn 

using the Mises criterion. If the yield 

criterion is considered as a surface in 

stress space with o.. and o. as ( ° eS LOF VALIDITY | 
: ' ee F SOLUTION 

cartesian axes, the curve of section of 

the Mises surface by the plane 

o, og oO. 0 is a circle. A small 

are of this circle in the range of devia- 

toric stress with which we are concerned 


can be approximated by the chord 
a G, my (22) 
which is equivalent to the Tresca 


criterion with a modified yield stress. 
Kquation (21) can. in view of (12), be 


rearranged as 
og C, oF V(1 q*) 3. 


Therefore, the best value of m will be 
the mean of the local values of 
24/(1 — q?)/3 over the mesh points 
in the plastic part of the (7, ¢) field. 
This mean value is 1-132 in the present 


oo 


case. The local relative error in 101 7 |: ‘Ss 1b 


replacing (21) by (22) then has a a 
maximum value of 17 per cent at ‘ig. 2. Distributions of q 
the outer surface of the tube when 

c/a 2-0, decreasing rapidly to 1 per cent at (1-7, 2-0). The error also decreases 
with decreasing ¢ to 5 per cent at (1-7, 1-7). 

These errors compare with a maximum local error of 2 per cent in the plane- 
strain solution and of 0-3 per cent in the closed-end solution. The comparatively 
large error corresponds to a rotation of the radius vector in the deviatoric stress 
plane through 33}°, compared with 14° in the plane-strain solution, and 10° in 
the closed-end solution. 

The only available von Mises solution of the open-end tube problem is that 
of MacGrecor, Corrin and FisHer, who, however, used the HENcky total strain 
theory. It is interesting to note that the ratio of their values of the radial stress 
to the values given by equations (2) and (3) is about 1-21. For the other stresses 


and strains, however, the corresponding ratios are greater than this. 
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5. SUMMARY OF ALTERNATIVE SOLUTIONS 


All the other solutions of the problem under consideration involve, either 


directly or indirectly, the equation 
0, vog vo, - Ao,” (24) 


with two other similar equations for Keg and Ee,. A here is a factor which is 
zero in the elastic region and which varies in the plastic region. A comparison 
with the Reuss equations (9) shows that the difference lies in the fact that in 
equations (9) the components of the increments of plastic strain are proportional 
to the corresponding deviatoric stress components, while in equations (24) (the 
Henxcky equations), the total plastic strain components are proportional to the 
deviatoric stress components. It is well known (see, e.g. Hitt 1950) that the 
Risuss equations reduce to the Hencky equations when the reduced stresses 
maintain constant ratios to one another, i.e. when the reduced stress vector in 
the geometric representation does not rotate. 

The maximum rotation of the stress vector for a single element occurs at 
r/a 1-4, and is about 9°. The maximum rotation for a tube in plane strain 
is about 6° at r/a 1. Since these two angles are similar, we might expect the 
discrepancy between the Hencky and Revss solutions to be similar and fairly 
small for plane-strain and open-ended tubes. When the Tresca yield condition 
is used, the radial and tangential stresses are, of course, still given by equations 
(2) and (5). 

We consider, for comparison purposes, the solutions of STEELE (1952) and of 
ALLEN and Sopwitrn (1951), which assume the Tresca yield criterion, are in 
closed form, and permit a correction for strain hardening. We put b/a = 2, 


0-3 and neglect strain hardening, as in sections (2) and (3) of this paper. 


TasLe I. Summary of Computed Qualities 


plY (Ee9/Y)q (E«g/Y¥), - Ee, /Y (o,/¥)¢ 


3750 0-738 0-250 0-0750 0-0000 
44-41 0-896 0-303 0-0909 0-0002 
5023 1-077 360 0-1016 L 0-0004 
35551 1-280 “422 0-1256 0-0012 
‘5915 1503 489 01450 - 0-0020 
6242 1-748 562 0-1670 0-0018 
-6500 2-012 640 “192! 0-0005 
6694 2-29! ‘724 ‘223: 0-0068 
-6828 2-56 816 (2622 0-0192 
‘6906 2-91: ‘915 0°3122 0-0414 
6932 3-2! 1-024 03784 - 0-0784 


6. RESULTS AND COMPARISONS 


Numerical values of the surface strains (Keg/Y),, (Heg/Y), and Ee,/Y, the 
axial stress in the elastic region (o,/Y), and the expanding pressure p/Y, as 


obtained in Sections (2) and (3), are given in the Table. 
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Since the tangential and radial stresses, as expressed by equations (2) and 
(3), have been published previously (HILL 1950), they will not be shown here. 
Axial stress distributions are shown in Fig. 3 for various positions of the plastic 
elastic boundary. 

A comparison is made in Figs. 4 and 5 between the various values of the axial 
stress and strain. Although the different shapes of the curves of o,/Y in Fig. + 
prevent any useful numerical evaluation of the discrepancies, these are considerably 


more than the 5 per cent found previously for the plane-strain and closed-end 
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Fig. 3. Axial stress distributions. Fig. 4. Comparison of axial stresses at c/a 


tubes. In Fig. 5, again, there is a considerable difference between the axial strain 
curves, the maximum variation from the Reuss solution being 25 per cent and 
16 per cent respectively for the solutions of ALLEN and SopwitH and of STEELE. 
The various internal and external expansions are plotted in Fig. 6, where it can 
be seen that the maximum difference between the Reuss solution and the HENcKy 
solution of ALLEN and SopwirH is only 2 per cent on both surfaces. The abscissa 
scale of this Figure and of Fig. 5 was chosen to be c/a, instead of the physically 
more appropriate p/Y, to emphasize the differences between the three solutions. It 
is to be noticed that the ordinate scale in Fig. 6 is very much compressed compared 


with that in the other Figures. 
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BY 

It can also be seen qualitatively that the axial stress and strain are likely to 
be more sensitive to the type of solution than are the other strains for, since 
in the incremental solution are proportionately much greater 


the variations in a, 
and the Hencky theory implies equal propor- 


than the variations in a’ or ao,’ 


tional changes in the reduced stresses, ¢, is likely to be affected more by the type 


of theory than either €g OF €.. 


THOMAS 
INTERNAL, & 
als 


EXTERNAL 


Comparison of axial strains. Fig. 6. Comparison of radial expansions. 


The agreement in the external expansions is also partly due to the fact that 


the plastic component of strain at the outer surface is much smaller than the 
elastic component, which is the same in all theories. 
0 in equations (2) and (3), we find the approximations 


Ke 1 
| “al ot | 


On putting o, 


Eu 


(26) 


for the external and axial strains. The substitution of (26) in STEELE’s expression 


for the internal expansion gives, using a correction term derived by inspection, 


the third equation 
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E Ny 
>, i. ; 7h 


The formulae (25) and (27) underestimate the external and internal expansions 


c 
ov) | 1 + 0.075“). 
a 


a 


by 24 per cent at the most. On the other hand, the error in equation (26) for 


7’ 


Ee,/Y is, from equation (2), equal to o,/Y in the elastic annulus, so that, from 


the last two columns of the Table, it has a maximum of 21 per cent but decreases 


very rapidly with decreasing c/a. 


CONCLUSIONS 


It has been shown that the use of a total strain theory instead of the more 
accurate incremental strain theory introduces an error of only 2 per cent in the 
radial expansions. The difference between the two theories is, however, quite 
marked as regards the axial stress and strain. 

The assumption of incompressibility in the plastic region, which is made by 
STEELE, leads to a maximum error of 18 per cent in the external expansion, as 
compared with the other two solutions. This assumption also leads to unrealistic 
discontinuities at the plastic-elastic boundary. Since STEELE’s aim was to produce 
a set of simple formulae which would sufliciently accurate be for ordinary use, it 
does not appear that this aim has been fully achieved, for his equations are more 
complex and, usually, farther from the solution of this paper than the equations 
(25), (26) and (27). 
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THE MECHANISM OF FATIGUE OF METALS 
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SUMMARY 


EXPERIMENTS have shown, mainly by microscopic observation, that there are three stages in 
the fatigue of metals. The initial stage is one of bulk deformation of the metal which work 
hardens to the level of the applied stress. The details of this deformation, particularly for high 


frequency stresses, differ from work hardening under static stresses. During the intermediate 


stage, which is the major part of the life, isolated regions of the metal become increasingly 
I 


deformed, and it is in these regions that a crack forms and extends in the final stage. An element 
of randomness is present during the intermediate stage. No current theory of fatigue is entirely 
satisfactory, and an explanation at an atomic level depends on an indentification of this random 


element 


INTRODUCTION 


Tue failure of metals by fatigue has been an important problem for more than a 
century. Some of the early discussions have been brought to light by PETERSON 
(1950) and the question which was asked then still remains to be answered com- 
pletely to-day. It can be stated simply : why does a metal fail, with little or 
no warning, under repeated applications of a load which it could support 
indefinitely if applied statically? Much work has been done to try and prevent 
failure by fatigue and a biblography (Division of Aeronautics, 1945) lists over 
900 contributions. Many of these are to provide data and design methods which 
will minimize fatigue failure in service. This aspect has been summarized by 
the staff of the Battelle Memorial Institute (1941) and will not be considered here. 
Another important field has been to find tests, preferably non-destructive, by 
which incipient fatigue failures may be detected. There have been many attempts 
to correlate the progress of fatigue with changes in other properties of the metal, 
and, although there is as yet no practical method of detecting the fatigue of an 
arbitrary shaped part in service, this work has provided information on the subject 


of this review, the basic mechanism of fatigue. 


EXPERIMENTAL METHODS 
The techniques and precautions of fatigue testing, and the types of machines 
used, have been described by GouGu (1926) and the Battelle Memorial Institute 
(1941). The experimental work to be referred to has been done with nominal 
uniaxial stress alternating symmetrically about zero. This may be produced by 
*At present at: H. H. Wills Physical Laboratory, University of Bristol. 
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alternate flexure, by rotating bending or by direct push-pull of a specimen. Fatigue 
under biaxial stresses, or with a superimposed direct stress, although of engineering 
importance, will not be considered as the nature of fatigue appears to be the same 
under all stress systems. 

The typical variation of N, the number of stress cycles endured before failure. 
with S, the amplitude of the applied alternating stress, for 24ST aluminium alloy 


is shown in Fig. 1 (MANN 1950). The scatter of experimental points appears to 


be an inherent feature of fatioue 

e an inherent feature of fatigue, . . 55-2 
and the presentation of fatigue :' 
, .. kg/mm* 
data by curves of equal probabil- 
ity of failure is more realistic , Na | — ee 
than drawing a mean 8S N 
curve and ignoring the scatter. 
In Fig. 1 the 5%, 50% and 95% 
probability contours have been 


caleulated from the statistical 


properties of the test results 
(HrEAp 1950) and it will be seen 
that even carefully controlled 


laboratory fatigue tests contain 
a considerable element of statistical variability. As a result of this scatter, and 
of the time involved in testing specimens which may last for tens of millions of 
cycles, the fatigue properties of metals are usually not known with any great 
precision. 

The mean fracture curve of Fig. 2 (BENNETT 1946) for X4130 steel illustrates 
the alternative form of S — N curve found for many steels. Instead of a smooth 
variation of N with S there 


, a 39-4 
appears a sharp discontinuity at | 9 


the fatigue limit, and a_ stress 
below this limit apparently never 
produces failure. There is a 
curious lack of information as | 

to whether the possession of a IMT. 


fatigue limit is essentially limited 


to some ferrous materials. It ioe 107 
would appear that the position — 

of the discontinuity, which is at Fie. 2. 

the order of one million cycles for 

these ferrous materials, is at much greater N for non-ferrous materials if it exists 
at all. However, for stresses above the fatigue limit, the fatigue of ferrous 
and non-ferrous metals appear to be by the same basic mechanism. 

One experimental technique which is usually not mentioned explicitly is that 
at the start of the fatigue test the peak stress is generally not applied immediately 
but brought on gradually over a number of cycles. This feature is inherent in 
many types of testing machines and is important when testing a metal with an 
initial yield point below the test stress. Otherwise a large unidirectional deformation 


may be caused which may produce dynamic unbalance especially in rotating 
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bending machines, and also may mask the smaller deformations of fatigue which 


follow. 


8. EXPERIMENTAL OBSERVATIONS 


The work of Goucu (1933) and his collaborators has shown that fatigue has 
much in common with plastic flow and fracture of metals under static stresses. 
They demonstrated that under repeated stresses the metal deforms by slip on the 
same planes and in the same directions as static slip, and that the operative slip 
system is, in general, given by the same resolved shear stress law as for static 
loading. The shape of the specimen, on a macroscopic scale, remains unchanged 
because alternate half cycles reversed the deformation. However, microscopic 
observations showed that the reverse deformation was never exactly on the same 
plane but on a neighbouring one. Cracks formed in regions of heavy slip and 
tended to propagate initially along the active slip planes. Experiments with 
single crystals, polycrystalline specimens, and specimens containing two or three 
large crystals, all showed essentially the same features. This and later work 
has shown that there are three stages during fatigue and these form convenient 


divisions for further discussion. 


PRIMARY STAGE 


This initial period is most noticeable in the softer metals where the peak applied 
stress is above the initial yield point and it may be absent when the stress is below 
this limit. During this period there is bulk plastic deformation until the metals 
have hardened sufficiently to withstand the applied stress. Damping and the 
hysteresis loop are initially large and quickly decrease to a constant value (DucE 
1950). If slip is visible, it is widespread and a number of slip systems may operate 
(Duce 1950 ; Woop, BULLEN and Heap 1952). If the applied stress is above the 
initial yield point the metal quickly hardens and tensile tests show that the yield 
point has been raised to approximately the peak of the applied alternating stress. 
However, particularly if the frequency of the applied stress is high enough, the 
structural changes producing this hardening differ from those occuring under 
static stresses (Woop and TuorrPe 1940 ; Woop and Heap 1951 ; Woop, BULLEN 
and Heap 1952). In this work the frequency had to be greater than 400 cycles 
per minute. For static stresses, slip, hardening, and disorientation and fragmenta- 
tion of the crystals (as revealed by X-ray diffraction) increase together. Under 
alternating stresses the hardening is practically completed in the first hundred 
cycles whilst slip may only become visible after one thousand cycles. What 
disorientation occurs, appears in the first hundred cycles, but it is smaller than 
for static stress, and for high frequency stresses it is very small. High frequency 
stresses also produce an essentially different form of slip line which may both 


start and end in the interior of the grain, unlike static or low frequency slip which 
extends from grain boundary to grain boundary. In either case the bulk of the 
metal is hardened to withstand the applied stress. As a consequence of this wide- 
spread deformation there are changes in many other bulk properties of the metal. 
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5. INTERMEDIATE STAGE 


This long middle-period, which forms the major part of the life of the specimen, 
is usually taken as extending from the end of the initial widespread settling down 
(which is absent for many high strength materials) until a crack becomes visible. 
Microscopic observation (GouGH 1933 ; DucE 1950; Forsytu 1951; Craia 1952 ; 
Brown 1952 ; Woop, BULLEN and HEAD 1952), aided by the electron microscope, 
have shown during this period the gradual thickening of a small number of slip 
bands that formed in the initial stage. These slip bands are usually in the directions 
of greatest shear stress. These thick bands can be resolved by the electron 
microscope (and sometimes by the optical microscope) into a finer structure of 
ragged slip lines. Finally a crack becomes visible in these heavily deformed 
regions and the propagation of the crack forms the final stage of fatigue. 

In view of the extremely localized nature of these distortions and the very 
small volume of material involved, it is not surprising that the many attempts 
to correlate progressive damage during fatigue with changes in physical properties 
of the bulk metal have been generally unsuccessful. Changes have been observed 
in damping and elastic modulus (HaNstock and Murray 1946; Duce 1950), 
electromagetic properties (CAVANAGH 1947), X-ray diffraction patterns (GouGH 
and Woop 1936 and 1938; Woop, BULLEN and Heap 1952), X-ray strain 
measurements (Woop and THorPe 1940; ScHAaL 1949; BENNETT 1951) and 
coefficient of thermal expansion (RosENHOLTz and Situ 1952), but such changes 


are usually small or difficult to interpret. 


6. Fina. STAGE 


Fig. 2 illustrates the typical point at which a fatigue crack is first observed, 
being then of the order of 0-005 cm in length. Measurements of the rate of extension 
of the crack (DE Forest 1936 ; BENNETT 1946; BENNETT and Baker 1950) show 
that the length increases approximately exponentially until the cross-sectional 
area has been reduced to such an extent that the remainder fails abruptly with a 
tensile fracture. In single crystals the direction of the crack is along the slip 
planes that carry the largest shear stress, i.e. those which were active in the middle 
period (GouGH 1933 ; McCuiintrock 1951). In polycrystalline specimens the general 
direction of the crack is perpenicular to the direction of maximum tensile stress 
(Cox and Fre.tp 1952) but microscopic observation (GouGH and Hanson 19238 ; 


af 


(1952) has shown that, if it is assumed that within each grain the direction of the 


Lucas 1927) shows that the crack zig-zags from one grain to the next. McCirinrock 


crack is along the slip plane with the highest shear stress and the grains in the 


polyerystal are randomly oriented, then the average direction of the crack is 


perpendicular to the tensile stress, as observed, and with deviations from the mean 
direction which agree with experiment. At high stresses the number of cracks 
observed (BENNETT 1946) may be as many as one hundred and fracture will be 
very rapid due to the high rate of growth of individual cracks and also to the 
coalescence of several cracks to form larger ones. At lower stresses there is usually 
one crack visible and its rate of growth is slower. 

In all these observations the size of the crack when first observed is already 
large by atomic dimensions. It is pertinent to ask how long it had taken to grow 
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to this size, i.e. when did the crack really start, rather than when it was first 
observed. Unfortunately, it is not possible to extrapolate the crack growth curves 
backwards because of the scatter of the experimental points and the present 
direct methods of crack detection (HANSON 1951) are not sensitive to smaller 
cracks. However, there are a few observations which indicate that the fatigue 
crack can be formed quite early in the life of the specimen. FERGUSON (1944) has 
found that cracks could be made visible by a 5% static extension after only 10% 
of the number of cycles required to fractive a similar specimen. On the assumption 
that the initiation of a fatigue crack is preceded by a period of local work hardening, 
SincLarr and DoLan (1951) periodically interrupted the fatigue test and recrystal- 
lized the specimen to see if its life could be extended by removing work hardening. 
Ten such recrystallizations equally spaced during the test did not extend the life 
beyond that of an unrecrystallized specimen. They concluded that submicroscopic 
cracks were the only form of damage which would not have been removed by this 
treatment, and that these are formed in the first 10°% of the life of the specimen. 

Direct evidence of the early formation of cracks was found by FENNER, OWEN 
PuriLiips (1951) who observed that, for a very sharply notched specimen, a crack 
could be detected at the root of the notch after one or two thousand cycles under 
an alternating stress which did not produce failure for ten or twenty million cycles. 
This indicates that in certain cases a fatigue crack may be formed very quickly 
and then spread extremely slowly, and also that a fatigue crack may not be as 


severe a stress concentration as a machined notch. 


THEORIES OF FATIGUE 


A number of theories have been proposed to explain fatigue in terms of the 
familiar concepts of the deformation and fracture of the bulk metal under static 
stresses. Although the inhomogeneity of deformation in fatigue is recognized, the 
regions of deformation are usually ascribed properties of the same kind as the 
bulk. 

DEHLINGER (1940, 1941) proposes that the cause of fatigue lies in the essential 
inhomogeneity of a polycrystalline metal. Due to the differing orientation of the 


grains there is a variation in the effective elastic and plastic properties of the metal 


from point to point. Also, the surface grains (which are the ones usually observed) 


are in a special position with less constraint than those in the interior. Again, 
many of the applied stress systems are inhomogeneous. DEHLINGER considers 
that under repeated loadings lock-up internal stresses develop due to the inhomo- 
geneous deformation and, when large enough, cause a crack to form. 

OroWAN (1939) considers a more localized inhomogeneity and takes as a model 
a small plastic region embedded in an elastic matrix. He argues that under an 
applied stress the plastic region can yield and transfer part of the local stress to 
the elastic surrounding. In doing so it work hardens and under repeated loadings 
he shows that the work hardening per cycle decreases and that the total work 
hardening tends to a finite limit which depends on the applied stress. If this 
limit is below the local “ fracture strength,’ the metal can withstand an infinite 
number of cycles. If the stress is higher, then the work hardening will reach the 


fracture strength in a finite number of cycles. A crack then forms and is assumed 
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to propagate by a similar mechanism applying to a small plastic region at its tip. 
By making a rather arbitrary assumption about the variation of rate of strain 
hardening with magnitude of applied stress, the predicted S — N curve can be 
given the right shape. However, quantitative agreement is secured only by 
assuming extreme values for the physical properties of the plastic region, e.g. a 
coefficient of strain hardening two to four orders of magnitude less than the 
static coefficient of the bulk metal. A more detailed analysis is given by AFANASIEV 
(1940, 1941) using similar ideas to DEHLINGER; the S — N relation obtained is 
identical with that of Orowan. 

IF REUDENTHAL (1946) considers hypothetical ‘** bonds” in the material which 
have a certain probability of breaking at each load application, and from a 
‘ weakest link * argument the probability of complete failure after N load applica- 
tions can be calculated. Although this gives a S — N curve of the right form 
the basis of the analysis has been criticized by Epsrerm (1948) and it appears 
(FREUDENTHAL 1949) that the theory can be applied to brittle materials only. 

MACHLIN (1948 a, b; 1949) has considered fatigue of a material which initially 
contains cracks. The cracks are presumed to extend by the generation of disloca- 
tions in the stress field at the tip of the crack with the aid of thermal fluctuations. 
Although this is the only published theory which considers a basic atomic process 
of fatigue, it does not appear to apply to any real situation. It does not seem possible 
(FRANK 1950) that suitable cracks with sufficiently large stress concentration are 
invariably present in all metals. Moreover, the large temperature dependence of 
fatigue predicted by this theory does not agree with the small variation observed 
(TEED 1950). 

As each of these theories can predict a S — N curve which can be fitted to some 
experimental results, it appears that this is not a very sensitive test of the correct- 
ness of a theory of fatigue, particularly as the experimental curves are not precisely 


determined due to the scatter of test points. 


8. DIscussIon 


Due perhaps to the more easily observed changes, the initial and final stages 
are better understood than the intermediate stage. The initial stage (if present) 
appears to be essentially the bulk deformation of the metal until it has work 
hardened sufficiently to withstand the applied stress. The actual mechanism 
of this hardening is intrinsically of interest as it differs from static hardening in 
important respects and also differs at high and low frequencies of application. 
These differences may affect the generation and propagation of the ultimate fatigue 
crack. Two opposing consquences are apparent, one that the smaller disorientation 
of the bulk may make the propagation of a crack along the slip planes easier than 
it would be in a statically deformed metal, the other that the same small internal 
distortion would not aid the formation of a crack as would the larger disorder 


in the static case. These two opposing effects may also be the explanation of the 


many observations that a small amount of prior static cold work can improve the 


fatigue resistance of a metal whereas a large amount is detrimental. 

However, the crux of the problem of fatigue appears to lie in the long middle 
period. During this, deformation is occurring in very limited regions and it is 
there that a crack is ultimately seen. It is usually assumed that the crack is formed 
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finally as a result of the intense distortion of these regions. But recent observations 
that a crack can sometimes be detected very early in the life of a specimen suggest 
that the converse interpretation should not be overlooked, namely that the 
deformation in localized regions is the result of the stress concentration round a 
submicroscopic crack. 

In either case the difficulty is to explain a process which progresses so slowly. 
For instance, the average rate of extension of the cracks observed by FENNER, 
OweEN and Pui.uips (1951) is of the order of one atom per stress cycle, and during 
part of the growth would be even less. Although very little is known of the atomic 
mechanism of formation and propagation of a crack it does not appear probable 
that it could extend in a continuous manner at such low rates of extension. 
Similarly microscopic observations of the thickening of slip bands during the middle 
stage of fatigue suggest that the individual slip lines of the cluster are formed, 
complete, at irregular time intervals. In this respect their formation is similar to 


slip lines under static stress and the same explanation can be given, namely, that 


the group of dislocations producing the slip line are generated by a FrankK-READ 
source (1950). 

If deformation in fatigue is an intermittent process then it is necessary that 
there be an element of randomness present. For, if not, then if one stress cycle 
produces no irreversible effect, neither should any of the indentical cycles which 
follow. That there is an element of randomness in fatigue is also suggested by 
the large scatter of experimental S — N points. Due to the small temperature 
dependence of fatigue, it does not seem sufficient to propose a simple explanation 
in terms of random thermal] stresses occasionally aiding the applied stress to start 
a FrANK-READ source generating dislocations on a nearby slip plane. If thermal 
fluctuations are the cause of the randomness, it must be by a more involved or 
indirect process. Progress; in formulating a theory of fatigue at an atomic level 
appears to depend on an indentification of this random element. The only current 
theory which attempts to do this is that due to Macuuix, but the process he 


uses does not appear to correspond with reality. 
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A NOTE ON THE BACK-PULL FACTOR IN 
STRIP-DRAWING 


By R. Hii 


Department of Theore tical Mechanics, University of Bristol 
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SUMMARY 


AN expression is derived for the back-pull factor in strip-drawing, based on the slip-line field 
theory of Hitt and Tupper. It is shown that the currently accepted formula of MAacLELLAN, 
based on the approximate theory of SAcus, is appreciably in error when the reduction or the 


coefficient of friction is large. 


INTRODUCTION 


IN a recent paper, GREEN and HILL (1952) have obtained a formula for the load 
needed to draw a wide strip of non-hardening plastic-rigid material through a 
rough wedge-shaped die. The formula applies to a range of reductions and die- 
angles where the pressure on the die is distributed uniformly. In the present 
note it is shown how the load for drawing with back-pull may be derived from 
the load calculated by Green and Hii for drawing without back-pull. 


THEORY FOR BACK-PULL DRAWING 


Consider the slip-line field in the deformation zone in drawing, without back-pull, 
through a die of angle 2«, fractional reduction r, and coefficient of friction p*. 
Let ¢* be the drawing stress and qg* the die pressure, in the range of reductions 


and angles where this is distributed uniformly : 


a ; 
x 10-230 <r<2sinz/ (1 + 2 sin), approximately. (1) 
9 : 


This is the range where the redundant work is appreciable. 

A uniform hydrostatic tension o may be superimposed on the stress system 
in the deformation zone without affecting the equilibrium equations, the yield 
condition, or the plastic stress-strain relations. The die pressure becomes qg* — o, 
but the frictional stress is unaltered; the new coefficient of friction is therefore 

ju p* g* /(q* o). 

The drawing stress becomes t* + o. The rigid part of the plastic region bordering 

the deformation zone is, of course, changed but this need not be considered here. 


It is only necessary to be sure that the non-plastic material can support the 


proposed stresses in the deformation zone, and this appears certain so long as 
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t* +o does not exceed the tensile yield stress in plane strain.‘ 
We have thus derived, from a solution for no back-pull and friction coefficient 
“*, a solution for back-pull o and friction coefficient ~ given by (2). It is evident 
that this method fails when the die pressure is not distributed uniformly, which 
is so for all reductions greater than (1). 

According to the computations by GREEN and Hit, q* is given, for r in the 
range (1) and 5° <2 15°, u* < 0-15, by 


* 


Y 
Yo 


A* p* cot a, 3) 
where qd, is the die pressure for zero friction, and ¢ is a parameter dependent only 
on die geometry and given by 

0-2 tan 0-08 r cot «a. (+) 


Since ¢€ is less than 0-2 where (3) holds, the term involving ¢€ in (3) is always less 
than 0-1. 
The solution of (2) and (3) for g* and p* is 


(1 — o/q,) Ae 
(1 — o/Go) A 


Aeo do 


[4 cot x, 


1 — ) 1 , 
je Ne 1+ (1 a/Go) A. 


with neglect of terms of order e?. The error so committed is less than the computa- 


tional error involved in (3). 


Tue Back-PpuLL FActror 


Let q be the die pressure and Q (0) the axial component of die load in drawing 
without back-pull through a rough die with friction coefficient p, and Q (c) 
that when the back-pull stress is o. Then, if H is the initial strip-thickness, 


Q (0) (1 + A) rq, Q (oc) = (1 + A) rH (q* a). 


Also, as in (3), 
q 
Io 
provided p» < 0-15. Then 


Q (0) — Q(c) = rHa (1 + A) (1 


rHo }1 +A (8) 


Co qo) , 


from (3), (6) and (7), neglecting, as before, terms of order e?. 

The reduction in die load is thus not strictly proportional to the back-pull, 
in contrast to previous theories. The curvature of the Q (c) relation is, however, 
small : in the range of validity of (3) the slope decreases by not more than a few 
+t MacLELLAN (1952) has criticized the HrL-Turrer theory on the ground that the sum of the die pressure and 
the drawing stress exceeds the yield stress. The die pressure is, however, not the mean transverse stress in the exit 


plane, and is in fact much greater. 
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per cent as o increases up to an amount sufficient to reduce Q to zero 
(c/Gg ~1/(1 + A)). This may be contrasted with Baron and THompson’s 
observations (1950) that, in drawing brass wires pre-strained to a yield stress of 
about 18 tons/in.?, the slope decreases by 20-30 per cent. ; the reductions were, 
however, such that the redundant work was slight.1 MacLEeLian (1952), on the 
other hand, found a hardly perceptible change in slope for copper wire pre-strained 
to a yield stress of about 18 tons/in.? ; his dies had, however, parallel extensions 
which appreciably changed the influence of back-pull. 

For practical purposes we may put Q (c) = Q (oc) —boaH where b, the back- 
pull factor, is here taken as the initial slope of the Q (c) relation : 


Ae 
A - - - . 9 
1 + i) (9) 


3. COMPARISON WITH PREvIOUS THEORIES 


According to the writer’s previous approximate theory (1949), in which the 


influence of friction on die pressure was neglected, 
b=r(1 +4). (10) 


According to MacLELLAn’s extension (1948) of Sacus’ theory, which disregards 


the inhomogeneity of the deformation, 
(11) 


Formula (11) underestimates, and formula (10) overestimates, the true value of 
b given by (9). The proportionate error in (11) increases (i) with increasing r and 
(ii) with increasing p (at any rate, where (3) is valid). (ii) is to be expected since 
in Sacus’ theory no account is taken of the influence of friction on the assumed 
trajectories of principal stress. (i) is perhaps unexpected since the Sacus formula 
for the frictionless drawing load is known to become, on the whole, more accurate 
the larger the reduction. However, the actual distribution of pressure on the die, 
and the mode of deformation, are considerably different from those in Sacus’ 
theory (cf. GREEN and HILL, op. cit.). One may suspect, therefore, that the 
good approximation of the Sacus die load in frictionless drawing is fortuitous ; 


the present results confirm this. The analogous Sacus and MacLELLAN formulae 


for wire-drawing may also be expected to involve greater errors than has hitherto 
been supposed. 

Table 1 compares equations (9), (10) and (11) at the largest reductions for which 
(9) has been established. 
For large r and » the formula (10) is better than MacLELLAn’s, and indeed better 
than the original method of derivation might suggest. In fact, however, (10) 
may alternatively (and preferably) be derived from the less drastic assumption 
that the application of a back-pull stress diminishes the die pressure by exactly 
the same amount; there is then no need to assume anything about the effect 
of friction on die pressure. 

BARON and THoMpPsON inferred that the observed curvature is due to a decrease in the friction coefficient as the 
die pressure is reduced ; the present theory shows that this inference is not well-founded. They also argued the 


same conclusion from the increase in slope with increasing pre-strain, coupled with another dubious prediction of 
earlier theories, viz., that the Q (¢@) relation is independent of the stress-strain curve. 
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t. DERIVATION OF » FROM Back-PuLL Data 


If b is obtained from the experimental Q (c) relation, ~ can be deduced by 
solving (9). It may be shown that 


A =pcota = (b/r —1) + (1 —r/b) «, (12) 


with neglect of ¢? terms (the resulting error in yp is entirely negligible). 
It may be remarked that the error in MacLELLAN’s formula for b is greatly 
magnified in the derived value of ». For example, if ) = 0-387 happens to be the 


TABLE I 


Comparative back-pull factors 


m 0: 0-10 


Equation (9) “22: 0-305 
(10 23% 0.317 
(11) .225 0-290 


(9) 0-397 0-455 
(10) 0-404 0-468 
(11) 0-391 0-425 


observed value for « = 5°, r = 0-148, then, according to Table 1 or (12), 0-150 
is the true value of 2 MacLe.ian’s formula would, however, give pu == 0-180, 
an overestimate of 20 per cent. Again, if b = 0-513 is observed for « = 15°, 
r = 0-341, the true p is 0-150 while MAcLELLAN’s yp is 0-195 with an error of 
30 per cent. (10) gives 0-141 and 0-135 respectively. 


5. Fur truer Work 


At sufficiently large reductions, where the redundant work is small, only the 
approximate formulae (10) and (11) are available (the extrapolation of (9) could 
possibly be risked). It appears that (10) is preferable, though the errors are still 
appreciable. It is evidently highly desirable to obtain a more accurate formula 
in this range. An exact determination based on the slip-line field would involve 
an enormous amount of labour. There are, however, prospects that a sufficiently 
good approximation may be obtained by the method of upper and lower bounds 
(HiLi 1951). 
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BOOK REVIEWS 


P. W. BripcMan: Studies in Large Plastic Flow and Fracture. McGraw-Hill Book 

Company, Inc., New York. 1952. 362 pp. $8. 

IN this book Prof. BrrpbGMAN has assembled a valuable store of experimental data from his 
numerous published papers and wartime reports. The investigations reflect his lifelong interest 
in the construction of * pressurized laboratories.” His virtuosity in this field is well-known ; his 
enthusiasm leads him to such ventures as hardness testing, extrusion, and wire-drawing — all 
under hydrostatic pressure. Prof. BripGMAN writes conversationally, even colloquially at 
times. Unexpectedly, his reflections on fundamental problems of flow and fracture are often 
naive, but the experimental observations are reported with admirable clarity for all to interpret. 

The most thorough-going group of experiments are tension tests on high-strength steels under 
pressures up to 30,000 atmospheres. The main conclusions would appear to be as follows. (i) To 
i very rough approximation, fracture occurs when the greatest principal stress attains a critical 
(positive) value. A universal criterion, reasonably accurate for all the steels tested, could, 
however, not be found in terms of macroscopic stress and strain. (ii) The strain to fracture is 
notably enhanced by an ambient fluid pressure. (iii) Strain-hardening continues at a roughly 
constant rate. (iv) The stress-strain curve is, to a first approximation, independent of the 
superposed pressure. (v) There is a suggestion (hardly more, in view of the uncertain influence 
of creep or the unknown accuracy of the author's correction for necking) that a superposed 
pressure causes a slight raising of the stress-strain curve in tension. A further complication is 
the marked development of crystallographic anisotropy during the enormous deformation obtained 
under these conditions. 

Comparative data for non-ferrous metals is unfortunately only fragmentary ; so also is that 
for uniaxial compression combined with hydrostatic pressure. It is to be hoped that Prof. 
BRIDGMAN will eventually be able to extend his investigations in these directions. 

\ large hydrostatic component of stress can, of course, be obtained otherwise than in a 
pressurized laboratory. In the several methods described here, however, the results are difficult 
to interpret owing to the complex distribution of stress in the plastic zone. With the exception 
of a stress analysis of compressed tubes, Prof. BrripGMAN has by no means made what use he 
could of the mathematical theory of plasticity to estimate correction factors. Similarly, his 
observations of directional effects in two-dimensional compression could have been systematized 
with the help of the theory of plasticity for anisotropic metals. Such omissions render a large 
part of the book merely interesting in a general way, and many of the results should probably 
not be taken at face-value. 


R. Pt. 


Imperfections in Nearly Perfect Crystals. Kdited by W. Suock.ry, J. H. HoLtomon, 
R. Maurer and F. Serrz. John Wiley and Sons Inec., New York ; Chapman and Hall., London. 
1952, 490 pp. xii. $7.50 or £3. 

Recently the National Research Council of the U.S.A., with financial support from the Office 
of Naval Research, has organized Conferences of which the printed Report is likely to be of even 
greater value than the meeting itself. The symposium on Imperfections in Nearly Perfect Crystals, 
held in October, 1950, gathered the leading American experts in the field, together with Mort 
and Bracc from England, CHatmers from Canada, and Guinier from France. The Report 


consists of 17 papers, together with selected contributions to the discussion. Most of the papers 


summarize particular aspects of the subject. The student beginning research will be well advised 
to read a selected group of these papers. The expert reading the papers on his own speciality 
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will find much which is familiar and, almost certainly, a good deal which is new to him. To the 
expert, however, the main value of the book is likely to lie in its surveys of fields related to his 
own, particularly now that the interdependence of the various properties studied is proving such 
a profitable subject of research. 

This idea of interdependence is emphasized in the introductory paper, by F. Serrz, who 
ambitiously attempts to prepare a synthesis comparable to YUKAWA’s proposal of a meson theory 
of nuclear forces. No one is better qualified than Srerrz to attempt such a programme, and his 
survey of the whole field of imperfections in crystals is a remarkable feat of virtuosity, most 
stimulating to the reader. It states explicitly an approach which Serrz himself and many others 
have for some time been using without a definite formulation. ‘* Assume that we know a great 
deal about one type of imperfection, such as a free electron. From effects induced by interaction 
with another imperfection we may deduce properties of the second imperfection. From the 
knowledge gained about the second imperfection and additional information about its interaction 
with a third imperfection, we may obtain information about the third. This may then be cross- 
checked by studying the interaction of the third imperfection and an electron. It is noteworthy 
that the theory of imperfections and the experimental techniques for studying them have finally 
reached a state in which it is conceivable to undertake interlocking investigations of this type 
in a systematic way.” Despite these virtues, the reviewer feels that the article fails in its primary 
aim of presenting a synthesis already largely achieved. Indeed, the aim seems to him impossible: 
the field of imperfections in crystals is, like the London Underground map, irreducibly com- 
licated, not, like the Washington street plan, subject to grand synthetic principles. 

The second introductory paper, on the geometry of dislocations, is by W. T. Reap and 
W. SHockLrey, and forms an excellent introduction to the rather complicated properties of 
dislocations which these authors and F. C. FRANK have recently found to be of outstanding 
importance in the theory of crystal plasticity. 

There follows a group of papers on the role of imperfections in deformation. C. S. BARRETT 
contributes an excellent survey of stacking faults which are induced by plastic deformation 
and phase changes. W. 'T’. REApb gives a review of experimental information on slip lines, eschewing 
the temptation to devise theoretical explanations. B. KE. WARREN and A, L. AVERBACH outline 
their technique for the X-ray analysis of stresses in cold-worked metals. They find support for 
the assumption that the stress distribution is essentially isotropic. In discussion, REAp and 
SHOCKLEY say “these investigations are probably the most direct evidence ever presented that 
the cold-worked state consists of a substantially uniform distribution of dislocations.” N. F. Morr 
contributes the next paper, on the dislocation theory of mechanical strength and creep in metals. 
E. OrowAN, in discussion, shows that the usual rather naive presentation of the theory of exhaustion 
creep is not self-consistent. The section closes with a paper by J. S. KorHver on the influence 
of dislocations on the damping of metal single crystals, which, though beginning with a survey, 
is essentially an important original paper. Its importance is not reduced by the rather negative 
conclusion that the observed damping is far too great to be explained by KorHuer’s very 
reasonable mechanism, taken in conjunction with available estimates of the resistance to the 
motion of a dislocation. 

The third group of papers, on diffusion and related phenomena, begins with an account by 
R. G. BRECKENRIDGE of relaxation effects in ionic crystals, including recent studies on 
mechanical damping. This is followed by a survey, by L. ApKEr and E. Tart, of studies of alkali 
halides by photeolectric methods, a subject on which much quantitative information has been 
accumulated. The concluding papers in this section, on diffusion in metals and alloys, form a 
curiously well-matched pair. J. BARDEEN and C. HERRING treat diffusion and the Kirkendall 
effect by considering vacant lattice sites as an independent component of the system. They 


clear up many obscurities in the theory, and show why dislocations are effective sources of vacant 


sites in diffusion, but not in sintering. They give no discussion of the temperature dependence 
of the rate of diffusion. This is given in the following paper by C. ZENER, who, in the course 
of a general treatment, resolves the ambiguities which appear when the heat of activation is 
not a constant, but is a linear function of temperature. 

The last six papers deal with the properties of grain boundaries in metals, and of the sub- 
boundaries which sometimes appear within a single grain. The first of the group, by J. C. FisHer 
and C. G. Dunn, collects the available data on surface and interfacial tensions of metals, adding 
some new results, and reinterpreting some of the old experiments. Observations on the variation 
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of grain boundary angle with orientation are also reported. In the next paper, W. T. Reap, 
and W. SHOCKLEY give the latest development of their theory of this variation. Cyrit S. Smiru 
extends the analysis of FisHer and DuNN to a comparison of the surface energy between two 
grains of the same phase with the surface energy of an interphase boundary in a two-phase alloy. 
Remarkably, the latter is nearly always lower. SmirH makes an ingenious attempt to relate this 
to the fact that two plane lattices with the same co-ordination number can only be joined by 
introducing atoms with the wrong co-ordination number, while lattices with co-ordination 
numbers n +landn 1 can always be joined systematically by a row of atoms with co-ordination 
number n. There follows an excellent account of sub-structures in crystals, by A. GuINIER. 
B. CHALMERS contributes a brief essay on the properties and effects of grain boundaries, and 
R. SMOLUCHOWSKI closes the volume with a paper on movement and diffusion in grain boundaries, 
emphasizing the importance of the grain boundary as a channel of easy diffusion. 

There are full name and subject indices, though only moderate care seems to have been used 
in compiling the former. Thus, BAEDEKER, whose name appears on p. 5, is mentioned neither 
in the references nor, surprisingly, in the index, which atones with separate entries for FRENKEL, I. 
and FreNKEL, J. An adequate distinction is made between Smira, CHARLEs S., and SMITH, 
Cyrit S., but one paper is impartially attributed to both. This, and a frequency of mis-spelt 


proper names remarkable in a book otherwise so carefully prepared, are practically the only 


imperfections in this nearly perfect book. 
F. R. N. NABARRO. 
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FLANGE BUCKLING IN A BENT I-SECTION BEAM 


By J. F. Davipson 
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SUMMARY 

BucKkLinG loads are given for a flat and infinitely long elastic plate compressed in its own plane 
by thrusts which act parallel to two opposite edges, and which vary linearly between them. 
One of these edges is free, and the other fixed in position but elastically clamped. The Ray.Lercu- 
Ritz method is used in most of the calculations, a method originated by Scuwarz being used 
as an accurate check. The results may be applied to calculate the flange buckling load of a thin 
walled section subjected to end load and bending. This has been done in the case of an I-section 
under pure bending, and the results have been verified by experiment. 


INTRODUCTION 


WHueEN a thin walled structural member is subjected to end load and bending, 
failure may be caused by buckling of the most severely compressed walls. The 
calculation of the critical load in such cases is necessary for the design of the most 
efficient structural sections. The present paper deals with one aspect of this 
problem, namely, flange buckling in an I-section beam bent by pure couples inclined 
at angles between 0 and 90 degrees to the web. The information given has been 
verified by experiment and will, together with previous work, facilitate the 
calculation of flange buckling in an I-section under any combination of axial 
thrust and bending. 

In the theoretical analysis, the buckled flange has been treated as a flat and 
infinitely long elastic plate, compressed by thrusts in its own plane and parallel 
to two opposite edges. One of these edges is free, the other being fixed in position 
but elastically clamped. Under these conditions the deformations follow equations 
of the type originated by Bryan (1891). When the thrusts in the plane of the 


plate vary linearly across its width, solution of these equations in terms of known 


functions is not possible. Two approximate methods were therefore used to 
calculate the critical load, which is given over a wide range of values of the three 
independent variables. These are 
(i) The wavelength of the buckled plate. 
(ii) The amount of elastic clamping. 
(iii) The amount of variation of thrust across the plate width. 

The Rayieicu-Ritz method was used for the bulk of the calculations, while a 
method originated by Scuwarz (1890) has been used as an accurate check at 
selected points. Some theoretical interest is attached to the application of the 
first method, in that the assumed deformation of the plate satisfied only the 
geometrical edge conditions, but did not satisfy statical edge conditions, This 
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possibility was noted by Ray.eicn (1894) and by Rirz (1909), but has been 
neglected by many subsequent writers who have used functions which satisfy 
all the boundary conditions. 

In any particular case, such as an I-section beam, it is necessary to calculate 
the amount of elastic clamping at the inner edge of the flange in order to use 
the curves given by the above analysis. This clamping is provided by the remainder 
of the I-section, which resists rotation of the buckled flange about the line in which 
it joins the web. The amount of clamping may be estimated from tables given 
by Kroii (1943), so that the I-section is treated as a series of plates, any of which 
may be compressed by loads parallel to the junction lines. 


THEORY OF BUCKLING 


The state of stress in an I-section beam, bent by pure couples acting in a plane 
at angle @ to the web, is shown in Fig. 1. The couple required to cause local 
buckling of the compressed flange may 
be ecaleulated on the basis of four 
assumptions 

(i) The beam is treated as five 
thin plates rigidly joined 
along the lines DC and EF, 
and simply supported at the 
ends of the beam. 
The curvature due to the 
applied moment is neglected. 
The junction lines DC and NY 
EF are assumed to remain Fig. Stresses in I-section beam bent by 
straight during buckling. couples at angle 6 to web. 
(iv) The variation of stress 
across the thickness of each constituent plate is neglected. 
On this basis, we may apply the well-known equation of deformation, 
dw 2)*w ow N )2w 


t 


(2-1) 


a dw dy? dy* D da" 


to the buckling of the most severely compressed flange .4BCD. Dz and Dy are 
coordinate axes shown in Fig. 1, w is the deflection of the buckled flange out of 
its own plane, D Ee /12 (1 o*) is the flexural rigidity, ¢ being the plate 


thickness, # Young’s modulus and o Poisson’s ratio. N is the compressive load 
per unit length which acts in the direction Dex and may be a function of y. 


Kdge conditions of the buckled flange 


(1) At the ends of the beam, we have simple support so that 


Along AB where y = b the plate width, 


Flange buckling in a bent I-section beam 


: 
| 


giving zero moment and shear. 
(iii) Along DC where y = 0, 
Ww 0. 2.4) 


“a 


Also, rotation dw, dy of the plate about DC (Fig. 1) is resisted by couples due to 
the deformation of the remainder 


22 
of the I-section. These couples are 


proportional to dw dy so that 


K being a constant, the couple per 
unit length per unit rotation. 


| 
| 
| 
| 
| 
i 


Non-dimensional forms | 
The above equations may be | 
simplified and reduced to non- | 
dimensional terms by using 
Ww ‘ Tr ? | 

= F'(€) sin (2-6) | 

b A 

where € = y/b, and X is the half | 
wavelength in the a direction. (2-6) L— 
satisfies the edge condition (2-2) | 
and when substituted in (2-1) gives oh ® 


d+ F 


dé* 


B m/p, p= A/b, hk = N, b? ‘x? D, Fig. 2. Buckling load (RAYLEIGH-R1ITz 3 terms) 

and N, is the value of N at & :. against u for various fixity and bending. 

so that & is referred to the stress at 

the outer edge of the plate. Also, N = N, [x + (l-a) &] = N, 2/f?x?, so that « 

gives the ratio of the stress at the fixed edge to the stress at the free edge. 
The edge condition (2-3) becomes, after substitution of (2-6), at € ‘ 


F" — of?F =0, (i) 
f 7 (2-8) 
F’” — (2 — oc) BF’ =0, (ii) 


dashes denoting differentiation with respect to €. Similarly, at € = 0, from 
(2-4) and (2-5), 


(i) 
(ii) 
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where e¢ Kkb/D. 

When 1, so that the stress is uniform across the width of the plate, a solution 
of (2-7) in terms of known functions has been given by LuNpQqutst and STrowELL 
(1942) and by Baker and Roverick (1948), who give k plotted against « at various 
values of ¢« as shown in Fig, 2. 

TABLE I, 


Ratio :— (Maximum critical load) |(Minimum critical load) at constant e. 


1-018 
1-008 
1-019 2 1-006 
1-012 1-004 


For a plate in which e€ és 


constant, if we vary the length 


mA, m being the number of half 
waves, the buckling load k will 
be a minimum at the value of A 
given by the minimum in Fig. 2. 
When the buckling load is the 
same for m or m 1 half waves, 
its value will be a maximum, 
whose ratio to the previous 
minimum is given in Table I. 

Now in practical cases « > 0-4, 
so that A/b 3. from Fig. 2, and 
since the ratio (section length) 
flange width b) will usually be 
more than 12, m 1. Thus 
from Table I the error will be 


less than 4% if only minimum 


values of / are used at constant e. 


The minimum values of k, 


come Distal 
. . i yu (MINIMUM &) 
iogether with the corresponding : (FOR ALL @) 


values of pA have, therefore, been 


. - 3-0 40 
plotted against ¢ in Fig. 3. A 
. oe . : . ayo ee 
When the fixity ¢€ is a function, 
: . : . Fig. 3. Mini l ‘kling % : agains ixitv 
obtainable from the tables of iv linimum buckling load k against fixity 


Kroui (1943), of pw, the dotted 


curves in Fig. 3 which give « 


e with varying bending. Dotted curves give e 


against « at constant k (« 1). 


against » at constant /, are required. Thus if the line 4B is the known relation 


between ¢ and p, whose slope is always negative, the minimum /: will be at point 


B where AB is a tangent to one of the family of dotted curves. BC being a line 
f constant k, we find the minimum value of / from the point Q. A slightly larger 
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value of / is obtained from P corresponding with the intersection A on the 
minimum line AC. Now it will be seen from Fig. 3 that each of the dotted 
curves reaches a maximum negative slope (Je du) max, and that if this is 
numerically less than the slope of the line 4B, the minimum k& will be much 
smaller than the value at point P. 

Table II gives de/du) max at various e, and the error in k when the line 
AB takes this maximum slope and the intersection is used in place of B. 
Note that each maximum slope (Je/ du) max refers to a point on the line AC. 
In using Table II to test a particular « — pw relationship, 4B, for the validity of 


the “intersection .1”” method, the position of point 4, as well as the slope of 


the relationship, must be known. 


TasBie II 


Percentage increase in k due to use of minimum curve AC Fig. 3. x 


max, 


Thus, while the change in » is large, the error in é& is small enough to justify the 
use of the minimum curve, provided the slope AB is not greater than the value 
given, — (de/du) max, at the point / in question. 
The requirements for critical load calculations for « + 1 are thus : 
(i) Curves of & against » to give minimum / at constant e (Fig. 2). 
(ii) These minimum k’s and the corresponding values of » to be plotted 
against ¢ (Fig. 3). 
(iii) Examination of the maximum slope of the families of dotted curves 
in Fig. 3 for « z. 
(iv) Examination of the percentage error in / due to the use of this maximum 
slope with the intersection A in place of the true minimum point B 
(Fig. 3). 


3. THe RayLetcu-Ritz Meruop 


When x 1, so that 2 varies with €, it is not possible to solve (2-7) in terms of known functions. 
The critical value of k may be then be obtained by equating the potential energy of bending 
to the work done by the buckling loads in the manner originated by RAYLEIGH (1894) and the 
expression for the critical load is 

282 (1 o) (F F’)¢ e(F )¢ 0 oy }- fk), dé 
. ee . (3-1) 

F* Qdé 

J0 . 


Then applying Rrrz’s extension (1909) of RAYLEIGH’S principle, we substitute for F in (3-1) an 


assumed shape 


Uys 
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and put #/da, = 0, W/Jdg = 0... 0 0. Then by RAyveicu’s principle k thus deter- 
mined will always be greater than the true value, and will, from Rrrz’s extension, approach the 
true value as n is increased. 

The question then arises as to whether %, must satisfy the boundary conditions (2-8) and (2-9). 
RAYLEIGH (1894), using the method to find the fundamental frequency of a clamped-free bar, 
uses a shape for which y’’’ == 0 at the free end. Rrrz (1909) states that the ¥, must satisfy the 
boundary conditions * in so far as these do not themselves come from the variation problem.” 
Many subsequent writers merely state that the boundary conditions must be satisfied. Thus 
TeMPLE and BIcKLEY (1933) solve numerous problems in which all the Loundary conditions are 
satisfied. \pplying Ruirz’s argument to (3-1), we have in the present case, if 
8(V —kT) = 8V —kiT — Tik = 8V — kiT = 0, 


[( F of*F) 8F (F 


(F B?F’) 8F]e-9 vt 2p? F”’ + ptF — kQF) 8F dé 
Then since the exact solution for F' satisfies (2-7) (2-8) and (2-9), small variations will not violate 
(3°3) unless they involve 6# = 0 at € = 0. Hence y, must satisfy (2-9) (i) only. 

The physical basis of this result is illustrated by considering a strut, whose deflection u is pre- 
vented at the ends, while its slope y there is resisted by a couple Gy, @ being constant. If the 
ends of the strut are brought towards each other, so that buckling occurs, and then rigidly fixed 
in position, it will be found experimentally that the strut is in stable equilibrium. If now the strut 


: . , 1 ng <= , 
is distorted by external forces, the potential energy } B (u’’)? dz + Gy? will thus be increased. 
0 


= is measured along the strut whose length is / and flexural rigidity B. Hence the ratio (potential 


energy) /(strut shortening) will be increased in the distorted position, since the position of the 
ends, and therefore } (u’)* dx, the shortening, are fixed. This justifies RAYLEIGH’s principle, 
ae 


and, as one distortion is obtained by applying end moments (still keeping the ends fixed in 


position), the end condition Gy Bu,’ need not be satisfied. Hence, in general, it is not necessary 


to satisfy conditions of statics at the ends. 

If now G — o so that the ends are clamped, and Ray.Leicu’s method is applied to an assumed 
shape for which 0 at the ends, the term Gy? in the potential energy expression, and also 
the critical load, becomes infinite. Thus while the method is still valid it is useless, and only 
those deformations which give y = 0 at the ends give a finite critical load. Ilence in general 
it is necessary to satisfy geometrical end conditions in any assumed shape. 


Analysis in normal modes 


These results may also be justified by an analysis in pormal modes. Following the method 


viven, for example, by Den Harroc (1940) and by Sournwe tv (1936), we expand the assumed 


shape in the form 


(3-4) 


where I’, is the nth mode associated with the critical load k,. The modes obey the following 


nt 


orthogonality relations (see Appendix I), if n == m, 


(1 — c) B* [( F'n F,’ F, F,,)\é 
(i) 


J (ii) 


If now we assume that (3-4) may be differentiated twice, direct substitution of (3-4) in (3-1), 


and use of the nth equation of type (3-1), vields the result 


(Ky [hy) b,? F,? Qdé 


a 


2p 


» 
=- () < 
n di 
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giving k /k, 1 which justifies RAYLEIGH’s principle. 
The conditions under which (3-4) may be twice differentiated can be obtained by following 
the procedure for Fourier series given, for example, by Jerrrreys (1946). To find the coefficients 


b, in (3-4), multiply each side by 2 F,, and integrate, giving 


‘1 , , S 
| FF, Qdé 
J0 


in view of (3-5ii). Then substituting for F,, 2 from (2-7), 
mam iy F,, (F,** 2p° F,,’ 3+ F,,) dé 
n ® n(4n ad n) US 


Then integrating by parts we obtain 


(3.8) 


If it is possible to differentiate (3-4) twice, we may also find the coefficients b, by using the first 
orthogonality relation (3-5i), so that substituting for F in 


(1 — a) B* [( FF,’ + F’ F,))é=1 +e [(F F,,’)|¢=0 \(F, — B* F,)(F” — p? F) dé 
we get 
‘ , ‘ Pe oe ae o a ie 
b, [2p7(1 a) (F,, Fg L€ (F,')*¢ 0 4 ra dé] 
F, F’)g=1 4 Mn FP’ ye (F B2 FL.) (F”’ — p2 F) dé. (3-9) 
Subtracting (3-8) from (3-9) we get (F)¢=9 = 0, from the last term in (3-8), as the condition 
for differentiation of (3-4), and hence for fulfilling RayLercn’s 
priaciple. 

This method is illustrated in Fig. 4 which shows the state of 
affairs at € = 0 when the assumed function F' is not zero there. 
An analysis in normal modes leads to the graph shown, having 
infinite first and second derivatives at é 0. A similar result 
would obtain at a boundary where F”’ was fixed, but if F’”’ has 
a fixed value at a boundary the assumed F’’ need not take 
this value. Thus while an analysis of the form F’’ maT a 
leads to an infinite F’’’, this last does not occur in (3-1) so the 
critical load will not be affected. Since the geometric boundary 


. , ‘ . — ‘é Ass od fi ‘tion 
conditions fix F and F’, while the static ones fix F’’ and Ff umed function 


: at € 0. 
we are led to the same conclusion as before. 
The shape used in the present case was 


\ Te 
py dp tl “OS i 
R=1,3,5, ! 2 |? (3-10) 


which satisfies the condition F = 0 at é 0. The first term was included since exact analvsis 
gives a linear relation between F and & when e B 0. Thus the linear relation saticfies the 
conditions (2-8), (2:9) and also (2:7) which becomes d*F /dé* = 0. Substitution of F ly € 
in (3-1) gives the critical load 

1 


(1/8 ~ [24) 


(3-11) 


Also, the work of PLAAs (1949) who considered the case when « | (pure bending), shows 
an almost linear relation when ¢ and £8 are small. The first term dy € has to be deleted when 
€-> o, since then I” = 0 at € = 0 giving a second geometrical boundary condition to be 


satisfied. 
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we apply Rrrz’s method, as given for example by 
da, — kIT /da, = 0. 


1, giving 


» 


(3-1) in the form k hie 


Then writing 
BicKLEY (1933), and get n 


1 equations of the type dV 
equations requires a determinant of order n 


TEMPLE and 
To eliminate the a,°s between these 


equation in & of the same order. 
\ slightly less convergent, but easier, process is to fix the a,°s step by step. Thus we substitute 


10) in (3-1), and get 
(35°12) 


Also by putting 


we have 


Subtracting twice (2-13) from (8-12), and then substituting for a, from (3-13), gives 
l n ‘ 
S 2a, a, A,,) (3-14) 
t=0 
(3-14) gives a quadratie in hk, and a, may be found from (3-13) 
1 th equation (3-14). Hence starting 
but not 


Then if a, to a,_, are known, 
so that a more accurate value of 


being indeterminate, we 


‘may be found from the n 
get a series of values of hk, converging towards, 


from ay, Ug 
the true valve. 
0-32, using 3 terms 


necessarily to, 
this method with o 


The dotted lines in Fig. 2 are values obtained by 
(N 2) in (3-10). It will be seen that at any given value of « the » to give minimum k is inde- 
pendent of «, so that in Fig. 3, the single « — uw curve suflices for all «. The minimum values 
of k, recaleulated with 4 terms (N 5), are plotted in Fig. 38 and shown in Table III together 
with the values of BAKreR and RopericKk (1948) for « l. 


TABLE III 


Minimum values of k at given e. o = 0-32 


0-5 0 


minimum A 
1-66 


‘990 
“840 0-955 
‘TOO 0-808 
0-568 0-649 
O-415 0-473 


». Suggesting 


he differences between the values of k with 3 and 4 terms are not greater than 1% 


atisfactory convergence. 
We have thus fulfilled requirements (i) and (ii), Section 2, and now consider (iii) and (iv). 
Calculations show that 1 the curvature and maximum slopes of the e m 


curves (constant /) are greater than for « de/du) Max given 
If shows that the percentage errors in & when using the minimum curve AC (Fig. 3) 
Table Il therefore gives the maximum errors in k due to use 


for 1 vd 
1. Use of the maximum slope ( 


li Table 
are less than those in Table IIL. 
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of the iatersection A for 1 > o 1 provided the slope of AB does not exceed the values given 


at the point A in question. 


THe Scuwarz MetTHop 


A method originated by Scuwarz (1890) has been used as an independent check on the results 
of Section 3. We start with an assumed shape for the buckled plate ¢, (£), which can be analysed 
4 


co 
in normal modes so that ¢, 2 b, Fy, and substitute ¢, in those terms of the governing 
n=1 


differential equation which are multiplied by the critical load. 2-7) then becomes 


Fiv _ 2,2 F’ BY F = kQ¢, =kQT by Fy. (4:1) 
n=1 


The solution of (4-1), dg (€), will be in the form of a particular integral, linear in k, and a com- 
plementary function whose four arbitrary constants are also linear in k, siace ¢, satisfies the 
boundary conditions (2-8), (2-9). Hence dg = k w (€), where w is now known. Now considering 
the equation for the nth mode, F,'Y — 26? F,”’ - i ky, 2 F,, we obtain F,, =k, w, 
whence from (4-1), 


(4-2) 


so that 


fee) 
k ~ b, F'n kn: (4-3) 


Thus dy isa better approximation to the first mode than $}: This method of improving a guessed 
shape was used for strut problems by ENGEsSER (1893) and VIANELLO (1898), for whirling shafts 
by Sropoua (1905), and more recently by SourHwe tt and others (1941), when (4:1) was solved 
by relaxation. 

Following VIANELLO, we put ¢5 ¢, to find the critical load, giving k as a function of €, 


(4:4) 


Then SCHLEUSSNER (1938) has shown (see also Appendix II) that & (¢) must take values above 
and below the first critical load provided F',, w and 2 are positive throughout the range of 
A more accurate method is to write 
‘lie " 
b5* Qdé 


J0 


A comparison with (3-6) shows that this is the same as applying RayLeicu’s method to the 
improved mode do: without the trouble of calculating do and dy . The equivalent of (4:5) was 
given by SCHLEUSSNER (1938) who attributed it to Schwarz (1890). A less accurate method 
is to pul 


a . 
| er Qdé b. é (4:7) 


. 


which gives 


158 J. F. Davipson 


In applying this method we have to solve (4-1) with assumed values for $}: The most convenient 
solution is to have the particular integral in integral form so that the complete solution is 


5 = c cosh Bé dsinh Bé é(e cosh Bé + f sinh Bé) 


Brecosh Br — sinh =| de (4-9) 


tT) ,(€ T , — 
) do, (E | 2p3 


The four arbitrary constants c, d, e, f are found from the condition that ¢g must satisfy (2-8) 
and (2-9). It is not necessary for ¢, to satisfy these conditions, but merely that ¢, can be expanded 
in terms of normal modes as in (4:1). More accurate approximations, $3; ¢, ete. to the first 
mode can be obtained by substituting ¢,, ¢g etc. successively in (4-9). 

Results obtained by this method are shown in Table IV, in comparison with exact results 
for « 1 (pure compression) from the calculations of BAKER and RopeErick (1948). 


TaBLe IV 


Schwarz method compared with exact values ¢ = 0-32, x = 1 (pure compression) wp = 1-67, « = 50, 
k = 1-213 


First integration Second integration 
First A A 


True shape Equation (4-4) Equation (4-4) 
shape (Rayleigh) 
$, (€) bo (€)/bg (1) k (€) $3 (€) /¢ (1) k (€) 


0 0 0 
0-0921 0-0642 0-0893 0-935 0-0912 
0-278 0-212 0-275 003 0-278 
0-508 0-431 0-503 114 0-508 


1: 
1- 

0-749 0-702 0-744 1-227 0-747 
1: 


1-000 1-000 1-000 302 1-000 


eB) 1: 
| 


from 
equation (4-7) 


The first shape ¢, was obtained from the RAYLEIGH-Rirz process using 2 terms in (3-10). 
ds. the result of two integrations, is correct to 1%. Nevertheless, k obtained from VIANELLO’S 
method (4-4) has a maximum error of 3°. At the same time the results from (4:5) and (4-7) 
are accurate to the number of decimals used after the first integration. This latter method has, 
therefore, been used in comparisons with the RAYLEIGH-RiTz process when « = 1. 

Such a comparison is given in Table V where values of k from the RayLeicu-R1tTz process, 
with 4 terms in (3-10), and exact values are given. The exact values at « = 1 are those of BAKER 
and Roprrick (1948), the remainder coming from (4.5). The values of €, ©, 50 and 0-2, are the 
extremes required, and yp is taken from Table III. 


TABLE V 


Rayleigh- Ritz (values bracketed) compared with exact values of k (a = 0-82). 


1-0 = 0-() x — 10 


1-260 (1-270) “58. (1-593) 2-098 (2.112) 
1-213 (1-224) 53% (1-542) 2-048 (2-059) 
0-568 (0°569) ‘75 (0-756) 1-118 (1-121) 


It will be seen that the bracketed values, and hence those of Table ILI, have an error nowhere 


greater than 1%. 
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The way in which (3-10) fails to satisfy the boundary conditions, whilst giving an upper limit 

for k in accordance with the argument of Section 3, is shown in Fig. 5. This gives, in a typical 

case, values of F and F” from the two methods. Thus F’’ from the RayLeicu-Rrrz process 

approaches the true values slowly, owing to (3-10) having a zero in F'’’ at & 1. This zero makes 

it impossible for (3-10) to satisfy the boundary condition (2-8(i)) af & 1, although F”’ from 
(3-10) is approaching the true values near & 1 as the number of terms is increased. 


5. EXPERIMENTS 


A preliminary experiment was carried out on an aluminium alloy I beam 
approximately 13in. long. The section was 2}in. deep, the flange width was 
3in. and the web and flanges were nominally 0-llin. thick. The material had 
a 0-1% proof stress of about 28 tons /in?. and Young’s modulus was 4,660 tons/in?. 


Pure bending was applied in the — ,, ‘ 


plane of the web by a four point 
loading system described in a CRITICAL LOAD 

2 TERMS 1-632 
, * 1-556 
4 1-$42 
; 


previous paper (1952), using RAYLEIGH ~ RITZ: - 
bearings described by NEAL 
(1950). At the ends of the 
specimen, the web and flanges 
were each clamped, although 
the fact that the compression 
flange buckled in four half waves 
— SCHWARZ —_ 
made this effect unimportant. \'R Raruescit—mulz 777 
: \ N® OF TERMS 
Buckling was detected by NA | f} 
ir : : : tee Rie . 
means of six electric strain gauges ¥S is» 7 
\ 


4 
™~) 
~ i / F”“ FROM:- 
\! RAYLEIGH-RITZ 

———— 


fixed to the compression flange 
as shown in Fig. 6. The figure 7 S\N? OF TERMS: + 
also shows Aq plotted against 
A in the manner originated by 
SOUTHWELL (1932). A is the 


maximum strain in any gauge 


+ SCHWARZ 


minus the nominal maximum 


strain due to bending, and is ” 

thus the strain due to buckling. é 

Fig. 5. Shape of deformation F and its derivative 
. : F’’ from Raywercu-Rirz and ScHWARz methods. 
stress. The linearity of the nh cut po 2, 6 oO 


q is the nominal maximum 


experimental relation between 
A/qg and A, and the _ close 
agreement between the experimental buckling stress of 22-6 tons/in.? (the inverse 
slope of the line) and the theoretical buckling stress of 22-0 tons,in.?, was felt 
to justify the use of the Southwell plot method in subsequent experiments. 
The theoretical buckling stress was obtained by using the data of Krout (1943) 
with Fig. 3. The applied bending moment being in the plane of the web, it was 
first assumed that the web was encastered by the tension flange. The ratio 
(moment per unit length)/(rotation of lower edge of web) can then be obtained 
from the quantity S given by Kro.u at various A, /, h being the web depth. The 
web moment is then taken to be divided equally between the buckling flanges, 


so that by assuming various A, we can get the curve 1B in Fig. 3 of « against 
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A u. The use of intersection A, which was justified by Table II, gave the 


critical load. 

In a second calculation, also based on the data of Kroui, the top flange was 
assumed to be free from tension, thereby providing a smaller restraint to the 
web than in actual fact. This showed the error of the previous assumption, that 
the web was encastré, to have been negligible. 

Three series of tests were then carried out on an I beam of similar material 
to the first, having Young’s modulus of 4,740 tons,in.? The section depth and 
flange width were both 23in., and for the first series of tests the flanges were 


machined to about  0-060in. - 


thickness, the web thickness 
being about 0-110in. For the 


| ee 7 

: ( 
second series, the web thickness 22 / 

‘ ° corhcd } 
was reduced to about 0-030in., nies ian ie 

5 5 

POSITION OF 
STRAIN GAUGES 


the flanges remaining unaltered. 
A fillet between web and flanges, 
of about 0-050in. radius, which 
remained after reduction of the 
web, necessitated a third series 
with a sharp corner between the 
0-030in. web and 0-060in. flanges. 


In all cases the buckling was 


elastic. 

The end bearings used are 
shown in Fig. 7, the design being 
based on the bearings used in the 
preliminary test, so as to allow 
freedom of rotation of each end 


of the beam. Loading, as before. 


rele) 150 oo 


was by two equal lever arms, ; : 
. STRAIN A x105 QUE TO BUCKLING 


each forming an extension of the 
: Fig. 6. ** Southwell”’ plot of strain due to 
specimen, and each carrying an buckling. Theoretical buckling stress 22-0 ton /in.”. 
equal weight. In setting up, it kixperimental buckling stress 22-6 ton/in.*. 

was possible to twist the 

specimen about its own axis so 

that the bending moments, which must always act in a vertical plane, make 
any desired angle with the web. In Fig. 7, @ is 60°, and the distance between 
the bearings (i.e. the effective length of the specimen) is 17ins. 

Four mirrors, visible in Fig.7, were fixed in pairs to the two most highly compressed 
ilanges. The members of each pair were an inch apart, and held by plasticine 
to the edges of the flanges at the centre section. Four horizontal telescopes 
sighting perpendicularly to the specimen then gave the rotations of the flanges, 
about the axis of the specimen, by deflections on a scale. The scale deflections 
were then used to give the buckling load by means of the Southwell plot. 

The results are shown in Fig. 8, the theoretical curves being obtained from 
the curves in Fig. 3 using the “ intersection .1”’ method. The e j curve was 
obtained from the tables of Krou (1943), treating the web and unbuckled flanges 


End bearings. Specimen bent by pure couples at 60 degrees to web. 


as 


€. 
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a series of plates. When @ = 0, the mean compressive stress in the unbuckled 


half of the bottom flange was used when calculating the contribution to the fixity 


The tensile stress in the top flanges was neglected. 
The only plausible reason for the rather large differences between theory and 


experiment is the inaccuracy of the ‘‘ Southwell plot’ method. This has been 
considered by Hu, Lunpeurist and Barporr (1946) and by Cox (1951) who 


MOMENT 


| a ee meaner. 6 


MOMENT 


Oo 
uw 


EFLEXION , 


D 


45 75 ' 0 i) 20 25 
@ DEGREES ~ SCALE DEFLEXION in 


Fig. 9. ‘Southwell’ plots of mirror 


Fig. 8. Buckling moments from mirror readings. 
0-030 in. web, 6 15. 


0-110 in web O: 0-030 in. web with 0-050 in. fillet readings. 


VY; sharp corners [~ Theoretical curves—. 


showed, from the theory of large deflections of plates, that the Southwell plot 
method is likely to give a curved relationship between A/qg and A, even when 


the initial curvature of the plate is quite modest. Such was the case with the 


present tests, the worst example being shown in Fig. 9, from which it is difficult 
to determine the critical moment within 10 per cent, in sharp contrast with the 
the results confirm the predictions of Hv, 


results of Fig. 6. However. 
Lunpaquist and Barporr and Cox, in giving an experimental critical load above 


the theoretical, and to that extent are satisfactory. 
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APPENDIX I 


To obtain the orthogonal relations (3-5) we write 


arts and using (2-8) and (2-9). Similarly, 


Then from ( 


that substituting from (2:7). 


(1:3) 


eiving (3-5 1) ifm m. 
\lso, substituting for QF, from (2-7) in (1-3), and integrating by parts, and using (2-8) and (2-9), 


B? F,,) (Fm — B* Fm) dé 


, ° , 
— p? F,,) dé 


ApPeNDIN II 
To find the conditions under which (4-4) shall give upper and lower limits to 4,, we multiply 


numerator and denominator by QF, (€) and integrate. giving, 


- . 
| k(£) QuF, dé 2F,? dé (II-1) 


in view of (3-5 ii) and (4-2). 
hen using (4:2) and putting k (€) hy 1 5 (£), (11-1) becomes 


_- . . 
| 8(£) QuF, dé = 0. 
0 


Then 6 (€) must change sign if 2, F, and w are positive throughout the range. 


REFERENCES 


BAKER, J. F. and 
Roverick, J. W. 1948 The Strength of Light Alloy Struts. Aluminium 
Development Assn. Res. Rep. No. 3. 
Bryan, G. H. 1891 Proc. Lond. Math. Soc. 22, 54. 
Cox, H. L. 1951 R. and M. 2696. 
Davipson, J. F. 1952 Proc. Roy. Soc. A, 212, 80. 
Den Harroe, J. P 1940 Mechanical Vibrations 2nd. ed., p. 192 (New York : 
McGraw Hill). 
ENGESSER, F 1893 Z. d. Oest. Ing. u. Ark. V. 45, 506. 
Hv, P. C. Lunnevist. 
kK, E, Barporr, S. B. 1946 N.A.C.A, Technical Note No, 1124, 


JEFFREYS, H. and B.S. 


Kroui, W. 1D. 

Lunoaguist, E. EF. and 
STOWELL, FE. Z. 

NEAL, B. G. 

P.Laas, H. J. 

RAYLEIGH, LorD 

Rirz, W. 


SCHLEUSSNER, A. 


ScHwarz, H. A. 


SOUTHWELL, R. V. 
SOUTHWELL, R. V. 
SOUTHWELL, R. V., ALLEN 
D. N. DE G., Fox L., 
and Morz, H. 
SToOpDOLA, A. 
TEMPLE G. and 
BICKLEY W. G. 
VIANELLO, L. 


Flange buckling in a bent I-section beam 163 


1946 


1945 


1942 


1950 


1949 


1894 


1909 


1938 


1890 


1932 
1936 


Mathematical Physics, p. 412 (Cambridge University 


Press). 
N.A.C.A. Rep. No. ARR 3 K 27. 


N.A.C.A. Rep. No. 734. 

Phil. Trans. A, 242, 197. 

Rep. Dep. Mech. Eng. Stanford Univ. Calif. 

Theory of Sound, Vol. 1, p. 287 (London : Maemillan). 


J. f. reine u. ang. Math. 135, 1 (Also Gesammelte Werke 


p. 192. Paris : Gauthier Villars, 1911). 

Zur Konvergenz des Engesser — Vianello — Verfahrens 
(Berlin : Teubner). 

Gesammelte Mathematische  Abhandlungen,  p. 241 
(Berlin : Springer). 

Proc. Roy. Soc. A, 135, 601. 

Theory of Elasticity, p. 445 (Oxford, Clarendon Press). 


Phil. Trans. A, 239. 488. 
Steam Turbines 2nd ed., p. 185 (London : Constable). 


Rayleigh’s Principle (Oxford University Press). 
Z. V. D. I, 42, 1436. 


Journal of the Mechanics and Physies of Solids, 1953, Vol. 1. pp. 164 to 171. Pergamon Press Ltd., London. 


DIE PRESSURE IN PLANE STRAIN DRAWING: 
COMPARISON OF EXPERIMENT WITH THEORY‘ 


By J. G. Wistreicu 


British Iron and Steel Research Association, Sheffield. 


(Received 25th November, 1952) 


SUMMARY 


Tue problem of drawing the ideal solid of the mathematical theory of plasticity through a wedge- 
shaped die in plane strain has been solved by Hitt and Tupper, and by Green. Different 
solutions have been proposed earlier, by Sacus and others, based on a more elemeatary theory 
of plastic deformation. Cook and Wisrreicu have measured the pressure on the die face during 
the plane-strain drawing of solder. 

In this paper, Cook and WisTREICH’s measurements and those obtained in two further experi- 
ments are interpreted in terms of the Sacus and HI ux theories. The Sacus theory is rejected. 
Significant similarities are found between the experimental and theoretical patterns of pressure 
according to the other authors mentioned above. It seems likely that patterns of deformation 
characteristic of the ideal solid are substantially preserved in a work-hardening metal. The 
quantitative comparison of mean die pressures is inconclusive on account of short-comings of the 
experimental data. In particular, the question of the validity or otherwise of Hint and 


Tupper’s correction for work-hardening remains open. 


INTRODUCTION 


PLANE-STRAIN drawing*, though uncommon compared with other wire-drawing 


processes, is nevertheless of particular interest because an exact solution for it 


exists in the mathematical theory of plasticity. This solution, of course, is true 
only of a solid with idealized mechanical properties. The prospects of an analogous 
solution for a real metal are, at present, remote, so that one would like to know 
to what extent the ideal solution is applicable in practice. 

Drawing experiments are, in general, difficult to analyse because of the presence 
of friction which is not amenable to close control and cannot readily be measured. 
The die pressure, however, turns out to be fairly insensitive to light friction, so that 
it is a particularly attractive criterion of comparison between theory and experi- 
ment.** If the die is made of an optically stress-sensitive material, the pressure 
between stock and tool may be found by photo-elastic methods. Experiments 
of this kind have been performed by Cook and Wistrercu (1952), who give full 
particulars of the experimental and analytical techniques, and of their limitations. 

+ Paper MW/D /67/52 of the Drawing Committee of the British Iron and Steel Research Association. 

* Electric Conductor strip is sometimes produced by drawing through a wedge-shaped die without lateral 
constraint. The spread is negligible, even when the ingoing strip is only three times as wide as it is thick. Thus the 
process is practically one of plane deformation. 

** The investigation was planned before GREEN and HILL’s (1952) more exact study of the friction effect. It 


now appears that the effect is negligible for relatively large die angles and smal! reductions, but otherwise it may 
be appreciable 
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The purpose of the present paper is to compare results of such experiments with 


theory. 


THEORY 


The theoretical solution referred to above is the one by Hitt and Tupper 
(1948), amplified by GREEN (1951). In this theory the die pressure at a particular 
distance from the die entry depends not only on the distance, but also on the 
die angle and on the total reduction achieved in the die. If the length of the die 
face is not more than the thickness of the outgoing strip, then the pressure is 
constant along the die, its value varying with die angle and reduction. For other 
proportions of the reduction zone the pressure remains constant over parts of 
the die face and varies elsewhere ; in some instances the variation has a minimum 
in the central region of the face (see also GREEN and Hi. 1952). Finally, the 
pressure may exceed the yield stress by as much as a factor of two. These features 
of the theory are in marked contrast with those of earlier and more elementary 
theories (e.g. Sacus 1927) according to which, for the same ideal solid and in the 
absence of friction, the pressure decreases continuously from entry to exit, depends 
only on the distance from entry, and nowhere exceeds the yield stress. 

Hiiz and Turrer also suggest how to calculate the mean die pressure for work- 
hardening metals. The method rests on the assumption that the mean strain 
imparted to the metal does not depend on its hardening properties, but only on 
the die configuration. In the Sacus theory the die pressure rises or falls, depending 
on whether the rate of work-hardening is greater or less than the value obtaining 
at the necking point in the tensile test (WistrREIcH 1948) ; since hardening rates 
invariably decrease monotonically with increasing strain, a drop in die pressure 
can never be followed by a rise, so that no minimum is possible. 

Friction reduces the pressure, but provided it is small and the die is short 
compared with the thickness of the stock, its effect is negligible (GREEN and HIt1, 
op. cit.) because the frictional shear stress at the interface is small compared with 


the other stresses present. 


EXPERIMENTS 


Some mention must be made of the practical limitations of the photo-elastic 
method used by Cook and Wistrreicu. Owing to the low strength of the die 
material only soft solders were suitable for drawing stock. Even with these, 
die configurations which are associated with high pressure could not be employed. 
As for the condition of plane strain, it was not practicable to draw wide strip 
without lateral constraint ; instead, strip narrower than it was thick was con- 
strained by glass plates. Unfortunately the elasticity of the glass plates and 


supporting frame made some lateral spread inevitable, so that the condition of 


plane strain was only imperfectly realized (the spread amounted to about 0.002” 
in 0-148’). Moreover, lateral pressure on the glass plates caused appreciable 
friction, so that the drawing force was larger than would otherwise be necessary ; 
this in turn, placed an upper limit on reduction. In short, the choice of metals 
and of die configurations was limited. Finally, when it came to the stress analysis, 
the pressures at the points of entry and exit could not be computed with any 
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certainty, and in one experiment, A, the calculations of the pressure some distance 
in front of the die exit were subject to appreciable error. Elsewhere, the accuracy 


of measurement was estimated to be better than 


It is evident from the brief outline of the theory that two kinds of experiment 


are of particular interest. In the first, the metal should preferably have a low 
work-hardening rate, and die configurations should be chosen for which the two 
theories give widely different results. In the second, metals with widely differing 
work-harding rates should be drawn through the same die. Four experiments 
have been performed, as specified in Table I. Experiments A and B belong to 
the first of the above categories, C and D to the second ; that is to say, A and B 
are meant to distinguish between HtLu’s and earlier theories and, of course, 
to provide a test of their practical use ; C and D are meant to be a sensitive test of 


the assumption underlying Hitt and Tupprr’s correction for work-hardening. 


TABLE I 


Particulars of Experiments 


lixperiment i B D 


Metal 1(5/95 Sn /Pb 1(5/95 Sn /Pb II (3/97 Sn /Pb III (3/97 Sn /Pb 
Hard) Hard) Annealed) Hard) 


Die Semi-Angle 


Reduction 


| 
| | 
0 —————E eee 


JCED TRUE STRESS 


REO 


oO} 


0-10 O-ls 
NATURAL STRAIN 


Reduced plane-strain stress-strain curves ef undrawn strips (current plane-strain yield 


stress 24 divided by initial plane-strain yield stress 2h). 


The stress-strain curves of the metals were determined before the experiments 
by compressing small cylinders cut from the undrawn strip, with their axes normal 
to the plane of deformation during drawing. The compression specimens remained 
circular in cross section during the test, indicating isotropy in the plane of defor- 
mation ; anisotropy in the direction normal to the plane of deformation is however 


not excluded. In order to be applicable to plane deformation the data had to 
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be corrected ; the correction was made with the assumption that the metals 
obeyed v. Mises’ criterion of yield. The corrected data, reduced to a common 
denominator for ease of comparison, are plotted in Fig. 1. 

The coefficient of friction in these experiments varied from point to point, 
but, judging by the inclination of the principal stresses at the interface, nowhere 
did it exceed 0-05. 


COMPARISON OF EXPERIMENT WitH THEORY. 


(i) Test of Sachs Theory. Experiments A and B, which have metal and die 
angle in common, afford a crucial test of the Sacus theory. If this theory is correct, 
the local pressures along the face of the ‘ A’ die should be indentical with those 
for ‘ B’ up to a point 64% of the length of the * B * die away from the entry (except 
for second order differences due to differences in friction). The experimental 
results are plotted in Fig. 2; they clearly contradict the theory. It is also evident 
from the figure that with A the pressure is locally greater than the yield stress ; 
this, too, is in contradiction to theory. Turning now to experiments C and D, 
it is seen in Fig. 4 that in both cases the pressure curves contain a minimum. 
The presence of a minimum is predicted by GrEEN and HI. (see below), but is 
generally inadmissible according to the Sacus theory. 

The Sacus theory has _ been 
criticized before — on purely 
theoretical grounds, but this is the 
first instance of a crucial experi- 
mental test of its salient features. 
The test is decisive because it is 
practically independent of friction 


RE 


and work-hardening. It is also 


i 
Vv 


relevant to recent variants of the 
Sacus theory, which seek to remedy 


Di€ PRESS 


its defects by making an allowance 


for the effect of die angle (e.g. 


= 


 Spprr ‘ < 2R ( 
K6rper and Ercuincer 1940). DISTANCE ALONG INTERFACE (ARBITRARY UNITS) 


Since the die angle is the same in _ 
© ; Fig. 2. Die pressures in experiments A and B 

both experiments, the correction (- - - stress-strain curve of metal I plotted on 

does not enter into the comparison, the assumption of uniform straining). 

and these variants of the Sacus 


solution also fail. 


(ii) Qualitative comparison with Hill and Tupper’s, and Green and Hill's solutions. 
Hitt and Tupper, and Green and HIL., express the die pressures as fractions 
of the yield stress ; this is constant for the ideal solid, but in a work-hardening 
metal varies with strain. It will be appreciated, therefore, that for a quantitative 
comparison of theoretical and experimental curves the yield stress of the metal 
must be known at each point along the die face. The local yield stresses can, 


in principle, be deduced from the equivalent stress-strain curve and from strain 


measurements on partly drawn strip. This was tried ; the attempt was successful in 
demonstrating that straining does not proceed uniformly along the die face, but 
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the measurements were not sufliciently accurate for the purpose envisaged. In the 
circumstances, only a qualitative discussion of the variation of pressure along the die 
face is possible. 

The theoretical pressure curves are plotted in Fig. 3. Of these, the curve marked 
*C and D° is, clearly, of greatest interest from the point of view of comparison 
with experiment, because of its unusual shape. Of the two experiments for which 
the pattern is appropriate, D is to be preferred for the purpose of comparison 
because of the relatively low rate of work-hardening of metal III (see Fig. 1). 


/ 
{44 


URE ——— / 
| 
| 
| 
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< 
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ED DIE 


REDUC 


3 
4 


REDUCED DISTANCE ALONG INTERFACE 


Vig. 38. Reduced theoretical die pressures Fig. 4. Reduced experimental die 
in = frictionless drawing (theoretical dic pressures (experimental die pressure 
pressure qg divided by plane-strain yield q divided by initial plane-strain 


stress 2h). yield stress 2k). 


Now, referring to Fig. 4 in which the experimental pressures are plotted, the 
pressure curve of D does indeed significantly resemble the theoretical pattern : 
it, too, comprises a minimum, and this occurs roughly where it is predicted by 
theory. As for experiment C, the resemblance is tenuous, but if anything, it is 
better than the great difference in work-hardening between metal IT (cf. Fig. 1) 
and the theoretical solid would lead one to expect. 

The theoretical and experimental curves for A and B seem, at first sight, quite 
unlike. However, an argument will be presented as to the reason for this and it 
will be shown that the differences are plausibly accounted for as work-hardening 
effects which, moreover, in their details follow logically from the theory. 

In this connection something must first be said about the theoretical pattern 
of deformation. In the mathematical theory of plasticity the plane deformation 
patterns are often built up of regions in which the ideal solid moves as a rigid whole, 
and of regions in which it strains more or less gradually ; moreover, in entering 
and leaving the zone of deformation, and sometimes in moving from one region 
to another, the ideal solid strains instantaneously by a finite amount, the amount 


varving from case to case. The corresponding picture for a work-hardening metal is 


likely to be one of varying rates of strain. For instance, where the ideal solid 
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strains instantaneously the real metal can only strain rapidly; where the ideal 
solid moves rigidly, the real metal may actually strain, though probably only 
slowly. 

The theoretical deformation patterns of A and B in the vicinity of the die face 
are shown schematically in Fig. 5. They are similar in that they consist of an 
extended central region of motion without straining, flanked by smaller regions 
of gradual straining, and bounded by “ jumps” in strain at die entry and exit. 
At the same time the two patterns differ, for in A “‘ jumps ”’ are smaller than in B, 
and in the “‘ transition” regions of A straining proceeds more gradually than in 
those of B. Moreover, the first “ transition’ region in B is vanishingly small, 
i.e. the strain “jump” at die entry is almost contiguous with the region of no 
change in strain. 

Let us now modify this picture so as to allow, in a plausible manner, for the 
work-hardening of metal I. In experiment ‘ B,’ one may expect the yield stress 
to increase very quickly close to the 
die entry, to remain substantially 
constant over the larger part of the 
die face, and to increase fairly rapidly 
in the vicinity of the die exit. In  B 

‘ STRAIN JUMP 
‘A,’ on the other hand, the yield stress CONFIGURATION A 
probably increases more gradually and 
over larger portions of the die face 
near both entry and exit. Since the 
theoretical pressure is, in both 
instances, a constant fraction of the 


; WP uLe STRAIN _ MOTION —ASKez 
yield stress, it will faithfully reproduce IN JUMP on ——< 


these variations. Examining the 


experimental curves of Fig. 4 in the STRAIN JUMP 
; 5 : - ; - CONFIGURATION & 
light of this argument, but ignoring for 
the time being the “ dashed extra- lig. 5. Ideal tlow patterns of frictionless 
, drawing (note — horizontally shaded areas 
polations, one concludes that curve B . 


are regions of gradual straining). 

does, in fact, conform to the 

anticipated shape, and that curve A, 

though devoid of any constant pressure interval, nevertheless is not inconsistent 
with what has been said. One may indeed go a stage further by extending the 
experimental curves to die entry and exit (cf. dashed intervals in Fig. 4). 
However, instead of extrapolating in the usual manner and checking the end 
points against theory, it seems preferable to calculate the end points from 
theory, and to check whether they can be joined with the experimental data 
by means of smooth curves. That this is, indeed, the case in all instances save 
that of the die exit of ‘ A,’ may be gauged from Fig. 4. The dashed curves are 
also consistent with the preceding argument. 

Summarizing, the experimental pressure curves resemble the theoretical ones 
of H1ii and Turrer and of GREEN in some vital particulars, and the dissimilarities 
are consistent with the idea that the characteristic theoretical pattern of deformation, 
which is determined by the die geometry, is substantially preserved — even in a metal 


which work-hardens, 
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(iii) Quantitative Comparison of Mean Die Pressures. Encouraged by the 
above evidence one is tempted to make a quantitative comparison, notwithstanding 
the uncertainties arising from the extrapolation of curves, and from previously 
mentioned experimental shortcomings. The results are tabulated below. 

TABLE II 


Experimental and Theoretical Mean Die Pressire 


Kkquipment B D 


Mean pressure, psi, computed* 6900 /6700 5600 (5400 L400 /4000 6200 /5600 
Mean pressure, psi, measured 6800 £500 3500 6100 


It will also be recalled that experiments C and D, with indentical die angle 
and reduction but with metals of different work-hardening rates, were meant, 
among other things, as a test of the aforementioned argument concerning the 
mean total strain. If the argument is justified, then the ratio of mean die pressure 
to mean yield stress is invariant with respect to the shape of the stress-strain curve. 
Che ratio is 0-91 for the ideal solid, 0-73-0-80 for the annealed metal II, and 
0-90-0-98 for the cold-worked metal ITI. 

One gathers from Table II that both theoretical and experimental pressures 
increase in the order C, B, D, A; but the agreement is poor (save for A ; but this 
is the experiment with the least reliable measurements). The ratios of die pressure 
to yield stress are, of course, functionally related to the data of Table II. 

It appears then, that the Hiti-Tuprer theory adequately accounts for the 
complicated and rather unusual patterns of the observed variations of pressure, 
and yet it seems to miss the mark when put to the less discriminatory test of 
mean values. This is an unexpected situation, and it is suggested that its explana- 
tion is to be found in shortcomings of the experiments rather than of the theory. 
For instance, although the lateral spread was small and apparently did not cause 
the pattern of pressure variation to change significantly, it might nevertheless 
have caused an appreciable drop in the hydrostatic component of the pressure. 
The vield stress of the metal in the plane of deformation may well have been 
different in magnitude from the measured yield stress which was used in its stead 
in the computations. Added to this, there is the computational error of the 
photoelastic stress analysis, estimated at up to + 5% by Cook and Wistreicu, 
and the error of extrapolation. Finally, in the computations from theory the 
uncertainty of how much to allow for the effect of friction on pressure is small 
only in the case of experiments A and B. 


5. Discussion 


\lthough the experimental investigation fell short in several respects of what 
was required, one can nevertheless draw useful conclusions about the relative 


merits of the Sacus and HI. theories. and also about the effect of work-hardening 
in the latter theory. 


1e method of computation is based on the procedures outlined by H1it. (1950 pp. 172-3) and Green and Hn 
of friction is neglected in the first figures ; the second figures are calculated on the a umption 
ficient of friction of 0-05, The configurations ‘ C’ and ‘ D’ are outside the range for which the errors 


nd U11.’s method are known to be small, so that the second figures for ‘C° and‘ D’ are uncertain 
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Sacus’ theory, including its recent variants, fails to account for the observed 
pronounced effect of total reduction on the pressure in the vicinity of the die entry ; 
it cannot explain the rise of pressure near the die exit ; it does not admit of the 
observed presence of minima in the pressure curves and of the excess of local 
pressure over yield stress ; and it predicates a uniform increase of strain along the 
die face, contrary to observation. All these contradictions remain, even when due 
allowance is made for the shortcomings of the experiments. 

The argument in favour of the Hitt-Turrer-GREEN theory derives its strength 
from the resemblance of patterns of pressure variation, particularly in experiment 
D, the metal of which work-hardens least ; from the fact that the differences 
between the theoretical and experimental patterns for the other metals, which 
work-harden more, are precisely what one would expect them to be; and also 
from the fact that, in seven out of eight instances, the calculated end points of 
the curves fit in with a plausible extrapolation of measured pressures. One may, 
in fact, venture the suggestion that, in spite of work-hardening, a real metal deforms 
substantially in accordance with the patterns predicated for the ideal solid. In contrast 
with these strong indications of the applicability of the Hiti-Tuprer theory, 
the data of Table II inform us otherwise. These discrepancies, however, may 
well be due to to experimental shortcomings, and cannot be safely taken as evidence 
against the theory. 

In the circumstances the question, as to how accurately one may predict the 
die pressure from the theory of the ideal solid and the stress-strain curve of the 
metal, remains open. It is doubtful whether Cook and Wisrreicu’s experimental 
approach is capable of yielding results of sufficiently high accuracy for an 
unequivocal answer. Nevertheless, it is felt that the investigation, and the analysis 


presented here, have served a useful purpose in clearly distinguishing between 


the Sacus and Hixt theories by recourse to experiment. The analysis should 
also prove helpful in the planning and execution of investigations of the validity 
of Hitt and Tuprer’s method of allowing for work-hardening. 
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ON THE GENERALITY OF THE CUBIC CREEP FUNCTION 


By A. J. KENNEDY 


The Davy Faraday Laboratory of the Royal Institution, London 
(Recei ed \st Ja wy. WS) 


SUMMARY 
Tne fit of a cubie creep function to a wide varicty of materials is examined and the results 
compared with the fit to a general power law. ‘The behaviour of a simple mechanical model, 
composed essentially of bi-stable units, is shown to approximate to the observed type of transient 


creep in real materials. A statistic il approach to the problem is outlined. 


INTRODUCTION 


Tue fact that a wide variety of materials exhibit transient creep curves of a very 
similar parabolic nature has been commented upon in the past ; in particular, it 
has been noted that a cubic creep function of the form first proposed by ANDRADE 
(1910, 1914), is of remarkably general application. This point has been recently 
discussed by CoTTRELtL (1952). 

It is the purpose of this paper to bring together the evidence for this creep 
function, and to examine in detail the fit of various materials to a creep formula 
of the ANprAprE form. The question as to whether a general power law (i.c., 


one not restricted to 4) is in better agreement will be considered, and, finally, 


an approach to the mechanics of the problem outlined. 


THe ANDRADE EQUATION 


The ANDRADE equation expresses the length, 7, of a specimen flowing under 


constant stress as 


tt) exp (xt) 


where ¢ is time, and J,, 8 and « are constants. The close fit of this equation to the 
creep curves of metals was demonstrated by ANDRADE and since then a number 
of experimenters working with lead, cadmium and other non-ferrous metals have 
found that their results can be very accurately fitted by an equation of this form 
(see OROWAN 1946-7). A variety of experiments has established that the division 
of the creep process into a transient flow with a function of the form (time), 
and a permanent flow represented by the exponential term, leads to a rational 
interpretation of the results of experiments on the change of resistivity during 
creep (ANDRADE and CHALMERS 1932), the effect of pre-strain prior to creep 
(KENNEDY 1949), the influence of the surface and composition (ANDRADE and 
KENNEDY 1951), and creep under pure shear (ANDRADE and JOLLIFFE 1952), 
A successful treatment of the problem of the creep of lead under interrupted stress 
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has been developed on the basis that this function is part-recovered during the 
recovery period (KENNEDY 1952) and the method has been applied also to the 
behaviour of copper under similar testing (KENNEDY 1953). 

\ number of creep curves for non-ferrous metals, selected from the literature 
as examples of both cubic and hexagonal structures, are plotted in Fig. 1, the 
continuous lines being the experimental curves and the points those calculated 
from the values of the constants given in Table 1. Examples of such curves are 


— 


Creep curves for various metals. 


abundant. as reference to the literature will reveal, but even where the ANDRADE 


equation has been tested, the best values for the constants have not always been 


taken, as in the case of Hasicuti and Owapano (1951) working with aluminium : 
the best fit to their results has been indicated by ANDRADE (1951), and it has 
been shown that the equation provides quite as good a fit as the Hasieut! 
t-constant formula. Other workers (for instance, LATIN 1948) have also not 
deduced the best values. It is essential that accurate 3-point fitting be used, or 
else a method such as that used by KENNEDY (1948) which is advantageous when 
a large number of curves have to be fitted. 

GrAHAM (1953) has made an exhaustive investigation of the fit of experiment 
with various formulae, and has been led to the conclusion that the most successful 
general fit is obtained by using a series of terms with those involving the powers 
4 and 1 being the dominant ones. 

A number of investigators, working with non-metallic materials, have also 
found that a function (time)? fits the results of their creep tests very closely 
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under certain conditions. Fig. 2 shows the creep curves for various materials : 
the continuous lines representing the experimental results taken from the pub- 
lications under reference, and the marked points those calculated according to the 
formulae given in Table II. In the case of non-tensile tests the formula has been 


suitably modified, but retains the essential cubic function. Some examples of the 


early stages of creep curves of steel in tension and in torsion are included as the 


behaviour of steels is often quoted as evidence against the cubic law. 


_ 


Fig. 2. Creep curves for various non-metallic materials. 


The agreement demonstrated by Fig. 2 is certainly very good. Further evidence 
is provided by various workers (their results are not shown) who have discussed 
the fit of experimental results to a function (time)': for instance, Fron and 
Jessop (1923) working with celluloid over a small strain range, SAaL and LaBout 
(1940) working with plastic asphalt (they quote 0-38 as the power of the time), 
and HENDERSON (1951) working in the region of reversible creep strain on cadmium 
and lead. HerNnprrson has also shown that the function applies to the results 
of ScHorieLD and Scorr Bair (1933) on the creep of dough. 

It is not claimed, of course, that all materials, under all test conditions, exhibit 
creep curves which can be fitted as closely as these, but it is suggested that the 
(time)? law has a far wider application, and provides much closer agreement, 
than is generally realized. Indeed, some materials exhibit curves which are 
remarkably good cubic parabolae, with « = 0 in the ANDRADE equation, over 
a large strain range. The creep curves of concrete and of concrete mixes, obtained 
by GLANVILLE (1933) are examples of this, and the very accurate fit of this simple 
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equation may be compared with that proposed by Tuomas (1933) for concrete : 


l A[l -exp[— B{(t + C) — C*}]] 


where .4, B, C and w are constants, and in which the power a is found empirically, 
for different cases, as 0-3 and 0-4. McHenry (1943) has proposed another comp- 


licated formula for concrete : 
vi [1 exp ( rt)| +- B exp (px) 1 exp ( mt) | 


where «, 8, 7, p, m and « are constants. Equations for the creep of particular 
substances are, in fact, numerous: they are usually built up of exponential 
functions, with several constants, and are difficult to intepret in terms of physical 
processes. They have been surveyed by Popoy (1947). 

An examination of the published work reveals that where deviations from the 
cubic law occur, they can be most generally classified as (1) deviations from the 
initial infinite rate of creep which the formula gives — that is, the curves are of 


Fig. 3. The curves of Fig. 2 plotted on a log-log scale (arbitrary units) ; the symbols and letters 
correspond to those on Fig. 2. The initial and average slopes of the lines are, respectively, 
aus follows : 
0-47, O-47. B -O0, 0°50. : 0-38, 0-38. 
33, O31. | OR ‘35, 0°35. “:  OB4, 0-60. 
33, 0-33. Hs 29, O--45. : O18, 0-20. 


BS, 0-38. KK: 


the pre-strained character previously observed in lead (KENNEDY 1949), or (2) 
deviations from the law at longer creep times, where the strain observed is less 
than that given by the formula. It is true that fundamental changes may occur 
during extension: in the case of rayon fibres, for instance, the water content 
changes as extension proceeds. In the case of metals, the radical geometrical 


rearrangement of crystals in a polycrystalline wire, after a large creep extension, 
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changes the basic nature of the material, so that some deviation from a simple 


initial deformation law is not unexpected. 


Tue GENERAL Power Law 


The question of the representation of creep data as a simple power relationship, 
of the general form ¢ = ft’, has received widespread attention. The approach 
has often been in conflict with that followed by those who apply the ANpRApE 
equation, and it is true that frequently the same experimental results may be 
very closely fitted to either equation. The curves plotted in Fig. 2, when re-plotted 
on a log-log scale, appear as in Fig. 3. The average and the initial slopes of these 
lines are given beneath the Figure : whilst the values are near to 0-33, there is 
a distinct seatter about this value. Examination reveals that the addition of an 
ANDRADE permanent (linear) component enables the curves to be closely fitted 
using the power value obtained from the initial slope. It is not possible to say, 


on this basis, which is the more valid approach. If it can be shown that the results 


of experiments (such as those on interrupted creep) can be treated successfully 


only when a cubic function is used then this would constitute strong support 
for the view that the power 4 expresses a fundamental process. This line of enquiry 


is being pursued. 


STATISTICAL MODEL 


The thesis which is here proposed is that the (time) law (or a law very near to 
this) is the basic transient creep law of an aggregate which may be said to possess 
units of structure (these may be called dislocations, cross-linkages, miscelles, cells 
all the terms exist in the literature) which are essentially defined by patterns of 
‘weakness’ or “strength” centres, distributed throughout the aggregate. 
The deviations from the law arise from deviations in the pattern of the linkages, 
in their randomness of distribution, and not in the basic mechanism by which 
deformation proceeds. The mechanism may be pictured, in general terms, as one 
by which the units of the structure each contribute a finite strain to the aggregate 
by changing over from one (stable) state to another. 

Let us consider a simple mechanical model. In Fig. 4(a) a random network 
is Shown made up of studs inter-connected by taut threads. These threads form 
an array of smallest triangles, the studs to which they are fixed being placed on 
a smooth surface coated with a heavily viscous medium. <A second set of (loose) 
interconnections is then made, superposed on the first, the length of each link 
bearing a fixed ratio to the link it duplicates (say twice as long). Before loading 
this array, an experiment is carried out on a “ perfect ” or regular array of the 
same general shape. That is, if the random array is p units long and g units wide, 
and is made up of » nodes, then a perfect lattice must have a columns and b rows, 
where a na b = pq. Thus, working with this perfect lattice, failure will occur 
when the load equals aL, L being the breaking load of one thread. Returning 
to our random network, we now load this with a load < aL, (say 0-75 aL) and 
observe its behaviour. On loading, those links will break in which the breaking 
stress is exceeded, and the studs will move until the second link eventually takes the 


t] 


stress, the rearrangement occuring in a time dictated by the viscous material. 
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Stresses are thus redistributed as orientations alter and the breaking stress is 
exceeded in some of the other links. The stress is thus gradually transferred from 
the first set of weak links to the second set of strong links chosen to be of such 
strength that breakage of these does not occur. The process thus involves the 
breakdown of units which are bi-stable (being either “ short” or ‘long ’’) the 


whole controlled by viscous forces. The matrix was photographed as the extension 


occurred, measurements being made directly from the photographs. The results 


are plotted in Fig. 4 (b). and demonstrate how a quite simple aggregate can provide 
| g | I gere | 


a curve of the required form. 


(a) The model represented diagramatically before the application of the load. (b) The 


creep curve exhibited by the model. 


DIscUSSION AND CONCLUSIONS 


We are, then, confronted with the possibility that an aggregate possessed of 
very simple properties may provide, statistically, a cubic creep law. It is interesting 
that the problem has an analogy to the behaviour of a two-party electoral system. 
KENDALL and Stuart (1950) have discussed and examined the relation between 
the ratio (r) of the number of votes cast for each party and the ratio (R) of the 
number of seats each gains. In this country, at the present time, the relationship 
is very close to R = 7*. In a sense, it is unfortunate that the particular electoral 
distribution should lead to the very power which we have noted as of common 
occurrence in solids. The significant fact is that any power law at all should appear, 
and that this power should depend upon the way in which voters of like party 
are aggregated in certain areas. These considerations enable us to propose the follow- 
ing general system. 

The system is defined by two types of primary element : (a) cells, and (b) stress 
centres distributed at random throughout the cells of the matrix. We assume 
that the division of the matrix into cells is made in some arbitrary manner. If a 
stress is applied to the system, then, under thermal activation, breakdown occurs 
at the stress centres in such a way that the average rate at which such centres 
* fire isa constant. We say that each such breakdown is followed by a multiplica- 
tion of weakness centres throughout the matrix (it is convenient to call these 
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dislocations). Each avalanche of dislocations (softening) is terminated by the 
‘operation ” of a cell (hardening), the operation being said to take place when 
the number of dislocations in that cell exceeds the number of stress centres it 
contains. Thus each primary softening event ends in a single hardening event, 
and this constitutes the time scale. The total strain achieved by the matrix at any 
time is defined as being proportional to the total number of dislocations generated 
in that time. Under such conditions, the matrix exhibits a power creep law which, 
with a particular type of distribution of stress centres, could be of the one-third 
has already indicated how little is achieved by 


power form. COTTRELL (1952) 


simply shaping a distribution curve to provide the required function. Shaping 


however, is a direct consequence of a physical arrangement of centres 


in this case, 
n the matrix and it might thus be very profitable to consider whether fairly 
elementary aggregation laws may not lead to the required pattern. 

The model has, of course, deliberately been given just those properties which 


lead to the results observed with real materials, and these properties are, 


will 
indeed, somewhat strange. It is dillicult to see why, physically, the process of 
dislocation multiplication throughout the matrix should be halted by the operation 
of one particular fragment of it. It is reasonable to assume that operation may 
ereate a barrier of some form, and by some such compromise, a model may be 
developed on firmer physical lines, with properties approximating to the other. 

It is clear that before such an approach as this can be developed in detail this 
crucial property, which we may describe as the mechanical feedback between 
the twin processes of softening and hardening, must be given sensible crystallo- 
graphic form (at least so far as a metal is concerned) and experiments framed to 
test it. Upon its validity rests the whole of this particular statistical model. The 


statistics are more easily examined, and this is now going forward with the aid 


of a specially-built apparatus. 
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THE “ELASTIC HYSTERESIS” OF URANIUM 


By EK. R. W. Jones and W. Munro 
A.E.R.E., Harwell 


(Received 26th January, 1953) 


SUMMARY 
Ir is shown that the * elastic * properties of polyerystalline uranium at room temperature are 
very sensitive to the mechanical history of the sample. The metal exhibits ** elastic hysteresis ” 
losses that are a factor 10 greater than those found in steel and brass. The energy dissipated 
per stress cycle has been measured for samples of various grain size and orieatation ; the results 
show that the micro-structure of the metal affects the degree of energy loss. It is concluded 


that the energy loss in stress cycling is due to mechanical twinning. 


INTRODUCTION 


Tue values quoted in the literature for the mechanical properties of uranium vary 
widely and this may be attributed to differences of the purity of the metal tested. 

In particular most workers agree that the load-extension line is curved from 
the origin, which makes the value of Young’s modulus deduced from static 
measurements unreliable. In the course of our work this experience has been 
confirmed. 

An attempt was made to raise the elastic limit, without seriously affecting the 
modulus, by prestraining. However. even after 300 cycles of stress, the stress- 
strain graph was still curved from zero stress, and the loading and unloading line 
for a complete cycle formed a loop. This loop was similar to “ elastic hysteresis ”’ 


loops found in other metals when stressed beyond the primitive elastic limit. 
EXPERIMENTAL DETAILS 


(a) Tests on wrought uranium 


The specimen used was wrought rolled bar of 99-95 per cent purity. It was 


first stressed in compression to a maximum stress of 76,000 Ib. /in.?.. The stress 


was applied in a standard testing machine and the longitudinal strain was measured 


with an extensometer having a strain sensitivity of 3 x 10-®; lateral strain was 
measured to a sensitivity of 4 10-°, 

The specimen was then subjected to 300 cycles of compression stress. In some 
of the cycles the stress was both applied and removed by increments, and the 
strain measured. For the other cycles the stress was both applied and removed 
continuously at a rate of approximately 3,700 Ib. /in®. per sec. The maximum 
stress in most of the cycles was 70,000 lb./in?. but five cycles were measured 


with a maximum stress of 56.000 Ib. /in.?. 
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Fie. 1 shows stress longitudinal-strain graphs for cycles 1, 4, 30 and 100. The 
stress-strain graphs are all looped and the unloading line cuts the strain axis at a 
point farther from the origin than the loading line. This means that each cycle 
puts some permanent strain into the specimen. The permanent strain from cycle 
No. 1 is 2-5 10; from eycle No. 4, 8 10°; and from cycles Nos. 30 and 100, 
of order 2 10-5. After cycle No. 100 the specimen was left in position in the 
testing machine with no external stress ; it was found that the apparent permanent 


strain disappeared after 30 


minutes. Although the 
strain lags behind the stress, 
by an amount of order 
2 10-5, this will not 
account for the loop since its 
width is equivalent to strain 
of order 4 10-* at the 
widest point. It will also be 
noted from Fig. 1 that the 


area of a loop, which is 
: unit = 6x10“ 
proportional to the energy 
dissipated, varies with the Fig. 1. Hysteresis loops for wrought uranium. 
. 3 Note : Horizontal scales are displaced to separate the loops. 
number of previous cycles 
of stress. Table I gives 
the loop areas for cycles having maximum stress of 70,000 Ib./in?. or 56,000 
lb. /in.2.. The Table shows that the energy dissipated decreases up to about the 
50th cycle; thereafter a more or less constant amount of energy is dissipated 


per cycle, the energy loss depending on the range of stress. 


Tasie I. Energy dissipated per cycle of compression stress applied to wrought uranium 


Stress cycle Maximum stress of cycle Energy dissipated 
al 2 * 
No. lb. /ins. leg /em= ergs /cc 10-? 


70.000 5,000 17-6 
70,000 5,000 13°: 
70,006 5,000 12: 

70,000 5,000 ll-{ 
70,000 5,000 11+ 


56,000 4,000 
56,000 4,000 
56,000 4,000 
56,000 4,000 


It was impossible to measure strain in both directions for any one cycle because 
the two extensometers available could not be used simultaneously. Therefore 


Fig. 2 shows stress x lateral-strain graphs for cycles No. 7 and 8 and stress 


longitudinal-strain graphs for cycles Nos. 9 and 10. The stress x lateral-strain 


graphs are loops similar in shape to the stress longitudinal-strain loops. There is 


a small amount of permanent strain in the lateral as well as in the longitudinal 
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direction. For cycle No. 7 the permanent lateral strain is of order of 1 10-5 
and for cycle No. 10 the permanent longitudinal strain is of order 5 10-5; the 
ratio of the two (0-2) is of order of Poisson’s ratio. On the lower part of Fig. 2, 


Poisson’s ratio ‘stress curves are plotted for two cases. These curves were derived 


by comparing the incremental strains on the loading and unloading lines of the 


; 4 8 6 
STRESS — = 10000 |b/in2 STRESS=—= 10000 Ib/in2@ 


STRAIN N° 7/ LONG: STRAIN N° 10 LATERAL STRAIN N°8/LONG: STRAIN N° 9 


Relations between lateral and longitudinal strains for wrought uranium. 


lateral strain loop with the corresponding increments of strain on the longitudinal 
strain loop of the same maximum stress. It will be noted that the apparent 
Poisson’s ratio varies throughout the cycle. It has a minimum value shortly after 
stress is first applied and then increases as the stress increases. After the maximum 
stress it continues to increase as the stress decreases, and reaches a maximum value 
shortly before the applied stress is completely removed. How the ratio varies at 
low stresses, i.e. between the maximum and minimum, is not clear from the 
observed strain readings. This is possibly due to the inaccuracy of measuring 
lateral strains at low stresses. For the stress cycle of maximum stress 70,000 
lb. /in®. Poisson’s ratio varies between 0-22 and 0-29 and at the maximum stress 
point it is 0-26. For the 56,000 lb. /in.? cycles it varies between 0-22 and 0-33 and 
is 0-28 at the maximum stress. Thus Poisson’s ratio is not an invariant quantity 
for uranium. Values of Poisson’s ratio quoted in the literature (Katz and RaBino- 

ircH 1951) vary from 0-20 to 0-49 depending on the condition of the metal. 

After the specimen had been subjected to the 300 cycles of stress, a further 6 
eycles of stress with different upper limits were applied by increments and the 
strain measured. The energy dissipated per cycle (ergs cc) is plotted against 
maximum stress of cycle (kg/cm?) in Fig. 3. The results show the energy loss 
increases rapidly with the upper stress of the cycle, 


The “ elastic hysteresis * of uranium 
(d) Tests on cast uranium 


This specimen was machined from vacuum cast bar of 99-92 per cent purity. It 
was stressed in tension by a standard testing machine and the longitudinal strain 
was measured with an extensometer having strain sensitivity of 2 10-4, 

The specimen was subjected to 200 cycles of stress. As before, for some of the 


cycles the stress was both applied and removed by increments and the longitudinal 


strain measured : for the others it was — inti ssi 
applied and removed continuously at a 

rate of approximately 2,600 Ib./in?. 

per sec. The maximum stress used was 

48,000 Ib. /in.?. 

These tests gave stress 

longitudinal-strain loops similar to 

those for wrought uranium. Table II 

gives values for energy dissipated in 

stress cycles 50, 70, 100 and 200, and 


shows that the energy loss is greater 


than for the wrought uranium and 


continues to decrease throughout the 

200 cycles; for wrought uranium it 

reached a steady value after 50 cycles. Fig. 8. Relation between energy dissipated and 
After the 200 eveles of inn a maximum stress for consecutive cycles of stress. 

further 12 cycles with different upper 

limits were applied. Fig. 3 shows that, as with the wrought uranium, the 


energy loss increases rapidly with stress. 


TABLE II. Energy dissipated per cycle of tensile stress applied to cast uranium 
/ } ] j I 


Stress cycle Vaximum stress of cycle Energy dissipated 


ergs /cC 10-? 


18.000 
18.000 
LS.000 


tS .000 


(c) Tests on steel and brass 


It was obvious that uranium was showing more marked elastic hysteresis than 
common metals and a few tests were made on steel and brass to provide numerical 
comparisons. These tests should strictly be compared with the early cycles on 
uranium since it was found that the steel and brass loops tended to disappear 
as cycling continued. A few tests on steel below the elastic limit confirmed that 
the hysteresis was not due to the extensometers. 

The testing technique was essentially similar to that adopted for uranium. The 
results are given in Fig. 4 and Table III, with comparable data on wrought uranium. 
Figures for cast uranium are not included because loops were recorded only after 
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50 cycles of stress. The energy loss in the uranium is approximately 12 times that 


for the steel and 8 times that for the brass. 


Discussion OF RESULTS 


It is clear from these experiments that uranium is very different from the other 
two metals discussed since the “ elastic ” properties derived from the stress-strain 
curves are very sensitive to the mechanical history of the sample. In view of 
this, precise elastic calculations on uranium would appear to be pointless. 

‘* Elastic hysteresis ** can be 
explained by non-uniform 
vielding in polycrystalline 
samples as follows. At a very 
early stage in the loading the 
deformation is elastic and all 
grains deform uniformly. 
Then one of the grains yields 
and the stress in the 
surrounding grains is increased, 


so that they in turn yield as 


the applied load is further 
STRAIN 


inereased. By this mechanism 
. Fig. 4. rsteresi s for ur: m steel : ‘ 
the total strain is partly elastic ig. 4 Hysteresis loop for uranium steel and brass. 
Note : Horizontal scales are displaced to separate the loops 
and partly plastic, and so the 
stress total-strain line is 
curved. If the applied load is tensile and is now reduced, the grains which have 
yielded go into compression and deform elastically. At an early stage in the 
unloading the grain that first yielded on loading should again yield first. The 


compressive stress on the surrounding grains will now be increased and they in 


TasBLe III. 


Material 


Ultimate tensile strength Ib. /in.* « 10-4 
Maximum stress of cycle Ib. in*. 10-4 
nergy dissipated per cycle ergs ee 10> 


Number of stress cycle 


turn will yield as the applied load is further decreased. Thus, as for loading, the 
strain on unloading is partly elastic and partly plastic and the stress total-strain 
line is a curve. The unloading line of the elastic hysteresis loop should be the 
same as the loading line, except that it is inverted. That this is approximately 
so can be noted from the elastic hysteresis loops shown on Fig. 1. The energy 
dissipated is used in plastically deforming some of the metal. 

It has been found that the energy dissipated in uranium is a factor 10 greater 
than in steel or brass. This relatively large dissipation of energy is probably due 


to some difference in the mode of plastic deformation in uranium. Caun (1953) 
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has shown that at low temperatures uranium deforms mainly by twinning whereas 


it is known that steel and brass deform mostly by slip. The above description of 


elastic hysteresis is still applicable, twinning occurring when the grains yield as 
the load is applied and untwinning as the grains yield as the load is removed. 
Evidence of untwinning on reversal of stress can be seen in JILLSON’s photographs 
of zine (1950). With regard to the energies involved, CuaLmMers (1935) has shown 
by a ballistic technique that the twinning energy for tin is 8 »« 10° ergs/ce, so 
that our value of 6-17 10° ergs/ce for partial twinning of uranium (a harder 
metal) is of reasonable magnitude. The difference between cast and wrought 
uranium may lie in the different grain size, as it has been shown by Cann and 
others that twinning is facilitated by a large grain size. This suggestion was 
verified by a comparative experiment on a uranium specimen whose grain size 
had been enlarged by strain annealing. ‘The grain size of the strain annealed 
specimen (0-032 mm) was approximately 50 per cent larger than that of the cast 
specimen (0-023 mm). For stress cycles of maximum stress 2,000 kg/cm? the 
hysteresis losses were 5 < 10° ergs/ce for strain annealed and 2-2 x 10° ergs /ce 
for cast material. Thus the specimen having the larger grain size dissipates the 
greater energy. 


TABLE IV. 


Energy dissi- 
Specimen pated per cycle Grain six Orientation 


10-" mm, 


0-01 to 0-18 
Random 
0-01 to 0-15 


0:2: 
Random 
20 


not measurable 
| In CS 4 (010) predominates normal to stress 
AXIS 
not measurable 


31-0 0-045 . , 
| Both samples show very strong orientation 
| of (181) normal to stress axis 


ov 26-0 0-035 


* The numeral in the specimen number denotes the heat treatment given. The letters give the mode of fabrica- 
tion. HR hot rolled. CS cold swaged. 


4. FurTHER EXPERIMENTAL WorkK AND DISCUSSION 


Kight more uranium specimens have been examined in an attempt to obtain 
confirmation of the suggestion made above. Four of the specimens had been 
made by hot rolling and the other four by swaging at a lower temperature. 

Four different heat treatments were given and the grain sizes and preferred 
orientations in these materials together with the energy losses on cycling are 
given in Table IV. 

The results on the specimens with random orientation (treatments 2 and 3) 


show that the energy loss does increase with grain size. That grain size is not 
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the only important variable can be seen by comparing specimens given heat 
treatment 5 with those given heat treatment 2, since the former have a larger 
energy loss and a smaller grain size. This is consistent with the concept that 
the loss is due to twinning since the specimens given heat treatment 5, having 
(131) normal to the stress axis, can twin more readily than the average. This 
follows from Fig. 5, which is due to Cann, and shows that if a stress is applied 
in certain directions to uranium the crystal cannot deform by twinning. Similarly 
the fact that HR 4 has a higher energy loss than CS 4 is consistent with the fact 
that CS 4 has a larger proportion of (010) normal to the stress axis and this is 
an orientation which does not twin in tension. 


It follows that the large energy loss in 


polyerystalline uranium is due to mechanically 
induced twinning and untwinning. The variation NO TWINNING 
; ; paar ag IN TENSION 
apparent in Poisson's ratio is not surprising on 
this hypothesis if uranium is elastically aniso- 
tropic, as would be expected from its other 
properties. As far as we are aware there has 
been no determination of the single crystal elastic 


constants of uranium, but we may cite as an 


example beryllium for which the dependence of 

Poisson’s ratio on stress orientation can be 

calculated from the data given by GoLp (1949). :. 5. Restrictions on twinning in 

If the transverse strain is measured in the basal uranium. (After Cam). 

plane Poisson’s ratio changes from 0-35 to —0-28 

as the stress axis moves from being perpendicular to being parallel to the basal plane. 
Hai (1935) has previously suggested that twinning and untwinning may be 

the direct cause of elastic hysteresis in metals, and this work confirms his sugges- 

tion. However, there must be some other mechanism operating, which dissipates 

less energy, to explain the behaviour of steel and brass in which deformation 


twinning has not been demonstrated at these rates of strain. It is interesting 


to speculate whether annealing twins could grow under stress as do deformation 


twins, and thus dissipate energy. Further work would be required to demonstrate 
this possibility. 
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SUMMARY 

Many applications of the theory of plasticity are based on the Reuss stress-strain relations. The 
present investigation was undertaken to test their validity under conditions where the plastic 
and elastic components of the strain increments are comparable and where the stresses and the 
strains are not uniformly distributed. The problem chosen was the overstraining of thin tubes 
by the simultaneous action of bending and twisting couples. The material was a steel with a 
stress-strain curve closely approximating the idealized one assumed in the theory. 

The test results were found to be predicted very accurately by the theory. Certain small 
discrepancies are attributable to the effects of stress gradient and small imperfections. The 
MAXWELL-MisEs yield criterion and the Lervy-Mises relation were found to be good 


approximations for this material. 
INTRODUCTION* 


Most applications of the mathematical theory of plasticity are based on the 
Reuss stress-strain relations (HILL 1950, p. 39). These assume that any infinite- 
simal increment of strain in an overstrained material can be treated as composed 
of two distinct and additive parts: one, the elastic part, given by the ordinary 
elastic equations ; the other, the plastic part, given by the LEvy-Mrises relations. 
Evidence as to the validity of the Reuss relations when the plastic and the elastic 
parts of the strain increment are comparable appears, however, only to have been 
obtained under conditions where the stress and strain distributions are uniform 
(Morrison and SHEPHERD 1950). The present investigation was undertaken to 
examine the validity of the Reuss relations when conditions are non-uniform. The 


experiment selected is the overstraining of thin tubes by the simultaneous action 


of bending and twisting couples. This was chosen for the following reasons : 

(i) Direct information is obtained about the yield criterion (The Reuss relations 
can, in principle, be used with any criterion). 

(ii) The relation between Lopr’s variables 4, and v, can be deduced. (The 
Lévy-MiseEs relation postulates px, = v;). 

(iii) Apart from the autofrettage of pressure vessels, the combined bending 
and twisting of thin tubes is the only problem that has been solved theoretically 
where the plastic and the elastic components of the strain increment are comparable 
(Hitt and S1eBen 1951), except for trivial cases where the distribution is uniform 
or for simple cases of non-uniform distribution such as the torsion of a solid circular 
cylinder. 

* This paper is an abridged version of a Dissertation (University of Bristol). 
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The experiments were not designed to discriminate between the predictions of 
the so-called “ incremental” and the “total” strain theories. The physical 
inadequacy of the latter is well known (e.g. H1Lt 1950, p. 47). The present intention 
is purely to test predictions based on the Reuss relations and also, in this case, 
on the Maxwe.t-MiseEs yield criterion. 

In a tube subjected to simultaneous bending and twisting, a plastic region is 
eventually initiated in the extreme fibres and gradually spreads under monotonic 
loading towards the neutral plane. The distortion of the plastic zone is constrained 


by the remaining elastic zone to be of an elastic order of magnitude until about 


one half of the tube has become plastic. It is in this range of strain that the 


Reuss relations are examined. As the loads are increased, the elastic zone shrinks 
and finally becomes negligibly small. The stresses are then effectively uniformly 
distributed in a non-hardening material and can easily be calculated from the 
measured couples. At this stage, therefore, the yield criterion of a non-hardening 
material can be directly checked. The material used was a steel which in fact 
did not work-harden in the relevant range of strain. In this “fully” plastic 
state the stresses remain constant, so that the validity of the LEvy-MiIsEs relation 


can also be independently investigated. 


MATERIAL 


Ten 2 in. diameter bars, 13} in. long, of a special steel (E steel) were available. 
The cast from which the bars had been rolled had the following pit sample analysis : 
C, 0-22 per cent ; Si, 0-21 per cent; Mn, 1-48 per cent ; S, 0-031 per cent ; P, 0-029 
per cent ; Ni, 0-63 per cent ; Cr, 0-19 per cent ; Mb, 0-36 per cent. The heat treat- 
ment originally given to the bars was : 
Water hardened 850°C (13 hrs. soak), 
Tempered 630°C (14 hrs. soak), 
Re-tempered 650°C (2. hrs. soak). 
The bars then had a Brinell hardness equivalent to a tensile strength of 55 tons /in.*. 
This was considered too high, and after a complete re-heat treatment the hardness 
was reduced to one corresponding to 50 tons/in.? tensile strength. 
Microscopic examination showed the steel to have a small number of slag 
threads enclosed in the sorbitic structure normal of the heat treatment given. 
In order to eliminate machining stresses as far as possible, all the specimens 
were subjected to a stress relief anneal after machining. This consisted of a one 
hour soak at 550 ( 5° and was carried out in the vacuum furnace described 


by Morrison (19389). 


CONVENTIONAL TESTS 


The material of tubes subjected to combined torsion and bending is stressed in tension, in 
compression and in shear. The stress-strain curves cf the steel under these three loading conditions 
were determined separately ; for this purpose nine specimens were made from one of the bars 
(No. 6). It was considered essential to have three specimens available for each type of test. The 
specimens were so distributed that it should clearly appear from the tests whether there was a 
variation of properties along or round the bar at a radius where the walls of the tubes would 
normally li 
y were obtained from each of the bars from which tubular 


« 


Check specimens for direct testi 
specimens were made. After the material necessary for one tubular specimen had been cut 


The combined bending and twisting of thin cylinders in the plastic range 191 


from each end, only a “ slice * 1-75 in. long from the middle of each bar was left. From this, 
transverse and longitudinal compression specimens were made (Fig. 1). From further bars, not 
used for tubes, oblique specimens weie obtained. All the compression check specimens were 
similar and therefore provide, not only the stress-strain curve of the material of each bar, but 


also a check of the isotropy and homogeneity. 


BARS 2 3 AND7 BAR 4 
Fig. 1. Position and numbering of compression check specimens. The reference mark of each 
specimen consists of the letters as shown, preceded by the number of the bar from which it was 


taken. 


As a further check, Brinell hardness tests were made along and through the cross-sections of 
the bars. 

The torsion specimens from bar No. 6 had a parallel test section 1-5 in. long and 0-4 in. in 
diameter, joined to enlarged keyed ends by a 3 in. radius transition curve. The profile of the test 
section was ground. The tests were carried out in a torsion testing machine designed by Mr. B. 
CrossLAND (University of Bristol). The torque is applied through shackles which cause neither 
bending nor axial stressing of the specimen ; it is measured by the twist in a long steel bar. The 
strain was measured by a torsionmeter consisting of two clips carrying mirrors and fixed an 
accurately set distance apart. 

All the tension and compression tests were carried out in a 10-ton Robertson machine (ROBERT- 
son and Newport 1927), in which a very close approach to axial loading is possible. The weighbar 
(SIEBEL and SMALLMAN 1949) was recalibrated. 

The tension and compression specimens from bar No, 6 had a 1-125 in. parallel section, 0-357 in. 
in diameter, joined by a 3 in. radius fillet to heavy ground ends which were a push fit in the 
sockets of the load bars. 

The compression check specimens had a total length of only about 1-7 in. A central parallel 
section 1 in. long and 0-357 in. diameter is joined by a 1 in. radius fillet to a very short parallel 
end section, 7 in. in diameter. To ensure axiality of loading the flat ends of these specimens 
were located oa half steel balls, also of 4 in. diameter, by means of short sleeves. A pair of 
adapters made it possible to test these specimens in the 10-ton Robertson machine (Fig. 2). 

In all the tension and compression tests the strains were measured by means of the triple 
Martens extensometer described elsewhere (Morrison 1939). From the readings the maximum 
us well as the average strain in the specimen may be determined and hence the true upper yield 
stress. 

The technique used for the axial loading tests and for the torsion tests was the same. In the 


elastic range the load was raised by decreasing amounts as the proportional limit was approached. 


In the plastic range readings were taken twenty minutes after the application of each load 


increment. This wait was necessary to allow the load-bar-specimen system to reach an approxi- 
mate equilibrium. 
The compression check specimens were strained to a permanent set of about 0-7 per cent, 


und their ** roundness ” then measured. 


tf. DESIGN OF THE TUBULAR SPECIMENS AND TESTING MACHINE 


Abseace of buckling was essential to the success of the investigation. Preliminary pure bending 
tests under four point loading were therefore carried out on two tubes made from the ‘ E’ 
steel. Both had a 1 in. diameter bore ; the first had a wall thickness, ¢ = 0-050 in., and did 
not buckle at a strain three times that at yield ; the second with ¢ = 0-020 in., buckled at yield. 
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\ bore diameter of 1 in. and a wall thickness of 0-060 in. were therefore considered suitable. 


allowing for the possibility that, after delivery, certain machining processes might still be necessary 


to correct any eccentricity or taper. That this wall thickness does not lead to appreciable errors 


when its mean radius, a, is used in the theoretical ** thin-tube ” formulae is shown in Appendix 1. 
The specimens were given a parallel section of 2-5 in. to ensure that at least 2 in. of it was 
free from end effects, since three different types of extensometer had to be fitted for each test. 
The test section was joined to the enlarged ends of the specimens by a fillet of 3 in. radius, equal 
to about six times that of the specimens or to about fifty times its wall thickness. Thereby it 


was hoped not only to avoid premature yielding at the fillets, but also to obtain a longitudinally 


; 
anes 


LS 
ta ee 
7 


ion through compression testing Fig. 3. General arrangement of testing 


ri machine set for pure torsion test. 


uniform stress distribution about 0-5 in. away from the root of the fillet. The enlarged end 
sections of tl pecimen were keyed flanges. The total length 5-75 in., was such that a length of 
bout 1:8 in. was left from the middle of each bar after two specimens had been cut off. This 
remainder was used to make the compression check specimens. 

In the testing machine one couple only is applied. Its axis can be made to lie at any angle 
to that of the specimen. The ratio B/T of the bending to the twisting component of the couple 
is held constant during a test. 

he main features of the machine are shown in Figs. 3 and 4a. ‘The lower end of the specimen, 
3. is firmly held on the rigid base, A ; to its upper end is fitted the loading head, C. This consists 
of a heavy member to which a frame, D, is attached by one bolt, KE. The frame can be pivoted 
about this bolt to set its angular position, and is locked in position by tightening the bolt. 

Equal and opposite forces act on each end of the loading frame. Their lines of action are 
parallel to the axis of the pivot bolt, so that any desired ratio of bending to twisting moment can 
be applied to the specimen by adjustment of the frame angle. The forces are applied through 
thin steel tapes leading from each end of a loading beam, H, over pulleys, K, to the frame. At 


the ends of the tapes the shackles, L, are fitted with a hard steel surface which bears on the 


7 


ai 


Fig. fda. The combined bending and torsion testing machine. 
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hard steel balls, F, set in the frame. The positions of the pulleys and their supports, M, ean 
be so adjusted that the tape is parallel to the pivot bolt. 

Since the torsional and bending stiffnesses of the tube are different the rotation of the frame 
due to the straining of the specimen, has two components with axes respectively perpendicular 
to the plane of the forces and in the plane of the forces, parallel to their common perpendicular. 
To minimize the * cosine * effect due to the first component, the balls are offset from the centre- 
line of the frame in a direction opposite to that of the applied forces. The apparent initial increase 
in the effective moment arm, when the frame rotates under load, is almost balanced by the 
decrease due to the rolling of the steel balls on the load applying surfaces. The calculated 
correction never exceeded 0-15 per cent even at the ends of the tests when the frame had turned 
through 5 or 6°. The effect of the second component on the B/T' ratio can be disregarded, since 
the rotation is less than 2° and also because the points of application of the forces are very near 
its axis. 

The load is applied to the beam by means of worm, gear and nut arrangement, G, and through 
a proving ring, J. In the design of this ring particular care was taken to eliminate errors due 
to frictional effects and small additional bending moments. The ring and its dial gauge were 
calibrated by dead weights and a 5:1 yard arm. A reading on the dial gauge for a given load 
can be relied upon to within 0-2 to 0-3 of a division in the range 0-450 divisions. (One division 

2-68 Ib.). It was checked that the tensions in the two tapes were the same. The frictional 
resistance in the pulleys was found to be negligible. 

The tops of the pulley supports are connected by a rigid member, N. This greatly increases 
the effective stiffness of the supports, and thus reduces their necessary width. This member 
alsc supports the heavy loading head which is suspended from it by means of two springs, P, of 


low stiffness. 


Torsionmeter. Fig. 6. Warpmeter. 


5. EXTENSOMETERS 


The deformations that had to be independently measured were the angles of twist and of bend 
and the axial warping of the cross section. Three types of mechanical-optical extensometers 
were used (Fig. 4b). 

The angle of bend was measured by two Martens extensometers held in position at the extreme 
fibres by a spring loaded clip. 
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The torsionmeter* (Fig. 5) consists essentially of two clips carrying mirrors and fixed to the 
specimen a known distance apart. Each clip touches the tube at two diametrically opposed 
points. To prevent pivoting about this diameter, the clips are disposed on two perpendicular 
diameters, and are so connected that they remain parallel to each other. This ensures that the 
measurement of twist will not be affected by bending of the specimen. 

In designing the warpmeter advantage was taken of the anti-symmetry of the warp. It has 
been shown (Hitn and Srepen 1951) that the warping takes the same value at points lying at 
opposite ends of a diameter, while the values at points on a pair of diameters symmetrically 
disposed about the plane of bending are equal and opposite. 

The extensometer consists of two members carrying mirrors and each fixed to the specimens 
at two points, A, B and C, D, respectively (Fig. 6). When warping occurs, both members rotate 
in opposite senses about EF. The relative rotation, which is proportional to the amount of warping, 
is measured by means of the mirrors, a scale and a telescope. 

['wo hard steel points fitted to each member are the only contacts between the warping 
extensometer and the specimen ; two spring clips, H and J, provide the force necessary to position 
the extensometer. 

To prevent the members rotating about the lines through AB and CD, a rigid extension of 
one member is hinged to the other on the line EF. The hinge is found by two small steel balls, 
G. lying on EF and held between flat plates. The use of balls permits the extensometer to adjust 
itself to small changes in the shape of the specimen cross-section. This extensometer, in effect, 


only measures the warp at four points lying at angles of 60° from the axis of bending. 


6. TECHNIQUE OF TUBE TESTS 
The tubes were manufactured with great care to ensure that the test section 
was parallel and that its outer profile was concentric with the bore. Both profile 
and bore were ground. 
None of the specimens was perfect on delivery. To correct the imperfections 


t 


the bores were first made parallel by using a Precision Honing Machine. The 


taper of the bore in the test section was less than 0-0001 in., while the outer profiles 


were parallel to a similar accuracy. Then, to correct the eccentricity, excess 
metal was removed from the bores by rubbing with emery paper held on a round 
steel rod. Finally the roundness of the bores was restored by again honing. The 
relative eccentricity of bore and outer profile was reduced to 0-00015 in. or less. 
After the stress-relief anneal, the dimensions were re-checked, and the positions 
on the specimens where the extensometers would be located were accurately 
marked out. The thickest and the thinnest parts of the walls were arranged to 
be as near as possible to the neutral axis. 

The tests were carried out in two series. In the first B/T ratios of 0, co, 4, 1 
and 2 were used in that order. The pure torsion and bending tests were performed 
first, with all extensometers in position, to check that one kind of deformation 
did not affect extensometers measuring any other. 

The load was raised by decreasing amounts until the proportional limit was 
reached. Thereafter definite strain increments were applied and readings taken 
ten minutes after straining. The * creep rate’ was then roughly the same in 
the tubes as it had been after twenty minutes in the conventional test specimens. 

The tests were stopped at a strain of order two or three times that at the pro- 
portional limit. The elastic constants obtained from these tests differed by up 
to 2-5 per cent from those obtained from the conventional tests. It was found 

at. after stressing the specimens several times to a stress about 0-8 of that at 


I am indebted to Professor J. L. M, Morrison for suggesting the design, 
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the proportional limit, the elastic constants were very nearly in accord with 


those in the conventional tests. This cyclic pre-strain had no other observable 
effect on the behaviour of the tubes. 

All tubes used in the second series of tests were subjected to about eight such 
preliminary loading cycles. Otherwise the testing procedure remained unchanged, 
the B/T values being, 2, 1, }, and 1/10. To facilitate the comparison of results, 
specimens taken from the same bar of ‘ E’ steel were used when repeating tests 
under the same B/T ratio. 


ton per sqin 


i 
STRAIN 
UPPER YIELD STRESS IN TORSION STRESS = ———1ORQUE 
—— DERIVED CURVES . 
Fig. 7. Bar No. 6 stress-strain curves. 


TABLE 1 


Upper Yield Lower Yield 
Stress Stress 


. » * » 
tons /in.“ tons /in.* 


E G 


Specimen oa i 
I tons /in.* tons /in.* 


Torsion 5300 
Compression 13430 

Tension 13440 

Tension 13500 

Torsion 

Compression 13330 

Compression 13450 

Tension 13460 


Torsion - 9230 


7. RESULTS OF THE CONVENTIONAL TESTS 
The stress-strain curves for Bar No. 6 are shown in Fig. 7 and the numerical 
results in Table 1. In tension and in compression the relation is linear until, at 


* Numbers 1, 2 and 3 indicate position along the bar, while letters A, B and C indicate position round the bar. 
+ Derived quantities: \/3 x shear yield stress, 
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a stress 1 to 2 tons/in.2 below the upper yield, a small curvature appears even 
when the axiality of loading is almost perfect. A small drop of stress of between 
L and 4 per cent occurs after yield. The material then deforms under a constant 
stress up to strains of 1-3 per cent when the tests were stopped. No Liiders markings 


were observ ed, 


TABLE 2. COMPRESSION CHECK SPECIMENS—TEST RESULTS 


ID Upper Yield Stress Lower Yield Stress 


ee oe ~_* 
fons (in, tons /in.- fons /in.- 


13600 42- 41-1 
13550 $2; 41-1 
13600 12-6 t1-s 
13650 42- 12-$ 


13650 2° 41: 
3600 2-8 41°: 
13600 3: 41-{ 


13600 5S 42- 


G00 . 41-6 
37( “{ 42- 
6. 10-7 


I: 
1: 
1: 


13600 
13600 


= 


13750 


— 


13550 
13700 
38700 


ao oo Ww Ww 


— de 


12600 


13700 
13600 
15850 


13850 


13650 13- 
13650 43: 
13900 14-8 
13800 ee 


13800 13- 
10LB 13800 42>; 
LOOA 13850 14-0 
100B 13850 14-2 


L. denotes longitudinal specimens ; T denotes transverse specimens ; O denotes oblique specimens 


The torque-twist curves were converted to shear stress-strain curves by the 
well-known Napali construction. The tensile stress-strain curves were then 


derived, assuming the ratio between tensile and shear yield stresses to be 1/3; 
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this is shown to be justified later. From the values of E and G, Poisson’s ratio, 
v, was calculated to be 0-275 + -O1. 

There appears to be no significant variation of properties either along or round 
the bar. The scatter of the lower yield stress values is about 4 per cent; the 
mean values are 42-5 tons/in.? in compression and 41-8 tons/in.? in tension. In 
these tests the eccentricity of loading was kept small ; the maximum stress exceeded 
the mean by between 0-4 per cent (61C) and 2-5 per cent (62C). In torsion the 
mean derived value of the lower yield stress is 41-9 tons /in.?. 


Ome 
peor 


LIMITING THEORETICAL CURVES 


EXPERIMENTAL CURVES: Ist. SERIES 
OF TESTS 
EXPERIMENTAL CURVES :2nd SERIES 
OF TESTS 


[e;e@) 
Ea¥ 


Variation of curvature with bending moment. 


The results of the tests on the compression check specimens are given in Table 2 ; 
the stress-strain curves are similar to those for Bar No. 6 (Fig. 7). It may be seen 
that the material is not absolutely homogeneous ; all transverse and oblique 
specimens have higher compressive yield stresses than the corresponding longi- 
tudinal ones ; the longitudinal specimen 5LC from the core of Bar 5 (Fig. 1) has 
also a higher yield stress than specimens 5LA and 5LB. Generally it may be 


said that specimens with gauge lengths near the cores of the bars have higher 


yield stresses than those with gauge lengths from the outer layers. The yield 
stress of specimens taken from similar positions in any bar agree to within 1 per 
cent (except in Bar No. 4) ; the yield stresses of specimens from dissimilar positions 


may vary by 5 per cent. 

No ovality of section was found in any specimen after testing. The axiality of 
loading in these tests was good ; in the elastic range the maximum stress exceeded 
the mean by an average of 1-85 per cent only, the limits being 0 and 5-3 per cent. 
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Brinell hardness tests revealed no significant variation of properties along the 
bars. The cores are, however, somewhat harder than the outer layers. In an 
extreme case (Bar No. 3) the hardness numbers were 269 at the core and 217 at 


a radius of # in. 


8. Resuutts oF Tests oN TUBES 
(a) The be nding moment-curvature relations 


In Fig. 8 the experimental results have been plotted together with those 
predicted by the theory. Gay/k was first converted to Eays/k using a Poisson’s 
ratio of 0-3 as in the theoretical calculations ; a is the mean radius of the wall of 
thickness t while % is the angle of bend per unit length. The predicted curves 
were then obtained by multiplying the dimensionless quantities B/4,/3 a? tk and 
Ea k by the measured shear yield stress k. From the compression check 


specimens a small range of values was found for the lower yield stress in each 


Fig. 9. Variation of twist with twisting moment. 


bar. The extreme values of this range were used to plot two calculated curves 
for each B/T ratio. The effect of plotting B/4,/3 a? t against Eay is that the 
calculated and the experimental curves have the same slope, 7/44/3 in the elastic 
range. It should be noted that the relation between B/44/3 a2 t and Eay is 
completely independent of v (ef. equation 13, HL. and SIEBEL, op cit.). 

In the early part of the plastic range some curves have a raised “ knee” and 
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the applied bending moment is greater than predicted, but, as the plastic zone 
spreads, all the curves return to the predicted range. At the ends of the tests 
they are almost horizontal. 

The experimental curve for B/T = 1/10 is not shown, Almost immediately 
after yield B/44/3 at attains the constant value of 2-14 tons/in?. This test is 


interesting only from the point of view of warping. 


(b) The Twisting-Moment-Twist Relations 


The experimental twisting moment twist curves are shown in Fig. 9 together 
with the two limiting curves calculated for each B/T ratio from the corresponding 
extreme values of k. 

The calculated T'/27a*t is independent of v. 6, the angle of twist per unit 


length is proportional to (1 + v) in the elastic range and becomes steadily less 


dependent on v as the elastic zone shrinks. When T7'/2za*t is plotted against 


Gaé the slope of the line in the elastic line is, of course, unity regardless of the 


value of v. - 


The curve for pure torsion _ 
(B/T = 0) departs from linearity 
about 8 or 10 per cent below 
the upper yield point, where a 


very small drop of twisting 


moment occurs. The curve lies 
in the predicted zone except for 
a short range immediately after 
yield. 

The curves for B/T 2, 


l and } are exact replicas of the 


bending curves. Their position 
relative to the predicted curves 
is the same and the “ knees ” 
are of the same _ relative 
magnitude. The curve for 
B/T 1/10 is not shown; it 


is very close to the pure torsion 


curve, but the ultimate twisting _ —— CALCULATED CURVES AND ASYMPTOTIC DIRECTION - 
moment is 1-5 per cent lower Se eee ee 

oat o per ct : ; _—— ” " SECOND SERIES 
Fig. 10. The relationship between warp at @ 60 


(c) Warping and twist. 


The experimental curves of 
the warp, w, at ¢ = 60° in relation to the twist, #, are shown in Figs. 10 and 11, 
together with the theoretical curves and asymptotic direction (Appendix 2). The 
vertical scale is such that one unit is equivalent to a warp of approximately 
0-001 in. 

The predicted curves have been obtained by multiplying the calculated dimen- 
sionless quantities Gw/ka and Gaé/k by the highest value of the yield stress, k, 


obtained from the appropriate bar of steel. 
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The experimental curves for B/T = 2 lie below the calculated curve. Their 
shape is similar to that predicted and they possess the characteristic inflexion ; 
their final slope is about 0-25. The curves for B/T = 1 lie astride the calculated 
one, the inflexion being again present. The final slope is about 0-36. The two 
curves fer B/T = } are similar in the early part of the test. In the first test the 
warp-meter slipped after the last 


reading shown, and the readings 
were then erratic and meaning- 
less. The inflexion is again 
present. The final slope of the 
second curve is about 0-31. 
When B/T 1/10, the experi- 


mental curve has no point of B/T=\/2 


inflexion and the amount of 


warp remains small. The final 
slope of the curve is about 0-03. 


The sense of the warp was, in 


every case, as predicted. . _| | B/T=\/10 


2 —— 


(d) The Yield Criterion 


Che last load reading in each v<winstipllmeiaiiias aia tes euiaeiidn Gulia 


experiment was used to calculate —o— EXPERIMENTAL CURVE FIRST SERIES 
° —x— ” ” SECOND SERIES 

the shear and axial stresses 

Fig. 11. The relationship between warp at 6 = 60° 


(tr and o_) in the tube which : 
, : and twist. 


by then should be uniformly 

distributed (Fig. 12). Three 

MAXWELL-MIsEs ellipses (o? + 37? = 3k?) are also shown representing the highest, 
the lowest and the mean values obtained from the compression check specimens 
from all the bars from which tubular specimens were made. 


MISES MAXWELL ELL 
LTS ST SERIES 


IND SERIES 
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(e) Lode’s Variables 
The experimental relations between Gaé and Eazy are shown in Fig. 13. The 
theoretical curves were calculated using the upper value of & in the range for the 
appropriate bar. 
Lope’s variable v, is calculated from 


_ 1 7 Ea -s 
te (5 aa). 


using the asymptotic slope (d@/d) .. The derivation of this relation is given 


in Appendix 3. yy, is given by 
Pr 


The (y,;, vz) relation is shown in Fig. 14. 


——O-—— EXPERIMENTAL CURVES FIRST SERIES 
“a - ” SECOND SERIES 
——— CALCULATED CURVES 


ter 


The relationship between curvature and twist. 


9. Discussion oF RESULTS 
(a) Tension, Compression, Torsion and Hardness Tests 


The tests on the nine specimens made from Bar No. 6 show that the stress-strain 
curve of the steel in tension is effectively identical with that in compression. From 
the torsion tests the ratio of tensile to shear yield stress is shown to be 4/3 within 
the accuracy possible for this material. All the wanted properties of the steel 
may therefore determined from the compression tests on the check specimens 
alone. The small drop of stress at yield (less than 4 per cent) should not unduly 
influence the torsion or the bending test results. The properties of the steel do 
not vary excessively along or round the bar. In other words, it would appear 
from these nine tests that this steel fulfils all the theoretical requirements as 
well as an engineering material can be expected to do. 

However, the hardness tests and the compression tests on the longitudinal, 
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transverse and oblique compression check specimens reveal that this material is 
not uniform radially. Also, higher yield stress is frequently allied to a higher 
value of Young’s modulus, E. These effects are particularly marked in the 
compression check specimens taken from Bars No. 5, 8, 9, and 10. The variation 
appears greatest in the bars where the gauge lengths of the specimens lie particularly 


close to the axis (Bars 5, 8, 9 and 10). Some tests on thin tubes designed to reveal 


anisotropy in the steel were negative. 


The conclusion is that the steel is 
isotropic but not homogeneous in_ its 
elastic and in its plastic properties. 
FE decreases by up to 1-5 per cent from 
the axis to the outside of a bar while 
the lower yield stress decreases by 2 to 
5 per cent in the same distance. 

The properties of all elements of the 
material at the same radius from the axis 
of the bar may be expected to have 
identical properties ; this is confirmed by ly 
t= B/T= I/10+ 
Kat 5/7=0 |_| 
oO 0202 O-4 0-6 


the fact that specimens from opposite 


sides of the same bar always have almost 


the same value of EF and k. The lack of 


radial homogeneity is therefore not signi- —— fl, =V;, LINE 
ficant in the tests on the tubes, since @ EXPERIMENTAL POINTS FIRST SERIES 


these are centred on the axis of the bar. - “5 SECOND SERIES 


The walls are too thin for any effect of The relationship between LopE’s 
the radial variation of properties to be variables wy and vy. 


felt. 


(b) The Yield Criterion 


The ordinate of the last experimental point of each moment-angle curve was 
taken to represent the limiting value of the applied couple, and the axial and 
shear stresses in the tubes were calculated on this assumption. This is equivalent 
to saying that, at the ends of the tests, the stress distribution round the tubes is 
uniform. This assumption is strictly true only for torsion. In pure bending only 
about 85 per cent of the tube is plastic at the end of the test when the curvature 
is three times that at first yield. For the intermediate B/T ratios the extent 
of the plastic zone at the ends of the tests probably lies between these two values. 

The theoretical curves indicate that when the angles of twist and of bend are 
two to three times those at yield, the applied couples have reached values less 
than 1 per cent below their limiting values. It is, therefore, permissible to take 
the final load reading in each test as the limiting load. Greater strains would not 
necessarily give more accurate values, since work-hardening would occur at the 
extreme fibres. The experimental points all lie within the range predicted and, 
moreover, they all lie within 1-5 per cent of the mean MAXWELL-MIsEs ellipse. 

This, taken in conjunction with the results of the tests for the correlation of 
the properties of the steel (Bar No. 6), appears to be sufficient proof that the 
MAXWELL-MIsEs criterion is a close approximation for this steel. 
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(ec) Lode’s Variables 
These tests were not expressly designed to investigate the (,, v,) relation, but 
it may be found approximately from the results at the final stages of the tests 
when the stresses in the tubes are effectively uniform. Errors in the calculation 
of yw, and v, arise from this assumption of uniformity and from the uncertainty 
in the derived final slopes of the @-% curves. This slope is independent of k but 
is inversely proportional to (1 + v). It is therefore somewhat fortuitous that the 
agreement between the theoretical (v = 0-3) and the experimental curves should 
be so close when B/T = 1 and 2. A steeper slope might have been expected. 
For B/T 1/2 the experimental slope is steeper than that calculated. 
The experimental points are scattered in a random fashion about the u, = v; 
line. The scatter is small, and it is concluded that undue errors will not be made 
if the LEvy-MiseEs relations are used for the prediction of the plastic part of the 


strain increment. 


(d) Moment- Angle Relations 

It is sufficiently accurate to compare torque-twist curves calculated with 
(1 + v) = 1-3 with experimental curves for material where (1 + v) is not far 
different. Consider two such curves, both for B/T 1, the one calculated with 
a value v, 0-3, the other with v, = 0-26, i.e. (1 + »,)/(1 + v,) 1-03. The two 
curves are coincident when the tube is wholly elastic and also when it is wholly 
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plastic. A small discrepancy between the two curves will, however, be observed 
in the transition between these extreme states. At a given value of Ga@ such 
that about one third of the tube is plastic, the difference in the applied moment 
is estimated, from a scrutiny of the calculations, to be about 0-05 per cent. As 
the plastic zone spreads the discrepancy diminishes. 

When the tubes are partly plastic, several of the moment-angle curves show 
that, for a given value of the angle, the applied moment is slightly greater than 
predicted. This is the case for B/T co, 2 (Ist series) and 1; the curve for 
B/T = 2 (2nd series) also shows this tendency to a raised knee in this portion, 
although the whole curve lies within the predicted range. The curves for B/T = 3 
are entirely as predicted and lie well within the range defined by the two limiting 
calculated curves. The curve for B/T = 0 is, as was to be expected, a replica 
of the shear stress-strain curve. The portion round the yield point is somewhat 
less sharply defined owing to the finite thickness of the tube. A small amount 
of work-hardening occurs ; but is less than 1 per cent at a strain three times that 
at yield. 

The small difference between the predicted and experimental moment-angle 
curves cannot be attributed to a lack of reliability of the Reuss relations. These 
were not used in the calculation of the bending curves. They were, however, 
used for the calculation of the torsion curves, and the torsion curves are the exact 
replicas of the bending curves. 

The explanation of the knee was, at first, thought to be connected with the 


drop of stress at yield. It is known that the drop of stress is one of less than 4 
per cent. Calculations show that the moment-angle curve for pure bending 
derived on this basis is almost indistinguishable from the one calculated using 


the idealized stress-strain curve with no drop of stress. 
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It was noticed that the maximum discrepancy between the predicted and the 
experimental curves decreases from 1-5 per cent to 0 as the B/T ratio decreases 
from oc to }. The existence of the ‘“ knee’ may therefore be linked in some 
way with the amount of bending, that is, with the “steepness” of the stress 
gradient in the tubes. The influence of the local stress gradient has been observed 
also by Cook (1932 and 1937) and by Morrison (1939 and 1948). The alloy 
steel used here has a much smaller drop of stress at yield than annealed mild 
steel, so that the “ size-effect > theory suggested by Morrison cannot explain 
the observations. 

Apart from the initial ‘“ knee,” the moment angle curves then all lie in the 
predicted range. Most experimental curves coincide with the upper one of the 
two calculated curves. This is not surprising since the upper curve was calculated 
generally on the basis of the yield stress obtained from the transverse or centrally 
disposed compression specimens. The gauge lengths of these specimens lie in 
the same region of the original bar as do the walls of the tubes. 

The curves for B/T = }, from tubes made out of Bar No. 4, lie between the 
two limiting curves. The latter were calculated from the extreme yield stresses 
of three longitudinal specimens all lying at about the same distance from the 
centre of the bar as the walls of the tubes. 

The curves for pure torsion and for B,/T = 2 (2nd series) are rather lower than 
would be expected. The difference is one of less than 1-5 per cent and may well 
be due to a small axial variation in the properties of the bar concerned. 

Generally speaking, then, the moment-angle curves can be predicted very 
accurately by the theory put forward by H1.. and SIeBe (1951). 


(e) Warping 


The experimental curves rise from zero as soon as yield is initiated at the extreme 
fibres. In fact, the measurement of warp was found to be a very sensitive method 
of detecting the initiation of yield, and the warp-meter was usually the first 
instrument to give a warning of this. The curves for B/T = 2, 1 and } have the 
predicted form, that is concave first upwards and then downwards. The 


quantitative agreement with theory is, however, less good. The predicted warping 


is only little affected by small variations ink and (1 + v) ; the relatively small scatter 
of the warp curves about the predicted values may be attributed tentatively to 
‘imperfections ’ in the material. The theory predicts the same rate of warping 
whatever the value of B/T providing B and T = 0 (Appendix 2). In actuality, 
however, some transition must presumably exist between warping at intermediate 
B/T’s and no warping at B/T = 0 or o. Indeed, the warping for B/T = 1/10 
was found to be far less than predicted. Since the B/T and the t/a ratios are 
here comparable, the failure of the theoretical solution may possibly be attributed 
to the breakdown of the thin-wall approximation. 


APPENDIX 1 
If, in a thin walled tube, the mean radius is used in the present theoretical 
formulae, only small errors will accrue. Thus, when the tube is wholly plastic 
with uniform shear stress, 7, the true applied torque is 
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{2 
= 2rra*t |} 1 + ~ i 
i 2a? 


If the mean radius, a, is used, the torque is approximately equal to 277a7t. When 
t/a is about 0-11, as in these tests, the error in torque is about 0-1 per cent; this 
is not measurable. A similar argument applies to the error in the bending moment. 


APPENDIX 2 
Asymptotic Direction of the Warp-Twist Curves 


The warping increases without limit, but the w-@ curve has an asymptotic 
direction. Hi Li and Srese have shown that, when the tube is fully plastic, 
) (dw 37, , dud 
ly - ™ 
ra | 91 


os lo] 


where s is the distance measured round the perimeter, A the cross-sectional area 
A, the sectional area, and the suffix 
for indefinitely great strain. 


Hence 


co 


denotes the limiting value of any quantity 


d (dw 
ds (35 


since, for continuity of dJw/d@ round the tube, 


F Pi) OW 
$ | ds = 0 
J ds \dé, 


Therefore 


A | \y| ds 
at Laer 
yds 


This in independent of B/T (B and T + 0). 


Since this relation does not depend 
on 37/|o| it is actually valid whatever the yield criterion and the (j,, vz) relation. 
For a circular tube 


G (dw Ga([a. P 
4 sin @ 
ka Fr k \2 


co 


where ¢ is the angle subtending s at the axis. 


APPENDIX 3 
Derivation of Equation for v;, 


From equations (1) and (2) given by Hirt and SIEBEL, 


d “ ¥ Iy| oe 
: / an 
ds Fr ALA, 
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When the tube is fully plastic y/e is a function only of r/o depending on the 
(u;; vy) relation, and this ratio is constant round the tube. Hence 


’) (dw } 
O (<) ds Y ey ly ds — 2A, 
k ds \dé e dé J 


y 2A dé 
€ $|y| ds dis 


from which follows the equation for v,. 


and SO 
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SUMMARY 
.XPERIMENTAL moment-angle relations are reported for steel bars of circular section plastically 
strained by combined bending and twisting couples in constant ratio. The bending and twisting 
moments approach, and practically attain within an overstrain of elastic magnitude, the theoretical 
values calculated for the fully-plastic state of a plastic-rigid material. Very good estimates of 
the latter values are obtained by bracketing between upper and lower approximate values. A 
general relation is proposed between the fully-plastic values of bending moment, torque and 
axial force when all three are applied together. This relation applies for a wide variety of sections 


and is suitable for plastic limit design. 


INTRODUCTION 


Tue overstraining of a thin-walled tube of arbitrary section by combined bending 
and twisting couples has been treated analytically by HiLL and Srespen (1951). 
Their calculations of the moment-angle relations and amount of warping, for 
monotonic loading of a circular tube under constant ratio of bending to twisting 
couples, have received excellent experimental confirmation by S1EBEL (1953). The 
material was an alloy steel with basic properties closely simulating those assumed. 
These are that yielding is governed by the MAxwe.1-Mises criterion ; that there 
is no subsequent hardening in the strain range concerned ; and that the plastic 
part of any strain-increment is related to the stress according to the L&vy-Mises 
hypothesis. The overall agreement between experiment and theory indicates that 
no practically significant errors arise from the additional assumptions : namely, 
that each increment of strain can be resolved into additive elastic and plastic parts 
(the one governed by the generalized Hooke’s law and the other by the Lkvy- 
Mises relations); that stress gradient does not affect the behaviour of material 
elements, and that stresses and strains may be averaged through the wall-thickness 
if this does not exceed about one tenth of the tube diameter. 

It has not been found possible to treat by exact analysis, or even by tolerable 


approximation, the partial overstraining of a solid bar by combined bending and 


twisting couples. It is, however, possible to calculate for a Maxwe.i-Livy- 
Mises material the loading that first causes local yielding (the elastic limit) and, 
to sufficient accuracy, also the loading that produces a fully plastic state. Strictly, 
the latter is calculated as the yield point of a fictitious plastic-rigid material ; one, 
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that is, in which the rigidity modulus is assigned an indefinitely great value, and 
in which distortion cannot begin, in the present instance, until the plastic zone 
has spread through the whole body. For an actual material with a finite rigidity, 
Hitt and Siese. showed theoretically that the moment-angle relations for a 
thin-walled tube approach asymptotically with increasing strain to the plastic- 
rigid yield point values. The approach is not steady, nor even complete in any 
finite strain, but the discrepancy is less than a per cent or two after an overall 
distortion of three times that at the elastic limit. Such an asymptotic approach 
is a purely mathematical phenomenon : the consequence of neglecting dimensional 
changes, as in the linear theory of elasticity. If these changes were to be incor- 
porated in the analysis, the moment-angle relation in a non-hardening material 
would still be expected to come most near the level representing the plastic-rigid 
vield point within a strain of elastic magnitude, but afterwards diverge. S1EBEL’s 
experiments confirm these expectations, within the range of strain for which the 
steel did not work-harden. 

In such circumstances the plastic-rigid yield point load has the practical signifi- 
cance that the actual load may be raised to within a few per cent of it, and yet 
cause a permanent distortion of elastic magnitude only. Furthermore, the yield 
point may be shown not to depend on the history of loading up to the final 


combination of loads, nor on the locked-up stresses initially present in the body. 


These ideas are, of course, fundamental in the well-known method of plastic 
limit design of structures. 

For comparison with the calculated yield point of a solid bar of circular section 
under combined bending and torsion, we report here experimental data for the 
alloy steel previously used by StepeL. The theoretical values are found to have a 
significance comparable with that already demonstrated for thin-walled tubes. A 
similar significance has been previously demonstrated for bars of various sections 
under pure bending (Roperick and PriLiiprs 1949; SuackeLL and WELsH 
1952). No general theorem has yet been found for predicting in any particular 
circumstances how rapidly and closely the load-distortion relation approaches the 
corresponding plastic-rigid yield point. In addition to the cases mentioned, 
present knowledge rests on a few special theoretical solutions such as the over- 
straining of moderately thick-walled tubes by internal pressure (Hii 1950a, 
p. 121; Tnomas 1953); combined torsion and tension of a bar of circular section 
(GaybDon 1952); stretching by external tension of a circular sheet with a central 
cut-out (HopGE 1953). 


Mretrnop FoR APPROXIMATE ESTIMATE OF YIELD POINT 


Suppose, for simplicity, that the section has two orthogonal axes of symmetry. 
Let 7, be the yield point under pure torque, F’, the yield point under pure axial 
load, and B, the yield point for pure bending about an axis of symmetry. The 
stress state for pure axial load is a uniform normal stress of amount 4/3k, while 
that for pure bending consists of stresses +-1/3k on opposite sides of the neutral 
surface (which coincides with a plane of symmetry). If an axial load F and 
bending moment B are applied together, the stress state at the yield point still 
consists simply of stresses + +/3k on opposite sides of the neutral surface (no longer 
a plane of symmetry). At the yield point F and B satisfy some relation 


On the plastic distortion of solid bars by combined bending and twisting 
(1) 


where ¢ is a purely numerical function depending on the shape of the section. 

Consider now, the combined action of axial load, bending moment, and torque. A 
solution in general terms for the fully plastic state has been described by Hi. 
(1950, pp. 813-6) for a Maxwe.i-Ltvy-Mises body. The resulting non-linear 
differential equation has, however, not been solved; instead we obtain close 
approximations from above and below to the relation between the yield point loads 
by means of the continued inequality due to HIL1 (1950a, p. 67 ; 1950b). This 
particular method of applying the inequality is due to Drucker, GREENBERG 
and PraGcer (1951); further illustrations have been given by HI. (1951) and 
PELL and PRAGER (1951). 


(i) Approximation from below 
For this we take a fictitious distribution of shearing stress similar to that in 
pure torsion, but of amount + <*. The corresponding torque 7* satisfies 
a" 6¢ 
 &k 
We combine with this a uniform distribution of normal stress of amount o < 4/3k, 
\ 
but having opposite signs on either side of a quasi-neutral plane. From (1) the 


corresponding bending-moment B* and axial force F™* satisfy 


3k B* 3k F* 
¢ (* : ), (3) 


cB, oF, 


Since the artificial state must not violate the yield criterion, the best approximation 
is obtained by taking 
o? + 3r? 3k, (4) 


The elimination of o/4/3k and r/k between (2), (3), and (4) leads to a relation 
between B*/B,, F*/F, and T*/T,, which, considered as a surface, lies inside 
that corresponding to the actual yield point state. 


(ii) Approximation from above 


For this we take a fictitious distribution of velocity 


Lays — tre 
rzys + ze, 


where z is the axis of the bar, and a and y are the axes of symmetry, y being the 


axis of B. This distribution represents a combination of uniform bending, twisting, 


and extension, at rates %, 6,and ¢« per unit length, without warping or volume 


change. Substitution in H1Lw’s inequality leads to 
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b+Fe+T0<k | | (3( — ay)? + (a2 + y2)62]1/2 dady = W, say, 


where the integral is taken over a cross-section. For given ratios of B, F, T, the 


best approximations to their magnitudes are given by 


(5) 


T /T*. (6) 


Now the stresses that would correspond to the fictitious strain-rates according 


to the Maxwe.L-Ltvy-Mises relations are given by 


rip) 37, 0 37, , o7 + 3(72+4+ 7: pe (7) 


F 

If the derivatives in (5) are evaluated, it will be found that B*, F*, 7* are pre- 

cisely the loads that would be obtained as the resultants of the stresses (7). This 

is remarkable, seeing that the distribution (7) is not in equilibrium and also entails 
a resultant transverse shearing force and tangential surface stresses. 

In short, then, the surface representing the actual relation between the yield 

point loads lies inside the one that is calculated if warping is disregarded (together 


with attendant inconsistencies). 


3. Yretp Pornt or CrrcuLAR SECTION 


When the section is a circle of radius a, equation (1) is the result of eliminating 
3 between 
(28 + sin 28) /z, 


where B, tha®/ 4/3, F = + 3rka", and asin f is the distance of the neutral 
plane from the longitudinal axis. It is found that 
F2 
v Re (8) 
0 

approximately, with an underestimate of less than 1} per cent in the magnitudes 
of B and T for a given ratio BT. For a thin-walled circular tube, where 
? cos B, F/F, 28 7m, (8) overestimates the true magnitudes by less than 
t per cent; for a solid rectangular section, (8) is in fact the exact relation (with 
the appropriate values of B, and F',), The comparative independence of geometry 
exhibited by the (3, F) relation has also been remarked for other sections by 
Onat and Pracer (1953). From (2), (3), (4), and (8) there results 


ae os ed () 


as the approximation from below. 
For combined torsion and tension the exact yield point solution is known (HILL 


1950, p. 76). It is 
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(1 + pyre 3p? (1 } py”)! 24 23 where pe \ 3€/aé 


> 


9 2)1/2 _ 9,2 ' T abet 
2u (1 + p*) 2 J and - enka ; 
Since this solution for a Maxwe.i-Lfévy-Mises body involves no warping it 
coincides with (5), the approximation from above. Moreover, it differs from the 
approximation from below, 
| F* ) : ) 
Fy To 
by less than 1} per cent (comparing radius vectors to the two curves). 
The exact solution for combined torsion and bending is not known. From (5) 
and (6), however, we obtain the upper approximation 
\/3A sin? ddd ae 
Te ET, %b/@. (10) 
\ (1 3A* sin- db) 
These are elliptic integrals; they are not, however, convenient to evaluate from 


available tables. Instead we have computed the integrals directly (Table 1). 


TABLE 1 


B* /Bo T* /T {( B* | By)? + (T* /T5)?}3 


0 1-000 1-000 

0-408 0-476 0-904 ‘022 0-580 

0-577 ‘602 0-835 | ‘029 | 0-800 

1-000 ‘776 0-688 ‘O37 1-250 

1-826 ‘900 50% ‘031 1-980 

5774 ‘982 23: ‘009 4-620 
‘. 1-000 0-000 ‘000 0 


The penultimate column indicates that (10) exceeds the lower approximation 


(11) 


B*\2 T*\2 
(My + (7) 


\ Bo To 
by less than 4 per cent. 

These results suggest that (9) may be relied upon to provide an approximation 
involving an error of not more than a few per cent in the general case when B, 
F and T act simultaneously in given ratios. It is a safe formula for a circular 
section since the true yield point relation is under-estimated. It may also be 
used with reasonable accuracy for all sections for which (8) is a sufficient approxi- 


mation. 


IX PERIMENTS 


To investigate the rapidity of approach to the plastic-rigid yield point values, 
steel bars of circular section were strained in combined torsion and bending. In 
each test the ratio of bending and twisting moments was held constant. The 


material and the machine have been described by S1eBEL (op. cit.). The specimens 
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had a diameter of 0-800 in., a parallel length of 3-625 ins. (the gauge length being 
2-35 ins.), and end fillets of radius 3 ins. After manufacture the specimens were 
given a stress-relief annealing in vacuo. 
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Relation between bending moment, B, and angle of bend, ¥. 


—O— EXPERIMENTAL 

--- CALCULATED 

— > CALCULATED ELASTIC —_ 
LIMITS ro 


ton/sq in 


Fig. 2. Relation between torque, 7', and angle of twist, 0. 
The (B, %) and (7, @) relations are shown in Figs. 1 and 2 for B/T = 0, }, 1, 
2, co. Also shown are the theoretical curves for pure torsion and pure bending : 


On the plastic distortion of solid bars by combined bending and twisting 
T/T. = 1 — e*/a*, B= 0, 
where c is the radius of the plastic-elastic boundary, and 
B/B, = sin’ « + $(47 — « + } sin 42), T = 0, 


where acos« is the distance of the plastic-elastic boundary from the neutral 
plane. The latter formula is based on the customary engineering approximation 
which, in effect, disregards elastic compressibility (cf. Hii 1950, p. 82); 
dimensional changes are also ignored. For B/T = }, 1, 2 it is only possible to 
show the theoretical elastic limits, the lower approximation (11) to the yield 
point, and the upper approximation (10) interpolated from Table 1. The values 
of k (Table 2) were obtained from compression specimens taken from the same 
part of the original bar as the gauge lengths of the torsion and bending specimens ; 
the elastic constants are those measured in the actual tests. 


TABLE 2 


E (tons/ in.) G (tons/ in.?) y/2G k (tons/ in.) 
5350 25-6 
13500 5360 | 24-8 
13400 5330 25:6 
13650 5330 . 26-0 
13500 ~ 26-0 


The results show that the plastic- 
rigid yield points may be used in 
design calculations. The _ total 
distortion is less than about twice 
that at the elastic limit so long as 
the actual loads do not approach 


within, say, 5 per cent of the 
theoretical yield point values. 

Fig. 3 shows the (@, %) relations. 
From these may be derived the strain 
ratios ¥/@ in the elastic range and 
also when the bar is_ virtually 
completely plastic (Fig. 4). The 
limiting strain-ratio at large strains 
should be comparable with that at Fig. 3. Relation between angle of twist, 0, 
the yield point of a plastic-rigid body. and angle of bend, ¥. 
According to the maximum work 


ton/sq in 


principle, 


3/6 = VF / > 
IB/ dT 


where f(B, T) = 0 is the relation between the bending and twisting moments 
at the yield point. If (10) is taken as an approximation to f, the corresponding 
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strain-ratio turns out to be just A itself, as given in Table 1. If (11) is taken as 
an approximation to f, the corresponding strain-ratio is 
B B.\? a* B 
P= > /(-*) ==" (12) 
‘ad 1 lo 127 


This, incidentally, is the exact value for a thin-walled circular tube (HILL and 
SIEBEL, op. cit.). 


. EXPERIMENTAL, FOR SOLID BAR 
, —— THEORETICAL, FOR SOLID BAR 
by en ” , FOR THIN TUBE 


0:50 OO 


8+7 
Fig. 4. Comparison of experimental and theoretical relations between strain-ratio and couple-ratio 


in fully plastic state. 


The experimental data in Fig. 4 is too meagre to indicate which approximation 
is the better. Independent support for (10) is perhaps furnished by the observation 
that the warping of the solid bars (measured on the surface at a fixed station 60 
from the axis of bend) was very small, being less than one tenth of that observed 


in tubes. 
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BOOK REVIEWS 


H. W. Gitterr: The Behavior of Engineering Materials. New York. John Wiley & Sons. 
(London : Chapman and Hall). 1951. xvi 395 . with 58 illustrations and diagrams. 
$6.50 or 525. 

THERE is little doubt that this book will be very useful to a great number of people who want 
to know something about the properties of metals and alloys. It was written by the late 
H. W. Gituertr of the Battelle Memorial Institute, a metallurgist whose outlook on design seems 
to be exclusively that of the empiricist, and who has little respect for those who try to relate 
measurable properties of materials to the predicted behaviour of a machine element which is 
to be subjected to given loading. 

The author’s view point, and his object in writing the book, is, however, clearly stated in the 
Preface and he has been faithful to his object throughout. This is * to present the viewpoint 
of the metallurgist for those who have not specialised in this field. Since it is intended to help 
in choosing suitable engineering materials, the behaviour of these materials is discussed rather 
than the sometimes abstruse theories that seek to explain their behaviour.”” The references, 
as far as possible, have been purposely chosen from the more ** popular ” kind of technical journals. 

The first chapter defines and explains briefly some of the metallurgical terms and concepts and 
deals cursorily with the mechanical test properties. While some sound pointers are given here, 
the essentially elementary nature of the book should be remembered as otherwise it may lead to 
misconceptions. 

In subsequent chapters, considerations of the requirements to meet manufacturing and service 
conditions, the use and limitations of acceptance tests and specifications, the effect of notches 
and surface finish, and the economics of using the statistical approach both in the control of 
manufacture and modification in service, are all dealt with in a practical and easily readable fashion. 

After a chapter on chemical and physical properties including those properties concerned with 
Atomic Energy, the author gives five chapters on steels, including one on cold-working. This 
latter chapter is disappointing in view of the many and far-reaching consequences of cold-working, 
and while it is true that there are many incidental references throughout the book, it is felt that 
a more systematic treatment would have been an advantage. The more “* metallurgical ” 
chapters on heat treated steels and castings are much more detailed and show the writer’s wide 
knowledge and experience. 

There are some very useful practical chapters on non-ferrous materials, and the remainder 
of the book is devoted to special characteristics which may effect the selection of metals and 
alloys, including such topies as: the effect of hydrogen, machinability, coating and cladding, powder 
metallurgy, bearing metals, wear and corrosion, and some effects of high and low temperature. 
Considerations of cost and availability of materials form the subject of the final chapter. 

The book contains an enormous amount of interesting miscellaneous information. It is not 
the sort of book which can be consulted for systematic treatment of any of the particular subjects 
to be found in its index : but the broad object behind it is so well achieved that it will certainly 
be found useful in helping the engineer to make a sound choice of materials. The book is written 
particularly for the American reader, and the references are almost entirely to American 
publications. 

HuGu Foro. 


E. E. Secuuer: Elasticity in Engineering. John Wiley & Sons, Inc. New York, 1952. 
419 pp. $8.50. 
Tus book is designed as an undergraduate text of structural analysis for engineers. The author 
makes no claim to originality and freely acknowledges his debt to Love, TIMOSHENKO, SOUTHWELL 
et al. The text, like Gaul, is divided into three parts : the first part is a presentation of the 
fundamentals of the theory of elasticity, the second discusses problems in elasticity in stable 
structures, the third deals with problems in unstable elastic structures. 

In the first section, the author’s debt to TIMOSHENKO is particularly apparent. The order of 


presentation is slightly different, the detail is greater at some points, the number of illustrative 


problems is more complete, but it is reminiscent of TIMOSHENKO’s style and method of presenting 
the fundamentals of his Theory of Elasticity. 
The second section comprises a chapter on solution of such two-dimensional problems as the 
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displacement of simply-supported beams, stress states in hollow cylinders, curved beams subjected 
to pure bending, stress concentrations due to a hole, stress distributions in a semi-infinite body 
due to a distributed load or a concentrated load, all solved primarily by the aid of Arry’s stress 
function ; a chapter on simple beam theory, including a liberally instanced presentation of 
graphical solutions of beam equations, a discussion of the RAYLEIGH-R1Tz approximation method 
and its comparison in various cases with exact solutions, harmonic analysis methods for beams 
with their flanges ; a chapter on energy methods of solving statically indeterminate truss systems; 
a chapter giving energy methods of solving torsion problems and lastly a chapter on the stable 
bending of plates and shells. The choice of these particular problems was determined, the author 
tells us, by the needs of aeronautical structural engineers, although it must be admitted that 
the problems are of interest to almost everyone who needs to undertake an undergraduate course 
in elasticity. 

The third section, consisting of three chapters, explains the standard methods of solution 
by differential equations energy methods, and successive approximation, of the buckling of 
columns with different end constraints, lateral buckling of thin beams, channels and I-beams. 
the instability of rods under torsion, and the instability of plates and shells both unstiffened 
and stiffened under various loads (including shearing). 

Although the problems treated are for the most part elementary, the author takes pains to 
illustrate the methods used in solving general non-linear large-deflection problems involving 
second-and higher-order terms, and warns the reader against the pitfalls arising from the 
assumptions involved in elasticity formulae encountered in such problems, 

In keeping with the undergraduate character of the book, all references (with one or two 
exceptions) are directed to secondary sources rather than to original papers. The text is clearly 
written, well illustrated, supplemented with numerous test problems, and certainly passes muster 
as a worthwhile undergraduate text. 

W. M. Batpwin. 


H. M. WesrercAArp: Theory of Elasticity and Plasticity. Harvard University Press, 
Cambridge, Massachusetts : John Wiley and Sons, Ine. : New York, 1952. xiii + 176pp. $5.00. 
An untimely death overtook Professor WrsTGAARD before he could complete this book as he 
had originally envisaged it. What his overall plan was we can only guess (although his preface 
hints at the completed plan). In the precious time that he could allow himself he could not create 
a broad and balanced text but he could and did produce a small, but sturdy book for graduate 
students: concise, lucid and logical in its development. 

Professor WESTERGAARD in his preface writes, “* When a colleague asked me at what level 
the book was to be, the best answer that I could give was that the trail begins at the foot of the 
mountain.” This is a particularly apt description of the book, for although the book attains an 
advanced level - and rather quickly too - the reader is brought there by a smooth, steady route 
from a lowly starting point. 

The emphasis of the book, as Professor WESTERGAARD tells us, is on elasticity. Indeed it is not 
too untrue to say that plasticity is treated only in those respects in which it is an extension of 
the theory of elasticity. There are nearly forty pages devoted to the history of the subject from 
Galileo to present day trends. The treatment is scholarly, and carried out in considerable detail, 
although the author’s treatment of the more recent history reveals his own bias. Two chapters 
are devoted to the elements of the theory : stress tensor, strain tensor, compatibility equations, 
Hooke’s Law. The conciseness of the book is epitomized in the author's treatment of the com- 
patibility equations. They are directly introduced and their derivation is thereafter explained 
in three perspicuous sentences. The strain potential is described and several of Lamé’s solutions 

presented and interpreted : formulas for stresses in hollow cylinders, examples of stress 
concentration, stresses in rotating discs. Some fifty pages are devoted to the use of biharmonic 
functions and Galerkin’s vector in the solution of problems. Detailed applications of the method 
to Kelvin’s, Cerruti’s, Boussinesq’s and Mindlin’s problems are given for various values of 


Poisson’s ratio. 


The book, because it is unfinished, may never be read as widely as the great classics of elasticity, 


but it is classic : it is simple, elegant, and masterful. 


W. M. BaLpwin. 


Journal of the Mechanics and Physics of Solids, 1953, Vol. 1, pp. 217 to 226. Pergamon Press Ltd., London. 


LIMIT ANALYSIS OF TWO AND THREE DIMENSIONAL 
SOIL MECHANICS PROBLEMS’ 


By D. C. Drucker 
Division of Engineering, Brown University 


(Received 27th Se ptembe r, 1952) 


SUMMARY 


Previous work on the implications of assuming soil to be a perfectly plastic body is extended. A 
brief discussion is given of suitable general forms of the yield or sliding criterion for soils. Coulomb's 
equation is interpreted in terms of a modified TREescA as well as a modified Mises rule. Particular 
attention is given to a soil unable to take tension but which exhibits both cohesion and internal 
friction in sliding action. Indication is given of an interesting development of complete solutions. 

The stability of unbraced vertical-walled cuts is then treated. <A brief description of the 
application of the general limit theorems to inhomogeneous soil is also included to demonstrate 


their power. 

Tue Yre_p CRITERION 
CovuLoms’s rule relating the normal and the shearing stress in two-dimensional 
(plane strain) problems is represented in Fig. 1. The radius R of Mohr’s circle 
at the instant of slip is assumed to depend linearly upon the mean normal stress 


in the plane : 


R =ccos¢ a (1) 


where c is the cohesion and 
d@ is the angle between the 
tangent to the Mohr’s circles 
at slip and the negative o 
axis. 

As shown previously 


(DrucKER and PRAGER 1952), 
the modified Mises _ yield 


function 


is a proper generalization of 
the Coulomb rule to three 
dimensions if 
: sin? 4 , 3c? cos? d 
307 — and ———. 
3 + sin* d 3 + sin? d 


3) 


* The results presented in this paper were obtained in the course of research sponsored by the Office of Naval 


Research under Contract N7onr-35801 with Brown University. 
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J, is the sum of the principal stresses and J, is the second invariant of the stress 


deviation, 


The yield surface in_ principal 
stress space is a right circular cone 
equally inclined to the principal 
axes as shown in Fig. 2. Also 
shown are parts of the intersections 
with the three coordinate planes. 
The assumption that the soil cannot / © NORMAL 
take tension cuts off all parts of Cone 
the cone for which any principal 


stress is positive and leaves the 
convex body OELA. These 
tension cut-offs appear in the plane 


strain case of Fig. 1 as_ the 
circular are MON of radius 
R, = c tan (fa + $¢). Fig. 38a 
shows a section through the o, Fig. 2. Modified Mises criterion. ABCDE is the 
axis and the axis of the cone; Plane stress intersection. OGFA and OEHG are 

tension cut-off planes. Plastic strain-increment 


Fig. 3b is the elliptical plane stress , eas 
(rate) vectors lie on or inside normal cone. 


intersection on which the tension 
cut-offs are indicated by heavy lines. 

A modified Tresca criterion is probably more in the spirit of the Coulomb 
postulate for soils than is the modified Mises. The yield surface in principal 
stress space is a right regular hexagonal pyramid instead of a cone (Fig. 4). Plane 


% 


(a) 
Fig. 3. Sections of the cone. 
OE = ccos $[(3 + sin? 4)? + sin ¢] 
OD = ccos ¢[(3 + sin? $)3 — sin 4] 
OT = /2c¢[(8 + sin? $)t — 2 sin $]/cos ¢ 
OH = +/2c [(3 + sin? ¢)t + 2 sin ¢]/cos ¢ 
2 1/2 ctan ¢ 
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strain conditions (Fig. 1) will be met if the dimensions are as given for the section 

through the axis of the pyramid and the o, axis (Fig. 5a) and for the plane stress 

intersection (Fig. 5b). Tension cut-offs are indicated in these Figures also. 
There is, of course, no limit to the number of yield surfaces or functions which 

may be devised. In _ particular, 

many convex surfaces of revolution, 

Sf (J,,J,) = constant or modifica- 

tions of them, may be found useful 

to correlate actual test data more 

closely. So few problems of soil | | ‘ae 

mechanics have been solved com- 

pletely, however, that it does not 

seem worthwhile at this time to 

consider more elaborate yield 

functions for exact or approximate 

solutions. It is likely that simple 

anisotropic forms will be found 

desirable after a few solutions have 

been obtained with isotropic yield 


functions. Fig. 4. Modified 'Tresca criterion. 


Piastic STRAIN-INCREMENT VECTORS 

As is customary in many branches of soil mechanics (TERzAGHI 1943), the 
concept of ideal or perfect plasticity is here arbitrarily assumed valid. The plastic 
| | - 

! 

: mi 
*. D j Cc 
yy 4 
ye 


t 


Ps FH 
(a) 


Fig. 5. Sections of the pyramid. 


G62 OB = OD 
3 — sing 
Pe fe on = ttn eee 
a3 3+ 5sin ¢ 1 —sin¢g 
The three principal strain rates for the faces of the pyramid are €m 7: €;: €me = 3(1 + sin ¢): 


2sin ¢: (3 sin @). 


strain increment is therefore represented by a vector normal to the yield surface 
at a smooth point on the surface or by a vector which lies within the directions 
of the normals to adjacent points at a corner or pointed vertex (see, for example, 
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Drucker 1950). Some of the plastic strain increment, or strain rate, vectors 
are shown in Figs. 2-5. The projections of € appearing in Figs. 3b and 5b are 
likewise normal to the plane stress intersections at a smooth point or lie in a fan 
bounded by normals to adjacent points at a vertex. In all cases plastic shearing 
action must be accompanied by an increase in volume if the soil obeys the laws 
of plasticity. 

The plastic strain increment vectors along any generator are necessarily parallel 
except at corners or vertices of the surfaces. Any one section such as Fig. 3b 
for the cone and Fig. 5b for the pyramid therefore gives complete information 
when the third component of plastic strain is known. The three components are 


always in the ratios 
3(1 + sin 4) : 2sind : — (3 sin ¢) (4) 


for the faces of the pyramid. A linear combination of the possible components 
for the intersecting faces gives the possible components for the edges of the 
pyramid. If the state of stress, or stress point, lies on a tension cut-off plane, the 
strain increment vector is normal to the plane. Strain-increment vectors for the 
stress points on the boundaries of the tension cut-off planes are linear combinations 
of the normal vectors to the cut-off plane and to the lateral surface of the pyramid 
or the cone. This means that the direction of the projection of the strain-increment 
vector on the cut-off plane must remain constant as the perpendicular tensile 
strain increment is increased relative to the two components in the plane. The 
cut-off are MO of Fig. 1 corresponds to one point on the boundary of a cut-off 
plane. 

There is thus no difficulty in determining which stress points correspond to a 
given plastic strain increment vector or conversely which increments are permissible 


at a given stress point. 


3. Livwit THEOREMS 


The two main limit theorems for any body or assemblage of bodies of elastic 
perfectly plastic material are (DRUCKER GREENBERG and PRAGER 1952) : 

(i) Collapse will not occur if any state of stress can be found which satisfies 
equilibrium and the boundary conditions on stress and for which all stress points 
lie inside the yield surface (or are points on the surface at which the rate of dissi- 
pation of energy is zero). 

(ii) Collapse must occur if for any flow pattern, considered as plastic only, 
the rate at which the external forces do work on the bodies equals or exceeds the 
rate of internal dissipation. 

Discontinuous states of stress satisfying the required conditions, and discontinuous 
velocity patterns, are permissible and are especially useful in soil mechanics 


problems. 


Tue DisstpaATiIoN FUNCTION 


As stated in the limit theorems, it is necessary to compare external work and 
internal dissipation. The dissipation function D, or the rate of dissipation of 


energy per unit volume, is therefore of primary importance. 
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The expression for D is especially simple in the case of the complete cone or 


pyramid : 


D=ccot¢. (e, +e, + Es) (5) 


since ¢ cot ¢ is the 1, 2, and 3 coordinate of the vertex. 


In the case of the cone, 


\/2 sin d teers (6) 


sin? )!/2 


where the inequality applies at the vertex only. No such simple relation exists 
between the length of all strain-rate vectors and their projections on the axis for 
the edge rays of the pyramid. 

However, the modified Tresca criterion is as easy or easier to use than the 
cone. The basic difficulty with the 
cone is illustrated by the plane O (G, 0) 
stress ellipse (Fig. 3b). Unlike the 
usual Mises ellipse which is 
centred about the origin’ of 
coordinates and which may be 


expressed in the form of a homo- 
geneous function of stress set 
equal to a constant, the ellipse of 
Fig. 3b does not lead to a simple 


expression for D in terms of 


components of strain rate in the 
plane. Referring to the hexagon 
of Fig. 5b and designating a 
neighbouring point to A on the 
line 4B as A* and a neighbouring 
point to C on the line BC as C-, 3. Tension cut-off. 
ete., a convenient form of the 
dissipation function for the portion 

A+ BC- is 98? = tor C+ DE- is 228? 

1 + sind 


3? 


- € 
1+sindg * 


, ; 6c COs , ‘ : 6c co a 
for D* ER S$ lz, for Rt AB- is °° esl, 
sin ¢ 3 sing ' 3 


and for point 


6c cos , , . . 2c cos , . 
- hs €, te), andfor R is , ¢ —é€, —€,). (7) 
3 + 5sin¢d 1 —singd : 


It is of interest to note that the dissipation function may be written as 


2ecosd . 6c cos d 
: > Emt aaa” . * Eme 
1+sindg 3 — sind 


D = cy,, cos d (8) 


for the faces of the complete pyramid, where ¢,,, is the maximum tensile plastic 


strain-rate, ¢,,. is the magnitude of the maximum compressive plastic strain-rate, 
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and ¥,, = €mz + €me 1S the maximum plastic shear-rate. Edges VB, VD, and 


VR of the pyramid follow the first form of (8) while edges VA, VC, VE follow 


the second. All reduce to 2cl<,,| when ¢ 0. 


For a material unable to take tension, the portion OERAO (Fig. 6) gives 
complete information when considered in turn as being in the o,, og plane, in 
the o,, o, plane, and in the o,, o, plane. As an explanation of the notation of 
Fig. 6, point EF in the o,, o, plane remains E in the o,, o, plane and becomes C’ 
in the o,, o, plane. C’ is the intersection of VC with the o,, o, plane. Actually 
there is no need to consider anything but the o,, a, plane unless some extraneous 
ordering system is employed for the principal stresses. 

In all cases, with or without the tension cut-off planes, the yield surface is 
convex with respect to every interior point (the meaning of interior is clear despite 
the open-ended shape). Therefore the dissipation function D is uniquely deter- 
mined by the components of ¢. Equation (5) is simplest if the strain rate vector 
is normal to the lateral surface, or if the stress point is at the vertex of the cone 
or py ramid. 

It is important to keep in mind that the choice of a flow pattern for application 
of the theorem (ii) is arbitrary except that for the cone inequality (6) must be 
satisfied, and for the pyramid there are equivalent conditions, as given pictorially 
at V in Figs. 2 and 4. Permissible strain rate directions clearly must lie on or 
iuside the normal cone or pyramid. If the material can not take tension, D = 0 
on or inside the corner which is shown inside the normal cone and the normal 
pyramid. Vectors lying on this corner correspond to stress points on the cut-off 
planes ; vectors inside correspond to a stress point at the origin ; while vectors 
between the normal cone or pyramid and the corner correspond to stress points 
on the boundary of the cut-off planes. Although the three-dimensional picture 
is helpful in visualizing the strain rate vectors, the two-dimensional Fig. 6 is 
much more convenient when there are cut-off planes. As there is then no upper 
limit to the tensile strain rate e, for points on the boundary OERAO in the 
(c,, 3) plane, and as o, does no work, the in-the-plane expressions (7) should be 
used for the pyramid. 

The determination of which stress point or points correspond to a given strain 
rate vector is straightforward for the pyramid. If the largest compressive strain 
rate, assuming there is one, is taken as e, and the maximum tensile strain rate 


3 
is denoted by e,, the strain rate vector is a permissible one for the faces of the 
pyramid if 

sin ¢) 


3 sin d 


é' (9) 


The greater than sign requires the stress point to be on RA. 

The stress point is then on R* A~ if €,/e€,, which by definition cannot exceed 
unity, equals — 2 sin ¢/(3-sin ¢). The stress point is at R if the ratio is algebraic- 
ally greater, and at A if the ratio is algebraically less, than this fraction. D is 
given by the expressions (7) for R* AB~ and R. 

If there is no compressive strain-rate the stress point is on the tension cut-off 


planes, or their boundaries, and D 0. 
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5. PLANE STRAIN 
The various possible plastic strain rate vectors for plane strain are shown in 
projection in Fig. 7a for the lateral surface of the complete pyramid and 7b for 
the case of no tension. Again, if no extraneous 1, 2, 3 ordering is employed, there 
is really just one independent vector in Fig. 7a, but there is some advantage 


in looking at all the projections. 


(1,3) (2,3) 


Cc 
fe) — 
yowg 
(1,3) 


Plane strain vectors. (1, 2) indicates that the strain increment vector lies in the 1, 2 


plane, ete. 


By considering the vector at B which lies in the 1, 3 plane and which must 
be a linear combination of the vectors for points on each side of B, it follows that 


€é,=0=a [2 sin $] +b [- (3 — sin ¢)| 
where a and b are constants. Linear combination also gives 
€, = a[3(1 + sin d)] + 5[3(1 + sing)] and ¢, = a[—38(1 —sin¢)] +) [2 sin ¢]. 
Therefore, for plane strain, the ratio of the maximum tensile strain rate to the 


maximum compressive rate is given by 


(10) 


The corresponding expression holds at point R for the complete pyramid. If 
OEARO is a cut-off plane, however, the equality sign is replaced by a greater 


than or equal sign. 

The dissipation function is given by (7) or (8) for continuous velocity fields 
and may be applied to a discontinuous velocity field by considering each dis- 
continuity as the limit of a continuous variation through a small transition layer 
when the thickness of the layer goes to zero (DRUCKER and PRAGER 1952). 


6. STABILITY OF VERTICAL CUTS UNDER THEIR OWN WEIGHT 


The assumption of the inability of soil to take tension suggests the introduction 
of tension cracks in the flow pattern. If the velocity of the soil on one side of the 
crack relative to the other is perpendicular to the crack, no energy is dissipated 
on the surface of discontinuity, D = 0. In general, calling the tangential change 
in velocity 5u, if the relative velocity is at an angle @ to the crack, 6 > ¢, 


DRUCKER 


D (11) 


where D, is the rate of dissipation per unit area of the surface of discontinuity 


(Drucker and PRAGER, op. cit.) 

Fig. 8 depicts a two-dimensional flow pattern containing a simple tension crack 
and a constant state flow field. A region A in width and almost H in height is 
shown rotating about P with an angular velocity w. Boundary conditions for 
the region PTL of constant state are that PL is at rest and the velocity along 
PT is normal to PT and varies 


linearly with the distance from 


eno 


» 4 t > » ¢ ‘ se ‘ree 
P. The velocity vector at each ; | 
; | | TRENCH 


L4 


point in the region is at an 
angle é to PL and its magnitude 
is linear with the distance of 
the point from PL. This action 
may be thought of physically as 
shearing parallel to PL plus an 
expansion perpendicular to it. 
The shear rate } for axes parallel 
and perpendicular to PL is 
constant and equal to w, so that 


D =cw. An alternative method XY ~ CONSTANT 
/ STATE 


of arriving at this result is to 
FLOW REGION 


observe that, for these axes, the 
normal strain rate is zero along 
PL and is w tan ¢ perpendicular 
to PL. Equation (5) then gives 
D ec cot d w tan d Cw. ‘ig. 8. Critical height for soil unable to take tension. 
The total rat of dissipation of 

internal energy for unit dimension perpendicular to the plan of flow is just D 
times the area of the triangle PTL or DA? tan (47 id). The rate at which 
work is done by the gravitational force when A is very small is closely 
bw wH A*, where w is the unit weight of the soil. Letting A approach zero 
and equating internal and external work leads to an upper bound for the 


critical height of a vertical bank 
tf 
i tan (ia Lh). (12) 


The coefficient 2 is an improvement over the admittedly crude value of 2-5 given 
previously by Drucker and Pracer, and in fact when coupled with the lower 
bound result shows that the right hand side of (12) is 1Z,.. The lower bound is 
obtained simply by observing that the elementary discontinuous stress distribution 
shown in Fig. 8, which is not the true state of stress, is in equilibrium and satisfies 
the boundary conditions on stress. Referring to Fig. 1, if w// is less than 2K, 


points are all inside the yield surface or at the origin. Therefore from 
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2k 2e 
> —° = — tan (fm + 3¢). 


Ww Ww 


It is of interest to note also that many ‘“‘ complete solutions” (HILL 1950 ; 
Lee 1952), taking into account both velocity and stress fields, can be devised 
which include tension cracks. This topic certainly seems worthwhile pursuing 
along with application of the limit theorems in order to obtain a better under- 


standing of the implications of plasticity for soil mechanics. 


INHOMOGENEOUS MEDIA 


Inhomogeneous media are very often encountered in practical applications. The 
limit theorems are apt in fact to be of greatest use in such cases because of the 
enormous difficulty in obtaining exact solutions. A simple plane strain example, 
with specially chosen angles to eliminate all calculation, is shown in Fig. 9. To 
avoid obscuring the basic points, the friction angle ¢ is taken as zero, and the 
weight of the soil is considered negligible. 

The problem is to find the 


maximum uniform surcharge 


P,, Which can be carried for 
various ratios of the cohesion 


c, of the weak soil to the 


cohesion Cy of the stronger soil 


which lies under the load. 
Using theorem (ii), the 


unsophisticated flow pattern* 
in the weak soil (Fig. 9c) 


gives 


(14) 


» 
“mm 


If the weak soil has no 
utrength, c, = 0, Fig. 9a and 


(14) give the obvious answer 


_ 


2c,. Suppose next that 
Cy 2. The discontinuous 
- . x (c) 
stress pattern of Fig. 9b 


. ‘ig. 9. Inhomogeneous soil d 0. 
coupled with the flow pattern Fig homogeneous soll ¢ ; ve? 
a half a] (a) is always an equilibrium solution ; (b) is valid for 
"halt ¢ weneous wedge, ; : ah 
for ha + : Cy 2c, ; (c) and (d) are velocity fields composed of a fan 


Fig. 9d, give and two regions of constant state. O indicates zero stress, 


Equation (14) leads to a still higher value for the upper bound. Any further 
increase in the value of c, will be of no real help as the bounds are already very 
close. All bounds apply equally well to materials which cannot take tension. 

* More elaborate types of flow and stress patterns are discussed in R. T. Satetp and D. C. Drucker, “ The 


Application of Limit Analysis to Punch Indentation Problems,” Brown University Report A11-75 to the Office of 


Naval Research. 
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8. CONCLUSION 


The application of the limit theorems to soil mechanics, and the consequences 
of assuming soil unable to take tension, should prove both interesting and useful. 
It should not be forgotten, however, that answers obtained are correct for the 
material postulated but may have no relevance to any actual material. Of greatest 
significance in this connection is that the theory of perfect plasticity requires a 
volume increase under shearing action if hydrostatic pressure increases the shearing 


strength. 
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SUMMARY 


A stupy has been made of the theory of the brittle fracture of metals, where plastic deformation 
arises during the cleavage process. By the use of X-rays, the magnitude of this plastic work 
has been investigated on single crystal and polycrystal cleavage surfaces. A theoretical study 
has also been made of the depth of the plastic zone in single crystals with varying crack velocity. 


1. INTRODUCTION 


Tue usual definition of a brittle fracture is one in which little or no plastic 
deformation precedes fracture. This concept has caused some confusion, and in 
certain theoretical investigations has led to too close an identification of fracture 
in ceramics and glasses with fracture in metals. In glasses and ceramics no 
deformation accompanies fracture ; the pieces may be re-joined and fit perfectly. 
With metals this can never be done, even when material outside the zone of 
fracture is clearly undeformed. This indicates that plastic deformation in metals 
is an integral part of fracture, and seriously modifies the theory of fracture derived 


from ceramics and glasses. 


2. Tue INITIATION OF FRACTURE 


In Grirriru’s (1920) theory of brittle fracture, the material is considered to 
contain numerous internal cracks or flaws which approximate to plane ellipses. 
For a surface crack of length c, or an internal crack of length 2c, the strain energy 


of the plate is decreased by an amount z o? c?/E where a is the applied stress and 


E is Young’s modulus. GriFFiTH supposed that the crack length would increase 
‘atastrophically when this energy was numerically greater than that required to 
create new surface. The surface energy for the crack is 4c7’, where T is the surface 
tension of the metal; thus, the crack can increase when 

To" c? 


— 4c) = 6% 


7 
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This result has been examined in detail by Sack (1946) and ELuiorr (1947), 
who both showed that, for slightly different shapes of crack, the only alteration 
to the formula (1) is in the numerical factor 2/7. The Grirrira formula is 
thus true to an order of magnitude. 

This formula does not take into account any plastic work during the growth 
of the crack. Orowan (1947) and Kuirer (1950) showed by the use of X-rays 
that the surface of a brittle fracture suffers a high degree of plastic deformation. 


This seriously alters the Grirrirn formula, for it adds a term to the surface energy 


T. If plastic deformation occurs with the spreading of the crack, then the work 


needed to increase the crack length by de is no longer 4T de, but 
1(T + w) de 


where w is the plastic work done in the process. Thus, the fracture stress is 


pa. - 2) 
N 77C 


OroWAN (1950) has made an estimate of w. From an examination of a poly- 
crystalline fracture surface, he estimated that a layer, strained to an average of 


9 
ye | 


this arose under a stress of about 2 10° dynes /em?, w 2 107 x 5 x 10°? 


er cent, existed to a depth of } mm below the fracture surface. Assuming that 


2 10° ergs /em?, = 2 10° ergs cm?. This is about 2,000 times larger than 
the surface energy 7, which may therefore be neglected in comparison with w. 
The value of w however, can vary greatly: a discussion of this follows later. 
Orowan’s analysis raises the critical crack length for a free internal crack by a 
factor of 2,000 from a few microns to several millimetres. Usually there are other 
stress-raisers present, such as precipitates and grain boundaries, which act to 
reduce the critical length. This estimate of several millimetres is therefore probably 


too large. 


3. Tue PROPAGATION OF A BrITTLE CRACK 


There have been a few attempts to estimate the velocity at which a GrirrirH 
crack spreads once the critical length has been exceeded. Some (PONCELET 1946, 
HoLLOMON 1948, SArBEL 1948), based on rate-process theories, are almost certainly 
incorrect, because fracture takes place at sonic velocities. This means that the 
vibrational energy of the atoms is not equally divided amongst their degrees 
of freedom: the system is not in equilibrium, and thus it is improbable that 
thermodynamic reasoning will give a satisfactory answer. 

The only reasonable estimate of the crack velocities is by Morr (1948). Morr 
added a term to the Grirrirn * potential energy’ term to allow for the kinetic 
energy of the moving plate material, where the stress has been relaxed by the 
passage of the crack. In this way he calculated the velocity of a GrirrirH 


crat k as 


( to" p 
where p is the density of the plate, and & is a dimensionless constant. 
The plastic work factor w may be introduced rigorously into Morvr’s argument, 


and leads to the following expression for the crack velocity : 


The brittle fracture of metals 


y ‘E4n 8E?(T + w)]? 
o k cha" p : 

It follows from this that a crack, once longer than the critical length, can only 
come to a stop by a sudden increase in w; that is, by the expenditure of a con- 
siderable amount of energy in plastic deformation. ‘Tipper and SULLIVAN (1950) 
have shown examples of this. 

A more striking example of this phenomenon in polycrystalline material has 
been given by Tripper (1951). Here a composite plate in three parts was welded 
together and tested at about 3°C. The centre plate was internally notched, 
and was notch-brittle at this temperature. The two parts on either side were 
notch-ductile. Under stress, the centre plate failed in a brittle manner from the 
notch with no obvious plastic deformation, but as soon as the crack ran into the 
notch-ductile plates on either side it became a ductile crack and stopped, with 
a considerable amount of plastic deformation. The heat generated from the 
distortion was sufficient to melt the frost on the surface in a wide ring around 
the end of the crack. 

When V approaches the velocity of sound, Mort’s analysis based on static 
elasticity theory breaks down and a full analysis must be made in terms of elastic 
waves. YOFFE (1951) has shown that in an isotropic solid at high crack velocities 


(V =~ 4 x velocity of elastic shear waves), a type of shock wave builds up around 


the tip of the crack, and it is found that very nearly equal stresses exist over a 


wide are in front of the advancing crack. The result is that the crack branches. 
This type of phenomenon has been demonstrated experimentally by Orowan 
(1950) in cellophane, and is seen in the studies by PoNcELET (1948a) on glass. By 
examining cellophane under polarized light, OROWAN was able to show that while 
the plastic work factor w was high, the crack is very like a ductile crack in its 
behaviour and spreads only slowly. As soon as catastrophic failure occurs, V 
rapidly increases, the crack branches, and under polarized light the edges of the 
crack are seen to be almost free of plastic deformation. This result does not, 
however, explain why w falls rapidly as soon as the crack accelerates : a discussion 


of this follows in the next section. 


THE MAGNITUDE OF THE PLAstic Work Factor 


In the two previous sections the magnitude of the plastic work factor w has 
been assumed constant. Actually, it may vary considerably, and an analysis of 
the factors that influence it will now be made. 

The occurrence of plastic deformation on the cleavage surface of a specimen 
can be estimated by standard back reflection X-ray techniques, but care must 
then be taken to exclude the plastic deformation which precedes fracture. In 
this instance, it is difficult to know how much weight should be attached to the 
X-ray photographs by Kier (1950), who, by using notched specimens, had 
concentrated any deformation before fracture into the very zone he wished to 
study. 

Orowan’s estimate of w (Section 2) was for a polycrystalline specimen. Micro- 
scopic studies of such fracture surfaces by Tipper (1948) revealed that many 
grains have failed in a ductile manner in a predominantly brittle fracture, and 
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it was thought that Orowan’s published pictures might give an unduly high 
value for w for this reason. As a preliminary, a comparison was made between 
X-ray pictures of fractures surface from polycrystal and single crystal specimens. 

A marked difference was immediately found. Fig. 1 (a) is a back-reflection 
Laue pattern from a polycrystalline specimen of carbonyl iron, with a grain size 
of about 1 mm diameter, broken in liquid air. Severe distortion is evident. A 
microsection taken across this surface shows that several of the grains have indeed 
been severely distorted (Fig. 1(b)), and it must be these that contribute to the 
distortion in the X-ray picture. Fig. 1 (c) on the other hand is taken from a large 
crystal of silicon iron, broken in tension at room temperature. No deformation 
occurred before fracture. In this case, the distortion is much less. Consequently, 
while OrowAn’s estimate is true for the material he used, it is several times too 


large for single crystals. 

It is to be expected that the magnitude of w will depend on the velocity of the 
crack front. For, even with no delayed yield in the specimen, the faster the 
motion of the stress field around the tip of the crack, the less time there is for 
plastic deformation to spread (as plastic waves) into the bulk of the material on 


either side of the crack before the stress concentration has passed. If a delayed 
yield is present, this results holds a fortiori. 

Such a result is needed to explain the observations of ORowAN on the fracture 
of cellophane. The spread of a crack should accelerate as soon as the instability 
condition is reached, i.e. as soon as the length of the crack given by equation (2) 
is exceeded, whether or not w diminishes on passing this point. Thus, an additional 
relation is needed between w and V which, when incorporated into an equation 
such as (3), will give a complete solution to the propagation of a brittle crack. 

Analogous results appear to hold for silicon iron. Fig. 1 (c) is typical of X-ray 
patterns from single crystals broken by static loading, and by further examination, 
again by X-rays, the plastically deformed zone was shown to extend about } mm 
into the specimen on each side of the crack. On the other hand, a specimen of 
the same material, which was broken under dynamic conditions by making a punch 
mark in the surface, showed no deformation at all by X-ray examination (Fig. 
1 (e)). Since it can be shown that the X-ray beam can only penetrate some 8yu into 
the metal, an exceedingly thin deformed layer, say 100 A or less, could be present 
on the surface and escape detection. An electron diffraction investigation was 
therefore kindly carried out by Dr. J. W. MENTER, which showed that a deformed 
layer was in fact present, but was only some 20 A thick. 

There were interesting differences in microstructure between these two cases. In 
the first case, a dense collection of Neumann lamellae had formed across the path 
of the crack. In the second case, there were none. In the first case, then, it seems 
reasonable to suppose that the differing orientations of the lamellae hold up the 
propagation of the crack : its velocity is therefore kept low. In the second case, 
there is nothing except occasional precipitate particles to hold up the crack, and 
so its velocity may approach the speed of sound. In this case, the chevron pattern 
is regular (Fig. 1 (f )) while in the former, it is exceedingly complex (Fig. 1 (d)). 

It is possible, by a simple model, to estimate the magnitude of w and study its 
variation with the crack velocity V. Consider a point P in an infinite solid at a 
distance r from the path of the crack (Fig. 2 (a)), which is moving with a velocity 


Fig. 1 (f ) 


X-ray pictures and corresponding microphotographs of fracture surfaces. 
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V. Around the tip of the crack there exists a zone of stress concentration, which, 
in the dynamic case considered here, consists of a complicated series of dilatational 
and shear stress waves. As the crack progresses, points lying immediately adjacent 
to the path of the crack find themselves in a stress field that increases up to a 


[ ELASTIC | 
IDEALIZED UNLOADING 


: \ CRACK | \ / 


“ 

“ 

cP me 
7 PATH = &|ACTUAL 

=| 


ZONE OF STRESS 
CONCENTRATION 


maximum and then is unloaded as the crack passes. The shape of this wave can 
be calculated from the work of Yorre; it would, presumably, be of the form 
illustrated in Fig. 2(b). As a simplifying assumption, it is assumed instead that 
the pulse is square-fronted, and is unloaded elastically as the crack tip passes. 
Following Yorre’s work, we also assume that the limiting velocity of the crack 
is the shear wave velocity. 

Under the influence of this stress pulse, plastic and elastic stress waves spread 
into the two half-spaces on each side of the crack, until their progress is stopped 
a time ?’ later by the elastic unloading wave. Von Karman and Duwez (1950) 
have shown that the velocity of plastic waves is given by 

1 doc 


. 


de 

where da/de is the slope of the shear-stress strain curve at strain «; the velocity 
of the elastic unloading shear waves is 

G 

p 


V5 —— 4 


where G is the shear modulus. Thus, plastic waves of strain amplitude « and 
velocity v, reach out a distance r given by 


r=v,t =v, (t —?). 
Hence 


V, Ue t’ 

=o 
The velocity of plastic waves for varying strain was calculated from the tensile 
stress-strain curve of another single crystal, which extended some 3 per cent 
before fracture. This was converted into a true shear-stress strain curve, and the 
slope of the curve determined at various strains. The resulting graph of strain 


amplitude against plastic wave velocity is given in Fig. 3. 
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Before w can be calculated, the variation of the time of application of the stress 
pulse (¢’) with crack velocity must be determined. This varies because the length 
of the stress pulse suffers a type of relativistic contraction. t' is equal to the 
time between the arrival of the 
first (elastic) wave and_ the 


arrival of the crack, or 


where / is a parameter with the 


dimensions of length. Thus, 


TRAIN AMPLITUD 


finally, 


e 
> 


a a a 
3-5 40 
From this formula, it is seen LOG ig (WAVE VELO 
that plastic deformation extends Fig. 3 
to an infinite distance when 
V 0, in accord with experience, and tends to zero as V->v,. This is in 
accord with the theory and results of von Karman and Duwez, who state 
é 0 forall V >v 
Values of r/l have been determined for three different values of ¢, and plotted 


9 


>° 


against V’/v,. These are in Fig. 4. As a final step, the plastic work factor w can 


be calculated by numerical integration 


from this graph, for 


| 
+ 


Inspection of the graph indicates that 
w should fall by a factor of 100 as V 
increases from v,/10 to 9v,/10. A 
variation of this magnitude is needed 
to explain the X-ray results previously 
mentioned in this section. 

This analysis has omitted the 


variation of the yield stress of the 


material with rate of deformation, 
which has not yet been measured at 
such high rates of strain; the effect 
would be to lower w still further. 


This would reinforce the present argument. 


5. Discussion 
It has been shown that the fracture stress of a metal is given by 


2E(T + w) 


77C 
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where w is the plastic work necessary to produce a crack of length c. In poly- 
crystalline material w is high but in single crystals is much lower. Thus, a grain-size 
effect in the fracture strength of metals is to be expected, apart from any effect 
such as Morr has analysed. A separate experimental determination is needed to 
analyse the effect of grain size on the plastic work factor. 

It has also been shown that the plastic work factor and the microstructure on 
the cleavage surface are related. An X-ray microbeam is therefore needed for the 
point-to-point determination of the plastic work factor, and its correlation with 
the microstructure. A more accurate theoretical analysis, dealing in particular 
with the variation of crack velocity V with crack length ¢ at high crack velocities, 
is also required to replace Morr’s formula, accurate at only very low crack 


velocities. 
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SUMMARY 


ne variation of the yield stress of pure lead in uniaxial compression with temperature, strain 
and strain-rate is described together with experiments designed to test the accuracy of the 
results. The average coeflicient of friction between the platens and specimen has been measured 
for lubricated and unlubriecated compression, and its dependence on strain rate demonstrated. 


Che effect of previous strain-rate history on the yield stress is also discussed. 


1. INTRODUCTION 


Tue measurement of the yield stress of pure lead at relatively high rates of strain, 
and over a wide range of deformation, has been carried out as a part of a programme 
of research into hot rolling to examine the accuracy of the various rolling theories. 

The yield stress of lead is known to depend on the temperature, strain rate and 
magnitude of the current strain, but in the past no measurements have been made 
at strain rates above the creep level or at large plastic deformations. The com- 
pression test has been used in the present work since, in tension, necking occurs 
at relative ly small strains compared with those found in rolling. 

A plastometer built to give a constant speed of compression by Mr. J. Los at 
Sheflield University was loaned for these experiments by Professor H. W. Swirr. 
\ second plastometer, designed by Orowan and Los (1950) to deform specimens 
at a constant strain-rate, was used to investigate the effect of variations of strain 


rate on the vield stress. 


2. APPARATUS AND MATERIALS 


[he experiments were carried out in a plastometer consisting essentially of a 
rigid framework supporting two horizontal compression platens of hardened, ground 
and lapped steel. The upper platen was attached to a load measuring device, 
and the lower platen could be driven towards the upper platen by means of a 
rotating cam. Before each experiment the platens and the cam were adjusted 
so that the specimen was held between them and the movement of the lower 
platen gave the required strain displacement. The cam speed was selected on a 
gearbox on the drive, and when the motor was running at constant speed a trigger 
connected the shaft to the cam which rotated once and compressed the specimen. 


*Now with S Petroleum, Ltd., Cyprus. 
'Now with Davy-United Engineering Co. Ltd., Sheffield. 
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Fig. 1. The plastometer giving constant speed of compression. 
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in the plastometer shown in Fig. 1 the cam moved the lower platen at constant 
speed. A second plastometer of similar general arrangement was used in which 
the cam was designed to provide a constant strain-rate in the specimen. 

The loadmeter of the constant speed apparatus was of the capacity type. An 
insulated brass dise formed one plate of the condenser, the second plate being 
a threaded plug which could be adjusted to change the total capacitance of the 
instrument. This condenser was in the circuit of a 2 megacycles-per-second 
oscillator. The change in capacity proportional to the applied load varied the 
frequency of the oscillator which was followed by a frequency modulation circuit 
and amplifier connected to the Y plates of a cathode ray oscilloscope. 

The anvil travel was also measured by a capacity gauge. A plate fastened to 
the anvil moved between two insulated plates attached to a fixed crosshead, thus 
forming a condenser of variable capacity. The displacement was measured by 
a second frequency modulation circuit and oscilloscope. The load and displacement 
signals were recorded simultaneously by a high speed, drum type, camera. The 
loadmeter was calibrated directly by a proving ring and the displacement meter 
by a dial gauge. Calibrations made at various times were linear, and agreed to 
within + 2%. 

The constant strain-rate plastometer was equipped with a glass block dynamo- 
meter similar to that described by Orowan, Scorr and Smirn (1950). Electro- 
lytically refined lead of very high purity was used in the experiments. It was 
cast in cylindrical moulds 1} in. in diameter and 4 in. long, care being taken to 
exclude impurities, particularly sulphur. The cast bars were then hammered 
down to ?in. in diameter approximately, and cold formed in a container of 
1-000 in. internal diameter. The specimens were then faced in a lathe to final 
dimensions of 1-500 in. + 0-001 in. long and 1-000 in. in diameter and left to 
anneal at room temperature. Some specimens 0-750 in. long and 1-000 in. in 


diameter were used to investigate the effect of end friction. 


TABLE 1 


Calculated 


Reduction Compression Temperature Work o 
I E of temperature 


in height rate increase deformation Ce 
- increase 


(in. /sec.) F ins.-tons 


0-83 2-016 
2-142 


vr 


vr 6 


ur or 
-—) =) =) =2 


gr or or 


RESULTS 


Experiments at 0°C, 20°C, 40°C, 70°C and 110°C were made, ranging in strain 
rate from 0-8/sec. to 20/sec. For the 0°C experiments the specimens were kept 


at temperatures slightly below the freezing point of pure water and compressed 
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between polished insulating pads to reduce heat transfer to the specimens from 
the main body of the plastometer. 

For the 40°C, 70°C and 110°C experiments the specimens were heated by 
conduction from the two compression pads in which heater wires were embedded, 
the temperature being checked by a thermocouple. The maximum temperature 
reached during compression was measured by a copper-constantan thermocouple 
peened into each specimen. Table 1 shows a comparison between the measured 


temperature rise and the values calculated from the work done on the specimens. 
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Results obtained from constant speed plastometer (speed of compression 0-83’ /sec.). 
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Yield stress v. strain-rate of pure lead at 0°C (values of reduction marked on curves). 


In Fig. 2 a typical set of results is given for a constant rate of compression 
of 0-83 ins./sec. at various temperatures. These results have been replotted, in 
Figs. 3 to 7, as yield stress against strain rate (— dh /hdt, where h is the instantaneous 
height of the specimen and ¢ is time), and for various fractional reductions 
(= (H — h)/H, where H = the initial height of the specimen). 
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4. Accuracy oF EXPERIMENTS 


The object of the present experimental work was to measure the yield stress 
of pure lead accurately at various strain rates, strains and temperatures. Since 
there is little information available on similar experiments using relatively soft 
metals, additional experiments were made to investigate the magnitude of the 
possible errors in the measurements. 
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Fig. 4. Yield stress v. strain-rate of pure lead at 20°C (values of reduction marked on curves). 
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Fig. 5. Yield stress v. strain-rate of pure lead at 40°C (values of reduction marked on curves). 


The reason for using the compression test has been explained above. Probably 
the largest single error in this method arises from the frictional forces between 


the compression platens and the material which alter the stress distribution near 


the ends of the specimen from a uniaxial to a triaxial system, thus inhibiting the 
‘adial flow of the material and causing barrelling. In this work efficient lubrication 
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was provided by an oil with a free fatty acid additive which was entrapped in 
The 


depth and number of these grooves were found by experiment : too few grooves 


concentric grooves 0-002 in. deep machined on each end of the specimen. 


resulted in barrelling and too many entrapped so much oil that the ends of the 
specimen were splayed outwards. With a spacing of 32 grooves per inch radius 


barrelling was eliminated, and, as the ends of the specimen were plane and parallel 
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Fig. 6. Yield stress v. strain-rate of pure lead at 70°C (values of reduction marked on curves). 
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Fig. 7. Yield stress v. strain-rate of pure lead at 110°C (values of reduction marked on curves). 


after compression, it is concluded that the deformation was very nearly uniaxial 
throughout. A photograph of specimens before and after compression is shown 
in Figs. 8a and 8b. The grooving can be clearly seen. This method of overcoming 
end friction, is, therefore, distinct from the method of SteBeL and Pomp (1928) 
who used coned tools to remove the effects of barrelling, but deformed their 
specimens in a non-uniform manner. 
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Experiments were carried out on specimens with height/diameter ratios of 
1-5 and 0-75: (i) with grooves cut in the ends and lubricated with oil; (ii) with 
lapped and polished ends and lubricated with oil ; (iii) with lapped and flat ends, 
but both platens and specimens degreased with magnesium oxide. Fig. 9 shows 
results from experiments (i) and (iii), Within the experimental accuracy the 
measured yield stress is unaffected by the height/diameter ratio of the specimens 
when the ends are grooved, but large differences occur when there is no lubricant. 
Additional support is provided by these results for the view that a close approxi- 


mation to the true yield stress is obtained with specimens grooved at the ends, 
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SIEBEL (1923) has shown that the average pressure on a cylindrical specimen 


compressed with end friction is 


» y (1 ” | 
3h 

where p = average pressure, @ = maximum radius, » = coefficient of friction, 
h = instantaneous height, and Y = yield stress in uniaxial compression. If the 
yield stress is known accurately the average coeflicient of friction may be calculated 
and the results are shown for experiments (ii) in Fig. 10 and (iii) in Fig. 11. There 
is close agreement between the value of the coefficient of friction and the strain 
rate, and in the case of the 31 unlubricated specimens the correlation is 0-851. The 
best line through the experimental values has the equation logu=log 0-38 —0-0101A, 

where A the strain rate (sec.~!). 
The decrease in yield stress observed by PoLAKkowskr (1949) in specimens 


showing barrelling was not found in the present experiments. 


Another possible error in the experiments was the variation of yield stress 


with crystal size in the specimen. The results in Fig. 12 show the effect to be 


large between a specimen in the as-cast condition (12 crystals per sq. em.) and a 
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specimen in which the crystal size had been reduced by plastic forming to 3440 
crystals per sq. cm. It is thought that in the present work this effect is negligible 
since the crystal size in the finished specimens was very much smaller than in 
the as-cast state and it is known that the yield stress is sensitive to crystal size 


only in coarse-structured materials. 
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Fig. 11. Mean coefficient of friction for non-lubricated specimens. 


The results given in Table 1 show that little or no exchange of heat occurs 
between the metal and its surroundings during compression. It is clear, therefore, 
that the results in Figs. 2 and 7 for the temperature of the specimen before com- 
pression do not give the true yield stress v. temperature relationship. All 
the results in Figs. 83 to 7 have not been corrected for the effect, since in use, 
particularly in rolling, it is the initial temperature of the material which is known, 
and not the temperature at various stages of the deformation. The correction 
has been made in Fig. 13, however, on a section of the results, and the variation 
of yield stress is shown against specimen temperature at various strain rates and 
reductions. The magnitude of the correction may be found from Fig. 13 by 
comparing the yield stress at the experimental points on the curves with the 


corresponding values at the initial temperature of the experiment. 
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The experiments described above were carried out on the plastometer in which 
the lower platen moved at constant velocity. Some experiments were made with 
the second apparatus in which the specimen was compressed at a constant strain 
rate. It was possible, therefore, to compare the yield stress at various tempera- 
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tures, reductions and strain rates for specimens with differing strain-rate history. 
Since the yield stress at any temperature depends on the recovery within the 
material and the rate of re-crystallization, both of which are functions of time and 
the amount of plastic deformation, it is to be expected that the measured yield 
stress will depend not only on the instantaneous values of strain and strain-rate, 
but also on the mode of deformation from the annealed condition. 
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The experiments were carried out at an initial temperature of 100°C on specimens 
case froma single melt of lead. All specimens were grooved and lubricated. Typical 


results are shown in Figs. 14a and 14b, and Table 2 shows the ratio of the yield 


stresses at the same strain and strain-rate. 
TABLE 2 
Reduction at S reed of 
Y5 / ; Tnitial strain- 
j Strain-rate equal strain- compression te ¥ 
l rales for YY, nines for 1 
sec.7) A inches /sec. sec7! 
1-068 1-063 13-8 0-835 0-593 
1-053 SOAS 6-2 3°40 2-266 
1-O85 7:75 4-0 7:77 5°180 
1-034 11°53 s1S 11-75 7°830 
1-047 17°50 12-0 15°25 10-166 
Y'4 = yield stress measured in constant strain-rate plastometer. 
Y, vield stress measured at constant speed of compression. 
a — — —— —~ — 
ee VARIABLE STRAIN RATE CONSTANT STRAIN RATE 716 
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Figs. 14a and b. Yield stress at variable strain-rates and constant strain-rates of 7-75 and 


1-063 sec.-! (temperature 110°C). 


[it will be seen in Figs. 14a and 14b that the two yield stress-strain curves 


intersect. a characteristic of all the results with the exception of the measurements 
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made at the strain rate of 17-50 sec.-!. The data at these points of intersection, 


including the time taken for the total deformation, are shown in Table 3. 


TABLE 3 


Strain rate Time 
Reduction 
Const, strain Const. Const. Const. strain 
rate m/c. speed m/c. speed m/c. rate m/c. 


fons. in. me . Secs, Secs, 


1-05 ‘OG: “60% 1-062 0-930 
1-26 3°O4: . 0-225 0-240 
1-48 7! oF 0-100 0-942 
1-62 8° “Ti 512% 0-061 0-061 


Although there are too few results in Table 3 on which to base firm conclusions 
it would seem that the yield stress of a metal is dependent not only on the instan- 
taneous temperature, strain and strain rate, but also in a complex manner on the 
total time taken to deform the specimen from the annealed condition, on the 
rate of deformation and on the time required for recovery and recrystallization. 

The values of the yield stress given in Figs. 3 to 7 are, therefore, not the true 
values for deformation at a constant strain rate, and, as mentioned above, they 
are not corrected for the rise in temperature which occurs during the deformation. 
The results may be corrected for these two effects, but in view of the fact that 


only approximate equations are available at present for the mechanical working 


process, it is considered that the uncorrected data is of sufficient accuracy to be 


used in a quantitative manner with results of experiments using lead as a model 


for metals which hot work only at elevated temperatures. 
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SUMMARY 


In order to describe the phenomena of creep in single crystals, the assumptions of KOCHENDORFER’s 
theory of plastic deformation are extended by taking the rate of dissipation of dislocations to be 
proportional to the number of bound dislocations, instead of independent of this number. This 
extension finds support in electron-microscopic studies of the formation of slip-lines. In com- 
parison with the previous investigations this alters the form of the hardening curve, but not its 
dependence on temperature and rate of deformation. The previous assumptions also remain 
applicable to flow under high stresses, at which substantial amounts of shear occur, and many 
glide planes are activated, before stationary flow is reached. They lead to the result, in agreement 
with KorNFELD’s observations, that the rate of flow is practically independent of stress. 

With this extension, the laws of creep are well reproduced, both with respect to the form of 
the creep curve and also its dependence on temperature and stress, The theory thus covers the 
entire range of plastic behaviour, from creep to impact deformation. 

Integration of the fundamental equations could only be performed by graphical-numerical 
methods. By a suitable simplification, however, a good approximation can be obtained in closed 
form. For intermediate time ranges, this gives a linear relationship between log (creep rate) 
and log (time), with slopes changing from — 1 at low temperatures (logarithmic creep) to — 2/3 
at high temperatures (1/3 creep). It also correctly reproduces the empirically found regularities 
of transient creep, and the temperature and stress dependence of steady state creep in experiments 
of long duration. The initial creep velocity and the total amount of transient creep have finite 


values. 
EINLEITUNG 


Unter Kriechen wird die plastische Verformung unter konstanter Spannung mit 
kleinen Gleitgeschwindigkeiten (Gréssenordnung 10~ sec™') verstanden. Qualitativ 
haben die Kriechkurven (Abgleitung a als Funktion der Zeit t) von Einkristallen 
dieselbe Form wie die von polykristallinen Materialien (SuLLY 1949). Die 
Kriechgeschwindigkeit fallt nach anfanglich grossen Werten mit zunehmender 
Verformung ab, um nach einiger Zeit einen konstanten Wert anzunehmen{. Formal 
kann somit der Kriechvorgang in zwei additive Teile zerlegt werden : 


(a) Das Ubergangskriechen (transient or primary creep), dessen Gleitgeschwin- 


digkeit 7 v,, sich mit wachsender Zeit asymptotisch dem Wert Null nahert. 
*Auszug aus der Dissertation von O. G. FoLBerra an der Technischen Hochschule Stuttgart (1952) 
** Nunmehr Siemens-Schuckert-Werke, Erlangen. 

Nunmehr Max-Planck-Institut fiir Eisenforschung, Diisseldorf. 

Von dem sich an das stationire Kriechen anschliessenden, dem Bruch vorausgehenden beschleunigten dritten 


Kriechen (tertiary creep) sehen wir hier ab. 
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(b) Das stationare Kriechen (steady state or secondary creep) mit konstanter 
Gleitgeschwindigkeit v = v,,. 

Fiir die mathematische Erfassung der Kriechkurven wurden verschiedene 
Ausdriicke vorgeschlagen (ANDRADE 1914; Smiru 1948; CorrrReELL und AyTEKIN 
1950; SLIFKIN und KauzMANN 1950; TyNDALL 1950; NeEurRAtTH und KOEHLER 
1951). Eine einheitliche Schreibweise dieser Vorschlage ist méglich, wenn man 
an Stelle der Abgleitung die Gleitgeschwindigkeit als Funktion der Zeit anschreibt 


(Kriechgeschwindigkeitskurven) : 
v = da/dt = B .t™ + 0,,. (1) 


B, n, v,, sind Materialkonstanten. n kann Werte zwischen 2/3 und 1 annehmen ; 
ihm entspricht eine Zeitabhangigkeit der Abgleitung zwischen t'/* und log t. Der 
Streubereich der Konstanten von Versuch zu Versuch ist sehr gross. Eine system- 
atische Temperatur- und Spannungsabhangigkeit konnte bisher lediglich fiir v,, 


gemessen werden. Es ergab sich, dass v,, exponentiell mit der Gleitschubspannung 
7 wachst und ebenfalls exponentiell mit der reziproken absoluten Temperatur 
1/T fallt (siche Gleichung (8)). 

Die exponentielle Zunahme von v,, mit 7 tritt jedoch nur bei “ echten ”’ Kriech- 
versuchen mit kleinen Gleitgeschwindigkeiten auf. Oberhalb einer bestimmten 


Schubspannung steigt v,, allmahlich weniger als exponentiell an. Wenn 7 etwa 
das zehnfache der normalen kritischen Schubspannung 7, betragt, wird v,, (im 
Rahmen der Genauigkeit der Experimente) unabhangig von 7 (KORNFELD 1936). 
Die Gleitgeschwindigkeiten sind dabei von der Gréssenordnung 1/10 sec}. Es 
handelt sich bei diesen Versuchen also nicht mehr um eigentliche Kriechversuche, 
sondern um Fliessversuche bei mittleren (10-? sec!) bis grossen (10? sec~!) 
Gleitgeschwindigkeiten. 

Das Kriechen von Vielkristallen erfolgt durch gleichzeitige plastische und 
quasiviskose Vorgange, im Gegensatz dazu tritt bei Einkristallen rein plastisches 
Gleiten auf. Die Plastizitat, einschliesslich Verfestigung und Erholung, wird heute 
auf die Existenz von Versetzungen zuriickgefiihrt. Mit Hilfe der Versetzungs- 
theorien konnten eine grosse Anzahl plastischer Probleme gelést oder der Lésung 
nahergebracht werden (CHALMERS 1949). Von meheren Autoren wurde auch das 
Kriechen versetzungstheoretisch behandelt. Diese Theorien ergeben jedoch 
entweder nur ein Ubergangskriechen (OROWAN 1947; SmitH 1948; Morr und 
NABARRO 1948 ; CoTTRELL 1952) oder Kriechkurven, die nicht der experimentellen 
Beziehung (1) entsprechen (LAURENT 1945; Lyons 1948). Uber die Temperatur 
und Spannungsabhingigkeit des Kriechens kénnen diese Theorien nur unvoll- 
standige Angaben machen. 

Fiir die plastischen Erscheinungen ist von KocHENDORFER (1941) eine Verset- 
zungstheorie entwickelt und mit Erfolg auf eine Anzahl von Versuchsgruppen 
angewendet worden. Insbesondere ergibt sich unter konstanter Schubspannung 
r sowohl ein Ubergangsfliessen wie auch ein stationares Fliessen, letzteres aber 
unabhangig von 7 (KOCHENDORFER 1952) wie bei den Versuchen von KorNFELD 
bei hohen Fliessspannungen. 

Im folgenden wird gezeigt, dass diese Ansitze zwanglos so erweitert werden 
kénnen, dass damit auch die echten Kriechversuche bei kleinen Gleitgeschwindig- 


keiten quantitativ erfasst werden, 
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ERWEITERUNG DER BISHERIGEN ANSATZE 


Die von KocHENDORFER (1941) und Vorgangern entwickelte Versetzungstheorie 
auf halbempirischer Basis geht von einem zweidimensionalen Modell aus. Die 
Aussagen der Theorie entstehen mit Hilfe einer Statistik tiber die Versetzungen; 
die dreidimensionale Erweiterung der Theorie wird dadurch vollzogen, dass die 
statistischen Mittelwerte entsprechend abgeindert werden. Die Zahlenwerte der 
auftretenden Konstanten sind namlich aus der Theorie nicht abzuleiten, sondern 
erst durch einen Vergleich von Theorie und Experiment bestimmbar. Diese 
halbempirische Methode vermeidet die mathematischen Schwierigkeiten einer 
vollstandigen atomistischen Durchrechnung des Problems, geht aber wesentlich 
liber die rein phainomenologische Beschreibung der Messergebnisse hinaus. 

Die Grundgedanken der Theorie sind folgende : 

Die Wahrscheinlichkeit fiir die Bildung von Versetzungen ist nach dem Boltz- 
mann’schen Prinzip gegeben durch : 


i %, + Exp | AA/kT). (2a) 


Dabei ist die Aktivierungsenergie AA von der Gleitschubspannung 7 und der 


Verfestigung 7 T T, gemiass 


AA a ; (2b) 
TOI 

1: 7), Konstanten) abhangig. 

Plastisch wirksam sind im wesentlichen nur Versetzungen, die Abgleitungen in 
Richtung der Gleitschubspannung hervorrufen. Die gegensinnigen (indirekten) 
Versetzungen kénnen auch bei kleinen Gleitgeschwindigkeiten meist vernachlassigt 
werden. Die Abgleitung des Kristalls ist proportional zur Anzahl der jeweils 
gewanderten Versetzungen pro Volumeinheit. 

\{n gewissen Fehlstellen des Gitters (Mosaikblockgrenzen, mittlerer Abstand L) 
werden die Versetzungen aufgehalten (gebunden) und rufen eine Verfestigung des 
Gitters hervor. Diese ist bei hexagonalen Kristallen und bei kubischen Kristallen 
bei Einfachgleitung (LUcke und Lance 1952; R6uM und Dient 1952) propor- 
tional zur Dichte der gebundenen Versetzungen (N) : 


c.N (e Verfestigungsparameter). (3) 


Fir die Auflésung der gebundenen Versetzungen wird ebenfalls das Boltzmann- 
‘sche Prinzip angewendet. Sie hat eine Erholung des Kristalls zur Folge, die von 
der Gleitgeschwindigkeit abhangt (dynamische Erholung) und von der Erholung 
im unbelasteten Kristall (statische Erholung) quantitativ verschieden ist. 

Die erste Grundgleichung der Theorie ist demnach ein Ausdruck fir die 
Anderungsgeschwindigkeit der Zahl der gebundenen Versetzungen pro (zwei- 
dimensionaler) Volumeinheit 

dN ] : P T =) 


. exp 


dt L | : ja] , Tol 


4 . EXP —.(1 ‘is ) I} (4) 


kT To: 


Der erste Summand in Gleichung (4) gibt die Anderungsgeschwindigkeit der 


gebildeten Versetzungen an, der zweite die der aufgelésten Versetzungen. 
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Die zweite Grundgleichung ergibt die Gleitgeschwindigkeit 


da/dt a, A.exp | ( A,/kT) {1 - on 
‘Ol 

Bei der Ableitung der Gleichungen ist von der Annahme ausgegangen worden, 
dass die Auflésungsgeschwindigkeit unabhangig ist von der Zahl der gebundenen 
Versetzungen (x, unabhangig von N). Sie ist gleichbedeutend damit, dass die 
Zahl der betatigten Gleitebenen sich im Laufe der Verformung nicht andert, da 
dann die neu entstehenden Versetzungen in den schon betatigten EKbenen hinter 
den vorher entstandenen Versetzungen auflaufen und erst aufgelést werden 
kénnen, wenn die vorhergehenden schon aufgelést sind. Praktisch ist diese Annahme 
nur nach grésseren Abgleitungen erfillt, wenn schon viele Gleitebenen betatigt 
worden sind. Aus diesem Grunde fiihrt sie auch zu der erwahnten richtigen 
Beschreibung der Befunde von KornFreLp, da bei hohen Fliessspannungen vor 
dem stationaéren Fliessen Abgleitungen bis tiber 50 per cent auftreten. Bei kleineren 
Abgleitungen nimmt die Zahl der betatigten Gleitebenen nach den elektronen- 
mikroskopischen Befunden von HeEmDENREICH und SHockLEY (1948) von 
Brown (1949) sowie von WiLsporF und KUHLMANN-WILSDORF (1952) stetig und 
naherungsweise linear mit der Abgleitung zu. Im Rahmen der beschriebenen 
Vorstellungen besagt dies, dass die Zahl der auflésungsfahigen Versetzungen 

proportional zur Zahl der gebundenen Versetzungen zunimmt, also 
oe B, N (4a) 


» 


zu setzen ist. Wir legen fiir das folgende die Gleichungen (4) und (5) mit dieser 
Erweiterung zugrunde. 

Die Gleichungen (4) und (5) haben sich zur Berechnung der Geschwindigkeits - 
und Temperaturabhangigkeit der Verfestigungskurven bewahrt, ohne dass die 
Erweiterung (4a) benutzt wurde. Das hat folgenden Grund: Mit der Versuchs- 
bedingung v econst., 7 const. ergibt die Integration dieser Gleichungen 
N a. é(v, T), also eine linear mit der Abgleitung ansteigende Zahl der gebunde- 
nen Versetzungen, wobei der Anstieg von den Versuchsparametern v und T 
abhaingt. Bei Bericksichtigung von (4a) fiihrt die Integration auf einen nicht- 
linearen Zusammenhang zwischen N und a, wobei aber der Einfluss von Gesch- 
windigkeit und Temperatur auf die gegenseitige Lage der Kurven N = N (a) 
praktisch derselbe ist, wie im ersten Fall. Auf diesen Einfluss kommt es, wie 
bereits friiher erwahnt (KOCHENDORFER 1941; Seite 90/91), bei dieser Problem- 
stellung auch in erster Linie an und nicht auf den Verlauf der Verfestigungskurve 


+ = t(a)imeinzelnen. Dieser haingt tiberdies noch ab von der Beziehung zwischen 


i 


7, und N, die heute noch keineswegs bekannt ist und meist in der einfachen Form 
r,~WN oder r,~ /N angesetzt wird. Mit diesen Ansitzen erhalt man ohne 


fay 


Beriicksichtigung von (4a) geradlinige bzw. parabelformige Verfestigungskurven, 
welche ausreichende Naherungen fiir die gemessenen Kurven darstellen und 
durch die Parameter 7,,/a bzw. 7,2/a gekennzeichnet werden kénnen. Bei Beriick- 
sichtigung von (4a) wiirde diese einfache Darstellung verloren gehen, ohne dass 
iiber den wesentlichen Punkt, die Geschwindigkeits — und Temperaturabhangigkeit 
der Verfestigungskurven, tiefere Aussagen gewonnen werden kénnten. Bei den 


Kriechkurven dagegen besitzt gerade der Einfluss der Schubspannung auf die 
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Kriechgeschwindigkeit eine entscheidende Bedeutung, so dass (4a) hierbei grund- 
sitzlich beriicksichtigt werden muss. Es kommt also ganz auf die Fragestellung 
an, ob (4a) beriicksichtigt werden muss oder nicht. 

Wenn auf diese Weise eine wirkliche Vervollstandigung der Theorie erzielt 
worden sein soll, so miissen die gemessenen Kriechkurven mit den bisherigen 
Zahlenwerten der Konstanten ohne weitere Annahmen (mit Ausnahme der durch 
(4a) neu eingefiihrten Konstanten £,) richtig wiedergegeben werden. Wir stellen 
daher zundchst die Werte dieser Konstanten zusammen. Sie besitzen zum Teil 
fiir alle Metalle ungefahr tibereinstimmende, zum Teil fiir die verschiedenen 
Metalle spezifische Werte. Die ersteren sind* 


10* Grad, q +5 & 10! sec, 
(6a) 


0-95, To /Teq = 0-996, L = 10-* cm. 


Die spezifischen Materialkonstanten sind fiir Zinkkristalle, von denen die Ergebnisse 


der Kriechmessungen benutzt werden} 
160 ¢/mm*, 2:7 xX 10° cm, 
e/(AL) = 7, 2300 g/mm?. 
Aus (6a) und (6b) ergibt sich 


o 5-6 10'7 sec! em, ¢ 0-6 x 10719 (¢/mm?) em?. 


l 5 


Diese Gréssen sind stérungsempfindlich, ihre Werte hangen stark von der 
Herstellung, dem Reinheitsgrad, und der Vorbehandlung der Proben ab und 
kénnen daher (mit Ausnahme der Werte der Konstantenverhaltnisse) im Einzel- 
fall bis zu 50 per cent von den angegebenen Mittelwerten abweichen (bei «, 
bezieht sich dies auf den Logarithmus). Die Forderung kann dasher nur lauten, 
dass die zur Wiedergabe der Kriechkurven erforderlichen Zahlenwerte innerhalb 


dieses Streubereichs mit den angegebenen Mittelwerten tibereinstimmen. 


BERECHNUNG DER KRIECHKURVEN UND VERGLEICH MIT DEN 
EXPERIMENTELLEN ERGEBNISSEN 


Die Berechnung dieser Kurven erfordert die Integration von Gleichung (4) mit 
4, nach (4a) mit der Anfangsbedingung N O fiir ¢ 0. Das Integrationsergebnis 
N N (t; JT. 7) liefert, in Gleichung (5) eingesetzt, den gesuchten funktionellen 
Zusammenhang zwischen v und t. Diese Berechnung kann nicht in geschlossener 
analytischer Form durchgefiihrt werden, die folgenden Ergebnisse sind daher auf 


graphisch numerischem Wege gewonnen worden. Zum Vergleich dienen die 


experimentellen Ergebnisse von CoTTRELL und AyYTEKIN (1950) an spektroskopisch 


reinem Zink. Da die experimentellen Kurven stark streuen, so kann mit festen 
Zahlenwerten der Konstanten nur eine bestimmte experimentelle Kurve méglichst 
gut wiedergegeben werden. Die Zahlenwerte sind so gewahlt worden, dass dies 
fiir die Kurve Nr. 3 in der Veréffentlichung von CotrreLL und AyYTEKIN zutrifft. 


* Nach KocHENDORFER (1941) S. 76 f. u. 89. Es ist zu beachten, dass dort als Einheit der Gleitgeschwindigkeit 
Abgleitung 10/hk benutzt worden ist. 

+ Nach KocuenpDOrFER (1941) S. 28, 88 u. 124. Der Verfestigungskoeffizient Tyla fiir T = O ist auf S. 88 fiir 
Kadmium mit 469 g/mm* angegeben, fiir Zink betragt er nach den bei E. Scumrip u, W. Boas (1935) wiedergegebenen 


Verfestigungskurven rund das 5 fache. 
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Fig. 1 zeigt, dass eine sehr gute Ubereinstimmung zwischen der theoretischen 
Kurve und den experimentellen Ergebnissen erzielt werden kann. Die hierfiir 
erforderlichen Zahlenwerte sind folgende : 

2 x 10* Grad, «, = 8-3 x 10?! sec! em=!, 

250 ¢/mm?, < 107! (g/mm?) em’, £, = 3 x 10! sec! em. 
Fir 4,/A, og Sind die Zahlenwerte (6a) iibernommen worden, da diese 
durch die friiheren Messungen schon genau festgelegt sind (vgl. KocuENDORFER 
1941; Seite 89). Wie man sieht, liegen 
die Werte der anderen Konstanten 


und T/T 


.——_—_—_—_—_ 


innerhalb des oben  angegebenen 
Streubereichs um die Mittelwerte (6a-c). 
Neu hinzugetreten ist lediglich der 
Wert von f,. Eine ausgiebige Unter- 


suchung hat ergeben, dass die Werte ae 


ro) 2 4 6 Bxio* sec 


._ 


; ie : p Fig. 1. Vergleich der mit den Zahlenwerten (7) 
diirfen, wenn die Ubereinstimmung _ perechneten Kriechkurve mit der von CorrreLt 


der Konstanten gegeniiber denen in (7) 
nicht merklich abgeandert werden 
zwischen der berechneten und _ und Ayrexkin (1950) gemessenen Kurve Nr. 3 
gemessenen Kriechkurve bestehen (Messpunkte 2). Die “ spontane Abgleitung ” 
bleiben soll. Ferner hat sich gezeigt, wurde nicht berticksichtigt. 
dass durch geeignete, etwas, davon 
verschiedene Werte jede der von CorrreLL und AyTEKIN gemessenen Kurven 
mit gleicher Genauigkeit wiedergegeben werden kann wie die Kurve in Fig. 1. 

Die mit den Zahlenwerten (7) berechneten Kriechgeschwindigkeitskurven fiir 
verschiedene Schubspannungen und Temperaturen sind in den Figs. 2 und 3 und 
die daraus durch graphische Integration gewonnenen Kriechkurven in den Figs. 


: + 


~ 
v 


" 
42-5 q/mm* 


41-25 G/ mm2 


logt - 


Kriechgeschwindigkeitskurven fiir die Temperatur JT’ = 300°K bei verschiedenen Schubs- 
pannungen 7, graphisch-numerisch berechnet. v in sec!, tin sec 


4 und 5 dargestellt. Auch diese Ergebnisse stimmen gut mit den experimentellen 
Befunden iiberein. Wie bereits einleitend erwahnt worden ist, konnte eine 
definierte Temperatur — und Spannungsabhangigkeit der gesamten Kriechkurven 
bisher noch nicht aufgestellt werden, so dass die Ubereinstimmung nur allgemeiner 
Natur sein kann. Wir werden darauf in der Diskussion zurickkommen, 
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Giinstiger liegen die Verhaltnisse beziiglich des stationaren Kriechens. CorrreELu 
und Ay TEKIN fanden, dass die stationare Fliessgeschwindigkeit v,, in Abhangigkeit 
von der Temperatur 7 und der Schubspannung 7 gut durch eine Beziehung der 
Form 


v C, exp (— C,/T) . exp (C, T) (8) 


st 1 
dargestellt werden kann. Die Werte der Konstanten C,; streuen stark von Versuch 
¢ mm? und den 


> 


zu Versuch und liegen fiir den Spannungsbereich von 20 bis 50 
Temperaturbereich von 273 bis 400°K innerhalb folgender Grenzen : 
C, =10!° bis 108 sec™!, C, =16000 bis 21000 Grad, C, =75 bis 150 (mm?*/g) Grad. (8a) 


ot 


Wie man sieht, sind die 


Streuungen von log C,, C, und C, 
von derselben Grésse, wie sie 
oben fiir log (a, A) und fiir die 
iibrigen Konstanten in (6a-c) 


angegeben wurde, obwohl es sich 


im vorliegenden Falle um sehr 
reines Versuchsmaterial handelt. 

Theoretisch ergibt sich die 
Abhangigkeit v,, , 7) aus 
den Gleichungen (4), (4a), und 
(5) mit dN /dt = 0 durch Elimina- 


tion von N. Da die Gleichungen 


transzendent sind, so ist ihre 


Auflésung nach WN _ nicht in 
geschlossener Form, sondern Wie in Fig. 2 fiir Schubspannung 7 = 40 g/mm 
; ‘ . bei verschiedenen Temperaturen 7. 
nur auf graphischnumerischem 


Wege médglich. Die mit den 
bisherigen Werten (7) der Konstanten erhaltencn Ergebnisse fiir verschiedene 
425 q /mm* 
| 


— — 


4-25 g/mm? 


40 g/ mm? 


= 4 
2) 5x!O se 


Fig. 4. Aus den Kurven von Fig. 2 sich ergebende Kriechkurven. 


Temperaturen und Schubspannungen zeigen die Figs. 6 und 7. Wie man sicht, 


sind die Kurven log v,, als Funktion von 7 fiir festes T und von 1/T fiir festes 
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7 in sehr guter Naherung Geraden, geniigen also der experimentell ermittelten 
Beziehung (8). Fiir die darin auftretenden Konstanten C, ergeben sich folgende 
Werte : 

C 


4 


, 2-74 1 sec, C, 17910 Grad, 2 121 (mm?/g) Grad. (8b) 


Diese Werte liegen genau im Streubereich der experimentellen Werte (8a). Das 
gesamte tiber Kriechen vorliegende Tatsachenmaterial wird also durch die bisherigen 
Ansatze mit der Erweiterung (4a) und mit den bisherigen Zahlenwerten der 
Konstanten bestens widergegeben. 


t 


Aus den Kurven von Fig. 3 sich ergebende Kriechkurven. 


a 


20 30 40 


Fig. 6. Abhingigkeit der stationaren Fig. 7. Abhangigkeit der stationadren 
Kriechgeschwindigkeit v,, (sec!) von der Kriechgeschwindigkeit v,, (sec!) von 
Schubspannung 7 _ bei verschiedenen der reziproken Temperatur 1/T bei 
Temperaturen T,  graphisch-numerisch verschiedenen Schubspannungen 7, 
berechnet. Abscissa r. graphisch-numerisch berechnet. 


Wenn auch, wie erwahnt, der Einfluss von 7 und 7 auf das Ubergangskriechen 
sich nicht in gleicher Weise einfach formelmassig beschreiben lasst, so ergibt sich 


doch eine in etwa quantitative Ubersicht, wenn man die Anfangskriechgeschwin- 
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digkeit v, in Beziehung setzt zur stationaéren Geschwindigkeit v,. Bezeichnen 
wir das Verhialtnis v,/v,, mit Q, so bedeutet Q > 1 ausgepragtes, Q ~ 1 geringes 
Ubergangskriechen. Die beschriebene numerische Auswertung der Gleichungen 


ergibt in guter Naherung 


77 7 2 4 Al 
Q = c, exp (¢,/T) . exp (¢, 7/T). (9) 
Diese Beziehung ist in Ubereinstimmung mit den experimentellen Beobachtungen. 
Wir werden weiter unten von ihr Gebrauch machen. 
Fiir die Versuchswerte 
T! = 300° K, 7! = 40 g/mm’, 
ergibt die Auswertung (vgl. Fig. 2) 


In Q! 3-19. 


VEREINFACHTER ANSATZ UND NAHERUNGSLOSUNG 


Der Verlauf der Kriechgeschwindigkeitskurven und ihre Temperatur - und 
Spannungsabhangigkeit lasst sich mit folgenden Vereinfachungen unmittelbar 
analytisch angeben : 

Da nach (6a) A,/A, und 7,,/7~, nahezu gleich 1 sind, so setzen wir beide 
Gréssen gleich 1 und beschranken uns ferner in der Entwicklung der Exponential- 
funktionen auf die linearen Glieder. Da die Konstanten dann eine andere 
Bedeutung und andere Werte annehmen als bisher mit den vollstandigen Gleich- 
ungen, so unterscheiden wir sie von den bisherigen mit einem Strich. Dann lautet 
die erste Grundgleichung statt (4) : 


dN /dt = [(2,' — B. 


> 


'N)/L'] . exp | — A,’ kT) (1 aay les . “|: (10) 


; 
Tol 


und die zweite Grundgleichung statt (5) : 


i da/dt = a,’ X’ exp ( — A,’ kT) (1 —27=<")I. (11) 
: Tol 
Wir betrachten zunachst das stationare Kriechen, fiir das N-const., d.h. dN /dt=0 
ist. Damit ergibt (10) 
(12) 
Nach (11) wird 


2h’ A’ exp [ ( -A,'/kT) (14 t, /Bo )(e’ T'))] exp [(24,’ kT)(7 T;')}- (13) 


st - 
Diese Beziehung besitzt deselbe Form wie die schon diskutierte Beziehung (8). 


Durch Vergleich ergibt sich 
(A,'/k) (1 + 2 (a,'/B,') (c’/t9,’)), Cy = ‘)/ty'» (14) 


Man sieht nun deutlich, dass durch die vorgenommene Vereinfachung der 
Charakter der funktionalen Zusammenhange gegeniber bisher erhalten bleibt, 
aber Bedeutung und Zahlenwerte der auftretenden Konstanten geandert werden 
(vel. (7) und (8b)). 
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Wir berechnen nun die Kriechgeschwindigkeitskurven selbst und fiihren hierzu 
an Stelle von N die Variable Z ein durch 
In (1/Z) = (N,, — N) (24,'/kT) (e'/7,'). (15) 
Zu Beginn des Kriechens (t = 0, N = 0) hat Z unter Beriicksichtigung von (12) 
den Wert 
a, = p = p(T) = exp [( — 2A,'/kT) («,'/B,’) (e’ tes) , 
und am Ende des Kriechens (t co, N = N,,) den Wert 
Z.. 1. 
Setzen wir ferner 
F = F(T, +) = (£,'/L’) exp [(— A,’ kT)(1 —‘ 
so lasst sich (10) in der Form 
dZ 
In Z 
schreiben. Die Integration ergibt, 
mit N = 0 fir t = 0, 


F.t=l(p) —l(Z), (18) 


wo li den Integrallogarithmus 
bezeichnet, der z.B. bei JAHNKE-EMDE 
(1948) tabelliert ist. In dem nach 
(15a, b) interessierenden Bereich von 
Z=0 bis Z=1 nimmt li (Z) von 0 
nach — o ab, dementsprechend ¢ von 
0 fir Z=—p=Z, bis o fir Z=1 
zu, wie es wie es auch sein muss. 
Elimination von N aus (11) und 
on omg . - Funktion von » wad Fig. 8. Nach (21) berechnete normierte Kriech- 
dies in (18) eingesetzt den gesuchten geschwindigkeitskurven Sie thee eecmmniie: Semeien 


log wv bzw. log ver 


Zusammenhang zwischen v und ¢. zogene Kurven) und fiir das Ubergangskriechen 
Fiihrt man die normierte Zeit ¢ und (gestrichelte Kurven). 
die normierte Geschwindigkeit v ein 


durch 
t= F(T,r).t und v (19a, b) 


mit F' nach (16) und 


G = G(T, r) = (1/a' 2’) exp [(A,’/kt) (1 — 27/74,')], (20) 


so ergibt sich als Gleichung fiir die normierten Kriechgeschwindigkeitskurven 


t = li(p) —li(p/»). 
Fiir ¢t = ¢ = 0 wird v = 1, also nach (19b) und (20), 
= a,’ exp [(— A,'/kT) (1 — 27/79,')] 


V = Up 


und fiir ¢ = t = © wird v = p, also nach (19b), (20) und (15a), 
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p/G (22b) 


st? 
wie es auch sein muss. Der Verlauf der Kriechgeschwindigkeitskurven nach (21) 
ist in Fig. 8 in einem doppeltlogarithmischen Koordinatensystem gezeichnet. Die 


eigentlichen doppellogarithmischen Kriechgeschwindigkeitskurven erhalt man 


daraus bei vorgegebenen Werten von 7 und 7 und bekannten Funktionswerten p, 
F und G, indem man jeweils die Kurve mit dem Parameterwert pum log F' bzw. 
um log G in Abszissen- bzw. Ordinatenrichtung verschiebt. 

Nach (11) ergibt sich fiir das Verhaltnis Q = v,/v,, von Anfangsgeschwindigkeit 


rt 


» (N = 0) und stationarer Geschwindigkeit v, 


Q exp (24,'/kT) («,'/8. (23) 
exp (c,'/T). (23a) 


Dieser Ausdruck ist als Folge der Vereinfachung unabhangig von 7 im Gegensatz 
zum vollstandigen Ausdruck (9). 

Zur Berechnung der Zahlenwerte der gestrichenen Konstanten kann man von 
den mit der vollstandigen Theorie erhaltenen Ergebnissen verschiedene Kom- 
binationen benutzen. Zweckmiassig ist zu fordern, dass die Konstanten C;, in (14) 
und fiir die Versuchswerte (9a) der Parameter Q in (23) die Werte (8b) und (9b) 
annehmen. Man erhalt auf diese Weise unmittelbar 


16960 Grad, ' == 280 g/mm?, 


/ 


107?! see“!, y 1 [(a,’ B,') (e’ oe) 
Damit wird nach (15a), (20) und (16) fiir die Versuchswerte (9a), 
In p! In Q! - 3-19, log G! 6-1, 
log F! = log (8,'/L’) — 18-95. 


Zur Bestimmung von log (f,'/L’) ist die nach (21) erhaltene Kriechgeschwindig- 
keitskurve in Richtung der Abszissenachse so zu verschieben, dass sie mit der 
nach der vollstandigen Theorie berechneten Kurve méglichst gut zur Deckung 


gvelangt. Auf diese Weise ergibt sich 


log I : (25b) 
und somit 
log (B,’ L’) 12-65. (24b) 


Yamit sind die Werte der Konstanten und der Parameter, um welche die Kurve 
(7, 71) in Fig. 8 in Richtung der Koordinatenachsen verschoben werden muss, 
bekannt. Nach (15a), (16) und (20) lassen sich damit diese Parameter fiir alle 
Versuchswerte berechnen. Die so gewonnenen Kriechgeschwindigkeitskurven 
sind in den Figs. 2 und 8 gestrichelt eingezeichnet worden. Wie man sieht, stimmen 
sie mit den nach der vollstandigen Theorie berechneten Kurven gut iiberein. Nur 
wenn die (7, +)— Werte stark von den fiir die Anpassung benutzten Werten 
(7", 7!) verschieden sind, treten merkliche, aber immer noch verhiltnismassig 
geringe Abweichungen auf. Sie sind dadurch bedingt, dass Q nach der Naherungs- 
gleichung (23a) im Gegensatz zur vollstandigen Gleichung (9) nur von 7’, nicht 


aber von 7 abhanget. 
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5. DISKUSSION DER ERGEBNISSE 


Eine formelmissige Erfassung der experimentellen Kriechgeschwindigkeits- 
messungen nach Art der Beziehung (1) weist, was das Ubergangskriechen betrifft, 
erhebliche Mangel auf. Es wird durch eine soleche Formel weder der Tatsache 
Rechnung getragen, dass fiir t = 0 die Kriechgeschwindigkeit endlich ist, noch dass 
die gesamte durch das Ubergangskriechen hervorgerufene Abgleitung endlich 
bleibt. Eine solehe Formel kann daher nur den mittleren, auch fast ausschliesslich 
messbaren Teil einer Kurve sachgemiss wiedergeben. Im Gegensatz hierzu liefert 
die vorliegende Theorie Kriechgeschwindigkeitskurven, die diese Mangel nicht 
aufweisen. Sie besitzen fiir t +0 horizontale Asymptoten, also endliche, wenn 
auch verhaltnismassig grosse Anfangsgeschwindigkeiten und fiir t > © Gesch- 
windigkeiten des Ubergangskriechens, die rascher gegen Null gehen als nach dem 
t-1/" _ Gesetz, also endliche Gesamtabgleitungen fiir das Ubergangskriechen 
ergeben. Dies ist aus den Abweichungen der gestrichelten Kurven in Fig. 8, die 
das Ubergangskriechen angeben, von den t-" — Geraden zur ersehen. Dabei sind 
diese Kurven in den mittleren Teilen, wie auch in den Figs. 2 und 3, in sehr guter 
Naherung Geraden mit Neigungen zwischen —2/3 bis—1 und geben somit die 
experimentellen Befunde genau wieder. Insbesondere wird dem Umstand Rechnung 
getragen (Wyatr 1951), dass bei tiefen Temperaturen (kleine Werie von p) die 
Neigung bei—1 liegt und sich mit wachsenden Temperaturen dem Wert — 2/3 
annihert, also ein Ubergang vom logarithmischen zum ¢!/* — Kriechen stattfindet. 
Der gleichwertige Einfluss wachsender Spannung ist in Fig. 8 wegen der Verein- 
fachungen nicht enthalten, aber in den vollstandigen Gleichungen, wenn er auch 
in Fig. 2 nicht klar hervortritt, da der Spannungsbereich von 40 bis 42-5 g/mm+? zu 
klein ist. 

Eine Schwierigkeit beim Vergleich von Experiment und Theorie bereiten auch 
die verschiedenen Anfangsbedingungen. Wahrend die Theorie mit definierten 
Anfangsbedingungen rechnen muss (volle Spannung ab t = 0, vorher Spannung 
gleich Null), sind diese im Experiment mehr oder weniger unbestimmt. Ehe eine 
bestimmte konstante Schusbpannung sich eingestellt hat, erfolgt meist schon eine 
gewisse mit einer Verfestigung verbundene “ spontane Abgleitung.” Es ist auch 
aus diesem Grunde verstiandlich, wenn genaue Vergleiche von Theorie und Experi- 
ment erst fiir spaitere Kriechstadien méglich sind. Deshalb haben wir auch unsere 
Naherungslésungen vorzugsweise in diesen Stadien den vollstandigen Lésungen 
angepasst. 

Bei sehr kleinen Gleitgeschwindigkeiten (Grossenordnung 107!° sec™!) treten 
diffusionsartige Vorginge einzelner Atome als plastisch wirksam in Erscheinung 
(CorrrELL 1948)*. Da soleche Vorgiange in unsere Ansatze nicht mit einbezogen 
worden sind, so sind die Erscheinungen des ‘‘ Mikrokriechens ” (CHALMERS 19386) 
in der vorliegenden Theorie nicht enthalten. 

Beriicksichtigt man die genannten Umstinde, so erkennt man, dass durch die 
vorliegende Theorie das Gebiet der Kriech—und Fliesserscheinungen in seinen 


gesamten Umfang quantitativ richtig wiedergegeben wird. Entscheidend ist 
dabei, dass die Zahlenwerte der benutzten Konstanten (bis auf einen einzigen) aus 
Messungen in ganz anderen Bereichen des plastischen Gleitens gewonnen worden 


* Von KoCHENDORFER (1941) wurden Verschiebungen der Mosaikblécke als Ganzes angenommen, da das Kriechen 


bald praktisch zum Stillstand kommt. 
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sind. Insgesamt beschreibt also die Theorie das ganze Erscheinungsgebiet der 


Kristallplastizitat. Wir sind uns bewusst, dass die zur Ableitung der Grund- 


sleichungen benutzten modellmassigen Vorstellungen im Rahmen der Theorie der 
Versetzungen gewisse Schwierigkeiten bereiten. Es ist aber zu beachten, dass die 
Grundgleichungen sehr viel weniger spezielle Annahmen enthalten also das 
zugrundegelegte Modell, im wesentlichen die Grundgesetze der Statistik, die sich 
in verschiedener Weise atomistisch interpretieren lassen. Wir sehen es als eine 
Aufgabe an, diese Interpretation an Hand der Theorie der Versetzungen durch- 
zufiihren. 

Auf Grund der vorliegenden Untersuchungen scheint uns eine Unterteilung des 
Kriechvorgangs in ein Ubergangskriechen und ein stationares Kriechen zwar 
formal zweckmiissig, aber nicht physikalisch sinngemiiss zu sein, denn es spielen 
sich in beiden Bereichen keine grundsitzlich verschiedenen Vorginge ab, sondern 
nur das Verhiltnis der beiden einander gegenlaufig wirkenden Vorginge — Bildung 
und Auflésung der Versetzungen — andert sich stetig.* Es ist daher auch verstiand- 
lich, dass die Zerlegung in verschiedener Weise, zum Teil additiv, zum Teil multi- 
plikativ vorgenommen worden ist (vgl. SULLY 1949). 

Auf vielkristalline Metalle kann die Theorie bei Temperaturen unterhalb etwa 
0-4 T. (7. absolute Schmelztemperatur), bei denen die Verformung vornehmlich 
durch Gleiten der einzelnen Kérner erfolgt (abgesehen von der unter besonderen 
Bedingungen stattfindenden Zwillingsbildung) im  wesentlichen unverandert 
iibertragen werden (KocHENDORFER 1952), genauere Untersuchungen sind in 
Angriff genommen worden. Bei héheren Temperaturen erfolgt die Verformung 
zusitzlich durch “ quasi-viskoses” Fliessen der Korngrenzen, dem natiirlich 
durch eine entsprechende Erweiterung der bisherigen Ansiaitze Rechnung getragen 
werden muss. 

Abschliessend sei noch bemerkt, dass der Verlauf der Erholungs-isothermen, 
der sich mit den friiheren Vorstellungen schon recht gut beschrieben lasst (KuHL- 
MANN, MASING und RAFFELSIEPER 1949), mit der Erweiterung (4a) in Einzelheiten 
verbessert werden kann. Wir werden darauf in einer besonderen Mitteilung 
eingehen. Dabei werden wir auch auf die Bedenken, die gegen den Ansatz (2b) 
erhoben worden sind (LAURENT 1945; Virovec und Nowotny 1951, 1952), zu 


sprechen kommen. 
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EXPERIMENTAL INVESTIGATION OF THE BEHAVIOUR 
OF SOIL UNDER A PUNCH OR FOOTING* 


By W. SyLWestRowIcz 


Graduate Division of Applied Mathematics, Brown University 


( Rece ive d 27th Fe bruary, 1953) 


SUMMARY 


Tur displacement field and volume changes in sand, soil and clay, when indented by a punch, 
are investigated experimentally under conditions of plane strain. The pressure-penetration 
relations are also determined. Comparison is made with recent theories of the plastic behaviour 


of materials whose properties are influenced by hydrostatic pressure. 


INTRODUCTION 


IN three recent papers (DrucKER and PRAGER 1952; SHIELD 1953; DRUCKER 
1953), dealing with theoretical problems of soil mechanics, the implications were 
investigated of the assumption that soil can be treated as a perfectly plastic 
material for which hydrostatic pressure increases the yield stress. For plane 
strain the criterion for slip in 
soil is presented in Fig. 1 in 
the form of Mounr’s circles 
and their enevlope, where the 


dotted line represents a 


criterion proposed by 


DruckeR and Pracer for the + 
ease of soils unable to take 


tension. Une of the especial) Oo + oy J 
significant implication of the oe aie 


proposed theory iS the ‘ : 

a. Fig. 1. Coulomb rule. 
necessity of increase in volume 
accompanying shearing action. 

It was considered advisable to check the validity of this assumption experi- 
mentally and to obtain more data for the deformation of the soil. The experiments 
described in this report were designed mainly to observe the two-dimensional 


displacement field in the soil during the indentation of a punch or footing, and 


also to construct the pressure-penetration curve. These experiments deal mainly 


with sand although a few were performed using a garden soil and a commercial 
oil modelling clay called Plasteline. 

* The results presented in this paper were obtained in the course of research sponsored by the Office of Naval 
Research under Contract N7onr-35801 with Brown University 
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Experimental investigation of the behaviour of soil under a punch or footing 
2. EXPERIMENTAL TECHNIQUE 


For the experiments described in this report a special container was constructed 
with removable side panels made of } in. thick glass (Fig. 2). The inside dimen- 
sions of this container are 10 in. high, 15 in. wide and 6 in. deep. A grid system 
was produced on the side surface of the material and the deformation of the grid 
system was observed in the glass container (Fig. 3 a-f). By taking photographs 
of different stages of the punch penetration, and tracing from them the grid 


systems corresponding to each position of the punch, a displacement field could 
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Experimental displacement field for sand. 


Fig. 5. Theoretical displacement field. 


be constructed (Fig. 4) and compared with that predicted theoretically by Sure.p 
(Fig. 5). Horizontal lines in the centre of Fig. 4 represent the respective positions 
of the punch for each stage. 

It was found possible to demonstrate the movement of the individual grains 
of sand by the superposition of photographs of two consecutive states of deforma- 
tion. Fig. 6 is a composite of two such photographs of the sand taken for two 
positions of the punch, differing by 0-08 inch of penetration and superimposed in 
such a way as to match the reference marks (4 on Fig. 6) made on the glass of 
the container. The streaks give the streamlines of the flow. 

A conventional beam-type universal testing machine was used, and a much 
greater load than was expected in the experiments was applied to the beam of the 
machine. A thin-walled tube with strain gauges was placed between the head of 
the machine and the punch (2 in. wide and 6 in. deep) and was rigidly attached 


to the head of the machine. It was found in the initial experiments that the 


punch, when not rigidly attached, had a strong tendency to slide to one side. 
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The loads were measured by four resistance strain gauges connected in a Wheat- 
stone bridge arrangement on the thin-walled tube. The out-of-balance current 
was measured by a sensitive galvanometer. The penetrations of the punch into 


the soil were measured by a dial gauge indicator. 


3. EXPERIMENTS 


(a) Sand. A white sandblast sand was used, with specific density 90 Ibs. /ft.* 


and angle of repose 37° (¢ in Fig. 1). The angle of repose was measured from a 
photograph of the cone of the sand produced on a glass plate from a funnel fixed 
above the plate. This sand was packed in the container by tamping with a steel 
rod, resulting in the increase of specific density to 103 Ibs./ft.5 This increase 
of density was consistent for all the experiments with the sand. After the packing 
the top surface of the sand was supported by a wooden block, and the container 
then laid on its side and the front glass panel removed to make the grid system 
on the sand. Horizontal and vertical grooves were made in the sand, one inch 
apart and approximately 0-005 in. deep. The grooves were filled with aniline 
dyed sand. Finally the front panel was replaced and the container was ready 
for the test. 

The important point in the analysis of the pressure-penetration curve is that 
the penetration was essentially fixed by the movement of the head of the machine 
and the resulting load was measured but not controlled. A form of creep appears 
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Fig. 7. Pressure-penetration relations for sand. 


in the drop of load while the displacement is held constant. Two characteristic 
types of pressure-penetration curves are shown in Fig. 7. They differ in the 
numerical values but have the same general character. Up to the greatest pressure 
the relation between pressure and punch penetration is linear. It should be 
noticed, at this point, that there is no analogy to the linear part of the stress- 
strain curves for metals as sand does not exhibit appreciable elastic recovery 


properties on this scale. 
Up to the greatest pressure the displacement field is somewhat like the flow 


of a fluid (Fig. 8), starting from the punch and ending on the top free surface of 
the sand. A part of the motion is also directed downward into the container. There 


Fig. 6. Composite photograph from penetrations 0-08 in. apart in sand (after maximum pressure ) 
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is no discontinuity layer between the sand that moves and the sand at rest. When 
the maximum pressure is reached a new field of displacements starts to form. A 
surface of discontinuity of movement of grains appears. Below this surface no 
displacements of sand are apparent (Fig. 6). During the formation of this new 
displacement field the pressure decreases with the increasing indentation of the 
punch, but not in a smooth manner, until a definite layer of discontinuity is 
formed and further displacement of the sand takes place under almost constant 
pressure. An example of the displacement field is presented in Fig. 4. The 
discontinuity layers end on the free surface to form distinct steps (Fig. 9). 

The change of volume was measured after the experiments, and an increase 
was observed in all experiments with the sand. The ratio of the increase of the 
volume to the sand displaced by the punch was approximately 2 (for an indentation 
of about 0-4in.). No exact measurements were made of the areas where the 
change of volume took place. Only the changes of grid areas were measured. 
However, from these measurements and the character of the deformation of the 
grid, it is clear that the main change of the volume takes place in the discontinuity 
layer. 

(b) Garden Soil. The garden soil used for these experiments was of rather fine 
structure, specific density 62 Ibs. /ft.* (after sifting), moisture content 6-5 per cent 
(measured by the change of weight after heating for 5 hrs, at 75°C), with an apparent 
angle of repose of 44° (measured in the same way as for the sand). The same 
technique was used as for the sand. With the same method of packing, the 
resulting specific density varied from 80 to 120 Ibs. /ft*. 
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Pressure-penetration relation for soil. 


The pressure-penetration curve (Fig. 10) gradually increased up to the moment 
when the experiments were stopped, at which stage there was interference from 
the sides of the container. 

After some indentation by the punch a separation of the soil in the form of 
cracks appears at a distance from the bottom corners of the punch. They are 
inclined at approximately 45° downwards. After some further indentation, a 
second set of cracks appears below the first ones. At that phase of deformation, 
the main displacement takes place in the column of soil under the punch forming 
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two distinct vertical layers of discontinuity. Between these layers and cracks 
there is small movement of the soil. In the area above the cracks there is practically 


no displacement of the soil. In the experiments with the garden soil, there is no 


appreciable change of the upper free surface, and the penetration is accommodated 


by an increase in density in the region below the cracks. Fig. 11 gives the dis- 


placement field for the experiment with the soil. 


— 


field for soil. 


| : 
O02 03 04 05 O68 O7F7 O08 OF9-. 10 II 
PENETRATION wm 


Pressure-penetration relation for modelling clay. 


The pressure-penectration curve shows a few changes of the slope corresponding 
approximately to the point of formation of cracks. Quite appreciable creep 
appears nearly from the beginning of the experiment (curve (b), Fig. 10), and 
other noticeable visco-elastic properties are exhibited by the soil. 

(c) Modelling Clay. Commercial oil-modified modelling clay, Plasteline, of 
specific density 90 Ibs. ft.°, was used for the experiment. During packing into 
the container special care was taken to prevent the formation of horizontal layers. 
The glass panels were covered by a thin layer of viscous mineral oil to prevent 


sticking of the Plasteline to the glass, 
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The pressure-penetration curve is presented in Fig. 12. It was not continued 
because of interference by the sides of the container. Quite appreciable elastic 
deformation was exhibited by the Plasteline. There is no sign of formation of 


discontinuity layers. Displacement patterns are presented in Fig. 13. 


DISCUSSION 


It appears from the deformation of the grid system (Fig. 4) that some packing 
still takes place in the sand up to the maximum value of the pressure (see changes 
of the lower grid’s levels) although there is already present the movement of the 
sand in the directions which produce the discontinuity layers in the next stage 
of deformation. At that point, two symmetrical slip surfaces start to develop 
and portions of the sand above them move as a rigid body. With the formation 
of the slip surfaces, the force required for the further movement decreases, and 
a discontinuity layer is formed, which starts to move under approximately constant 


load. 
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Experimental displacement field for modelling clay. 


The displacement field in the sand (Fig. 4) is then in good agreement with the 
deformation field given by Sure_p (Fig. 5) and obtained as an alternative to 
PrANDTL’s solution. The displacement of the grid system in Fig. 7 was computed 
for the angle of friction, 6 = 37°, obtained experimentally for the sand. Compari- 
son of two pictures in Figs. 4 and 5 shows the same order of magnitude and 
character in the change of thickness of the discontinuity layer, and in the ratio 
of the distance from the punch to the step on the upper free surface to the width 
of the punch (according to SHieLpD this ratio is 3-2; experimental value approxi- 
mately 2-7). This agreement is still more surprising in view of the fact that the 


theoretical computations have been made with the assumption of very small 


displacements while in the experiments we were dealing with quite appreciable 


deformations. Although the increase of volume in the experiments (Fig. 4) 
corresponds in a sense to the theoretical prediction (Fig. 5). one should remember 
that the latter was computed for a very small movement of the punch while in 
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the experiments the penetration is quite large. Also the rapid decrease in load 


on the punch after the maximum load is reached seems to imply that the sand 


behaves in an unstable manner. 

It is obvious from the results that sand under the compression of a punch 
behaves in a completely different way from garden soil or Plasteline. Much more 
must be learned about the validity of applying the mathematical theory of plasticity 


to soil, but these preliminary results on sand are encouraging. 
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ON THE MECHANICS OF CUTTING METAL STRIPS 
WITH KNIFE-EDGED TOOLS 


By R. Hii 


Department of Theoretical Mechanics, University of Bristol 
( Received 8th May, 1953) 


SUMMARY 
A THEORETICAL investigation is made of a particular cutting operation in which a strip is split 
in two across its thickness by a tool whose cutting edge is wedge-shaped. The analysis is 
particularly concerned with the details of the deformation, the load variation, and the expenditure 
of work. The influences of friction and strain hardening are also treated. 


STATEMENT OF THE PROBLEM 


Tue process to be considered is one in which a flat strip or sheet of metal is cut in 
two by means of a tool whose cutting edge is wedge-shaped. The tool spans the 
width of the strip, which lies on a rigid horizontal base and is not otherwise con- 
strained. It is supposed that the width /thickness ratio of the strip is great enough 
for edge effects to be neglected and the deformation treated as plane strain. 

Two periods in this operation can be distinguished. In the first, the strip is 
merely indented (as in a hardness test) and the plastic zone does not extend to 
the base. Eventually, the sideways force exerted by the wedge rises to a value 
such that the opposing tension in the remaining thickness is sufficient to render 
it completely plastic. The ensuing separation of the halves constitutes the 
second period. During this, the plastic junction is reduced on one side by the 
continued cleaving action of the wedge and on the other by a contraction under 
the tension load, producing a small depression in the lower surface of the strip. 

The present investigation is concerned with a calculation of the cutting load 


and expenditure of work, and with the deformation in the cut halves. The material 


is assumed to remain rigid up to a sharp yield point and to harden at a negligible 
rate. 
2. First Stace: INDENTING 
The orthogonal indentation of a semi-infinite block by a smooth wedge has 
been treated by Hitt, Lee and Tupper (1947). The deformation is restricted 
to zones PQRST which extend from the tip T' of the wedge to the free surface 
at Q (Fig. 1 (a), upper part). The raised lip PQ is straight, with inclination ¢ and 
of length equal to that of the contact face PT = h say. The contact pressure is 
distributed uniformly and is of amount 
p = 2k(1 + 6 — 4), (1) 
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where k is the yield stress in pure shear and 26 is the apex angle of the wedge. In 
Table 1 p, ¢, and c/h, where ¢ is the penetration, are given for various wedge 


angles. 


Deformation zones when wedge angle is less than 44°20’: (a) at the instant when 


separation begins, and (b) at some later time. 


TABLE 1 


Wedge ungle 20 20 60 120 
Slope of lip 4 ‘ | 720° | 9° 34’ 12° 40’ 
0-922 | 0-857 | 0-800 | 0-748 | 0-647 
1013 | 1047 | 1-095 | 1-156 | 1-302 
0-162 0-306 0-433 0-549 0-732 0-771 
0-477 | 0-453 | 0-430 | 0-407 | 0-310 | 0-079 


1-932 1-888 1-858 1-834 2-088 4-338 8766 


Note : as 6 > 90°, ctan 60/h > 2/3. 


A mean shear strain, y,, can be defined for the deformed material, such that the 
work done by the applied load, 2 x p x triangle OPT = pch sin @ (per unit width 
of strip), is equal to the energy of distortion, 2 x ky, x area PQRST. From (1) 


and the geometry of Fig. 1 (a) it follows that 


2c sin 6 i +6 p 


3 . 
~ sin 2 6 


h 1+ 3 2 


with an absolute error of less than 0-01.* The equivalent logarithmic strain in a 
uniaxial compression test is equal to y,/+/3 or } sin 2 @. 

If the wedge is rough, the pressure is still uniformly distributed provided the 
friction is. The lip remains straight but is diminished both in height and slope, so 
that PQ exceeds PT. Inspection of the calculations of LONGMAN (1952) for 
moderate coefficients of friction, », shows that the length of the contact face is 
decreased by a fraction } » sin 26 (very nearly) and that the normal load on a 


* A formula given by Hit, Lee and TupPer (op. cit.) relates only to the uniformly strained material originally 
occupying triangle OST, and not, as was stated, also to the material finally occupying triangle PQR. 
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face is increased by a fraction », with an error generally less than 1 per cent if 
# is less than 0-1. Correspondingly, the pressure is increased by a fraction 
(1 + fsin 24), also with an error less than 1 per cent. 


3. END OF THE First PERIOD 


During the first period the boundaries of the deformation zones remain geo- 
metrically similar. Eventually, in the rigidly constrained material below the 
wedge tip, the plastic zone spreads so far that the halves begin to separate. With 
small-angled wedges and a smooth base this happens when the sideways thrust 
on each contact face, ph cos 0, reaches the value 2k (d — ce), where d is the strip 
thickness. If c, is the penetration then, 


d 1 ph cos 6 


3) 


Cy 2ke 
The incipient deformation zone, UTU in Fig. 1 (a), is a right-angled triangle in 
which the state of stress is just a uniaxial tension 2k parallel to the base. This 
solution is valid provided the rigid material in the angles UT7'S is not overstressed, 
which requires that 
20 < 40 —1+ 4, or 20 < 44° 20’, 


when the wedge is smooth. 

If the wedge is more obtuse 
than this, the incipient deforma- 
tion zone extends continuously 
downwards from the already- 
strained material (Fig. 2). 
Immediately below the tip, in the 
square TEFE, the stress is 
uniform, the transverse com- 
ponent being less than 2k (and 
becoming compressive for angles 
greater than about 100°). In 
FCBC the transverse stress 
increases from F' to B, while in 


the right-angled triangle ABA ‘ig. 2. Deformation zone at instant when separation 
begins. Wedge angle > 44°20’. 


17 


it is a uniform tension 2k. When 
the wedge angle is 60° B is 
virtually on the base ; when the angle is 120° B is at a height 0-12 h, ; and when 
the angle is 180° (flat die) the height is 0-91 h,.* 

The value c, of the penetration at this instant is given in Table 1.¢ If @ is 


* I am indebted to Mr. A. P. GREEN for checking these values and certain others in Table 1. 

+ The solution previously proposed by the writer (1950a) applies only to the case when a strip of double thickness 
is indented on opposite sides by a pair of wedges. In that solution the tension stress ¢ in the lower surface exceeds 2k 
by a factor 7/2 when @ > 0°, 1-005 when 9 = 30°, 1-03 when @ = 60°, and 1-13 when 8 = 90°. The necessary tension 
o— 2k normal to the surface could not of course be exerted by a separate foundation, but is perfectly possible in the 
centre of a solid block, so long as fracture is not caused by the triaxial tension. 

Similar remarks apply to the indenting of a strip of thickness d by a flat die of width 2h. The solution prey iously 
proposed (HILL 1950b) is valid when d/h << 4-755, but must be modified when d/h is greater than this and less than 
8-766 (Table 1). For example, when d/h = 7-514, the height of B (Fig. 2) is 0-63h. The difference between the 
yield point pressures in the two solutions for a given value of d/h is quite negligible (less than 0-35 per cent). 
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small, friction on the wedge decreases c, by approximately p (d —c,); friction 
on the base increases c, but only by a negligible amount if y is less than about 
0-1; equation (4) is also very slightly modified. 


SECOND PERIOD : SEPARATION 


As the penetration is further increased, the rigid ends move apart and the 
contact pressure falls. If the wedge is more acute than (4) the entire zone PQRST 
is partially unloaded ; if it is more obtuse, deformation continues for a while in 
the material between PD and PT (Fig. 2), and a portion of the surface PQ is 
drawn down the wedge face. A depression appears in the base surface along UU 
in Fig. 1 (a) and AA in Fig. 2. Discussion of the subsequent deformation and 
stress state in Fig. 2 is rather complicated, and attention is now restricted to 
wedges satisfying (4); this is, indeed, the case of practical importance. 

A later instant during the period of separation is depicted in Fig. 1 (b), where 
the wedge has descended an additional distance ¢ —c, and the height of the 
depression is (¢ —c,) tan @. Triangle U’T’U’ is stressed plastically under a 
uniform tension 2k ; elsewhere the stress does not attain the yield point. Deform- 
ation is momentarily confined to shearing along the lines T’U’, as elements pass 
from the triangle to the separating halves. The final distortion in region UTT’U' 


is a simple shear of amount 
(5) 


parallel to UT (Table 2). This may be seen by noting that the perpendicular 


distance between UT and U’T" is (ce e,) (1 + tan @)//2, while the displace- 
ment of U’ parallel to UT is +/2(e —e,) tan @. It is curious that y, and 
should be so nearly equal. It may be remarked also that the inclination of UU 


A 
Vs 


to the horizontal is 
tan @ 
tan“! . (6) 
2 tan @ 
Separation is complete when U’ and T” meet, which happens when c¢ reaches the 


value c, (Table 2) where 


TABLE 2 


10 20 ‘ 40 
0-161 0-300 0-423 0-534 
c,)/d 0-481 0-465 0-450 0-435 
W', /kd= tan 0 0-498 0-494 0-489 0-483 
W, /kd* tan 0 “5 0-508 0-512 0-516 


W’.,) /kd= tan 1-002 1-001 0-999 
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In practice, fracture would intervene before this point was reached, depending 
on the ductility of the metal. 

The farthest point to which deformation extends in the cut halves is on the 
upper surface at Q. The original length of strip affected is thus h, (sin @ + cos¢) 
in each half, which varies from 0-5 d when @-> 0° to 0-72 d for a 40° wedge. 

The vertical load is 

4k tan @(d/e, lhe, O<e: 
L (8) 
ii: tan 6(1 + tan 6) (ce, — ec), ey Se Se. 


The load varies linearly with penetration in each period and is greatest at the 
moment when separation begins. If friction is present, the load is multiplied by 
a factor (1 + » cot @) approximately when @ is small. The total work done during 
the second period is W, = ky, (d — c,)? per unit width of strip, while that done 
during the first period is W, = pe, h, sin 6 (neglecting friction). From (3) and 


(5), or directly by integrating (8), 


W, = 2ke, (d —c,) tan 0, W, = 2k(d —c,)* tan 6/(1 + tan 8), ) 


“1) (’ + ¢, tan 6/d (9) 
] 


d tan 6 


and so W, + W, = 2kd? tan (1 


These quantities are given in Table 2, from which it will be seen that W, + W, 


kd? tan 0, very nearly. 


5. QUALITATIVE INFLUENCE OF WorK-HARDENING 


If the material work-hardens at a moderate rate after the assumed sharp yield 
point, the surface of the lip still remains straight over most of its length except 
near Q where the corner is rounded off. According to the experimental investiga- 
tion by DuGDALE (1953) the slope and height of the lip are both decreased, while 
the length is correspondingly greater. The material below the wedge tip, though 
stressed to the yield point, is rigidly constrained during the first period and unable 
to harden (in actuality, the elasticity of the material permits plastic strains of 
elastic order of magnitude). Since work-hardening enhances the lateral load on 
the contact face for a given penetration. it follows that the c,/d ratio is reduced. 
In the second period, work-hardening broadens the planes of instantaneous shear 


into layers of continuous shear, and rounds off the corners U and U’, 


6. EXPERIMENTAL CONFIRMATION 


As the prediction that a depression should form in the rear surface of a strip 
during cutting is somewhat at variance with a@ priori intuitive feelings (the writer’s 
at least) the actual experiment was briefly tried. A long bar of bright-drawn 
mild steel, in section 1 in. x # in. was cut by a 32° wedge. This steel had a sharp 
yield point (& ~ 20 tons/in.*) and hardened comparatively slowly (k ~ 22 tons/in.? 
after a shear of 1-0). Despite the small width/thickness ratio, observable edge 
effects were confined to about 0-1 in. from either side. The bar was afterwards 
sectioned through its longitudinal plane of symmetry, and this section photo- 
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graphed (Fig. 3). 


The general agreement with theory is apparent. 
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The operation 


was terminated by fracture along one of the two shear planes through the wedge 


tip. 


DuGpALE, D.S. 1953 
Hinw, R 1950a 
1950b 
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A NEW METHOD FOR DETERMINING THE YIELD 
CRITERION AND PLASTIC POTENTIAL OF DUCTILE 
METALS 


By R. Hii 


Department of Theoretical Mechanics, University of Bristol 
(Received 14th May, 1953) 


SUMMARY 


THE use of obliquely notched or grooved strips to obtain a long narrow zone of distortion is 
suggested. If such a strip is pulled in tension, the relative displacement of the unstrained parts 
on either side of the distortion zone makes a certain angle with the axis. The plastic potential 
may be derived solely from the measured dependence of this angle on the orientation of the 
distortion zone. If the load is measured as well, the yield criterion under any state of combined 


stress can be deduced. This method has several advantages over ones adopted previously. 


INTRODUCTION 


HirHEeRtTo, two methods have been used to determine the condition of yielding of a 
metal under arbitrary combinations of stresses, and to find the plastic potential (the 
function that governs the ratios of the components of the ensuing increment of 
Thin-walled tubes of circular section have been subjected to 


permanent strain). 
in one method (LopE 1926; Davis 1948; 


internal pressure and axial load 
FRAENKEL 1948), and to torsion and tension in the other (TayLor and 
QUINNEY 1931; Scumipt 1932). During such experiments four quantities must 
be measured, viz. two applied loads and two components of strain. This requires 
period of investigation. Further- 


complicated and costly apparatus and a lengthy 
more, to ensure that the distribution of stress and strain across the section is 
of the tube should be small, say 


virtually uniform, the thickness /diameter ratio 
less than 1/20, otherwise correction-factors of uncertain accuracy have to be 
applied. Such thin-walled tubes are not easy to produce to close tolerances. 
Finally, the tube material should be sufficiently isotropic; it is, however, 
extremely diflicult to check whether this is so, as PuGH has recently emphasized 
(1958). 

It is desirable, therefore, to consider whether an arbitrary uniform state of 
combined stress can be produced by some different method. This should involve 
(i) inexpensive apparatus, (ii) easily and accurately made specimens, (iii) relatively 
simple technique, and (iv) it should permit an adequate test for isotropy. 
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DESCRIPTION OF PROPOSED METHOD 
(a) Grooved strip. 


In a uniform rectangular strip the thickness is locally reduced by cutting, on 
the wide faces, two opposed grooves in an oblique direction across the strip (Fig. 1.) 
The grooves are deep enough to ensure that plastic flow is localized there when 
the ends of the strip are loaded ; the required depth depends on the amount of 
hardening in the strain range investigated, but a reduction of thickness of about 
one third should be ample. In order to reduce edge effects to negligible proportions 
the width of the strip should be some twenty to thirty times the breadth of the 
groove, which in turn should be somewhat greater than the remaining thickness 
to obtain a state of plane stress (the through-thickness component being zero). 
These dimensions (e.g. 2ins. x 0-O8ins. x 0-05ins.), together with a rounding off 
of the angles of the groove, should eliminate the possibility of a notch constraint- 
factor. We thereby obtain, in effect, a long specimen prevented from extending 


plastically along its length by the adjoining effectively-rigid bulk. The specimen 


has only to be strained by an amount allowing an accurate determination of the 


ratios of the plastic strain-rate components at the moment of yielding. 


In the test one load only is applied, namely a longitudinal tension at the ends 
of the strip. These are pivoted so that they are free to rotate in their plane. The 
state of stress produced in the zone of deformation is biaxial, the principal axes 
and stress-ratio being dependent on the inclination @ of the groove and the 
properties of the material. The resulting plastic strain-increment is such that the 


sides of the grooves move apart with a RELATIVE VELOCITY 


relative velocity whose direction is inclined 
at an angle & to the grooves (Fig. 1). This 
relative movement is partly accommodated 


by a rotation of the rigid ends, if the GROOVE 


pivots can only move along the line joining 
them. The length of the strip must 
accordingly be such that this rotation is 


small enough not to affect the stress state 


significantly. 4 . 
; 


The angle % will probably vary slightly b 
over the imposed range of strain and Fi: 


a backward extrapolation must be used grooved strip. (b) Side view of grooves. 


1. (a) Plan view of obliquely 


to obtain its yield-point value. w% is to 
be measured for a number of inclinations 6, which, as we shall see, need only be 
assigned values between 55° and 90°. The plastic potential is derived directly 
from the % (@) relation (Section 3); no load measurement is required. This is needed 
only for the yield criterion. It will usually be necessary to extrapolate the load 
extension curve back to zero strain, in the manner described by TayLor and 
QUINNEY (1931). 

It is clear that this method fulfils requirements (i) and (ii), while (iii) turns 
upon the possibility of measuring #% to the necessary accuracy (Section 4). Require- 
ment (iv) can be met much more adequately than in previous methods (Section 5). 
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(b) Notched strip. 


The same constraint on the distortion can alternatively be secured by notching 
the strip unsymmetrically (Fig. 2). If the notches are deep and sharp, and the 
strip is sufficiently thin compared with their distance apart, plastic distortion 
is localized in a narrow neck joining the roots of the notches, provided the rate 
of hardening is not too great (HILL 1952). The breadth of the neck is comparable 
with, though somewhat greater than, the strip 
thickness. Initially, before the neck is far 


developed, the deformation and _ stress are 


similar to those in the grooved strip. 

This alternative method cannot be used with a 
metal such as annealed copper since the rate of 
hardening is so great that the distortion is not 


localized, but diffuse. It can, however, be used / 


to examine the behaviour of such a metal after a Fig. 2. Plan view of obliquely 
suflicient degree of pre-strain, provided it is notched strip, with eventual neck. 
still isotropic. 

These methods are at present being tried in the Sheffield Laboratories of the 
British Iron and Steel Research Association. It is hoped to publish the results 


shortly. 


THEORY OF THE METHOD 


The directions of zero strain-rate in the distortion zone are along its length 
and perpendicular to the direction of relative velocity. The principal axes of strain- 
rate bisect these directions and are therefore inclined at angles of } 7+ $y to 
the zone. Hence, if €, and ¢€, are the principal strain-rates in the plane of the strip 
(e€, > €,), and e, is the through-thickness strain-rate, 


€} 2 €3 
sin ws (1 sin ys) 2 sin &h 
Lode’s strain variable is therefore 


3 (1 in ys) 
Alle (1) 


3 sin J 


and takes values between 0 (pure shear) and 1 (uniaxial tension) as yw varies 
between 90° and sin-! 4 19° 28’. e¢, is the intermediate component in this 
interval. 

Let a, and o, denote the principal stresses in the zone (¢, > 02, o; = 0); if the 
material is isotropic the axes of stress coincide with those of plastic strain-rate. 
Then, if L is the tension load, / the length of the zone and h its thickness, 


L sin 6/hl k(o, + o,) + $ (0, — o,) sin ¥, 


° 


L cos 6/hl } (ao, — o,) cos ¥, 


by considering the normal and shear components of the force acting on the bounding 


surfaces of the zone. Hence 


O71 ‘ L 


sin (@ us) +- cos @ sin (0 cos @ hl cos & 


The length of the deviatoric stress vector in stress space (HILL 1950, p. 


>\ 9 ‘ > L * @ € 9 
V (§) (017 — a % + 99°)? (4) i [sin? (@ — y) + 8 cos? 6] 


Lode’s stress variable is 


a . 83 cos 6 — sin (@ — w) 


aOn 


Ll - : 
é, . cos @ + sin (6 us) 


and the inclination of the stress vector to the direction representing pure shear 
is tana! | p/r>/3). 

If the yield locus and plastic potential both have six-fold symmetry (i.e. if the 
metal is isotropic and if neither the strain-rate ratios nor the length of the stress 
vector at yielding are altered when the stresses are all reversed in sign), it is only 
necessary to cover a 30° segment of the deviatoric plane between pure shear 
(«= 0) and uniaxial tension (pu 1). Correspondingly, @ need only be 


varied between 90° and tan™! 4/2 54° 44’, 


REQUIRED ACCURACY 


Consider, now, the accuracy with which it is desirable to measure @ and yw. 
It is helpful to refer to Fig. 3 where the loci of constant @ and % are superimposed 
on Lope’s diagram. Inspection of this yields the following data, when the observed 
(yu, v) relation is in the 
neighbourhood of the MIsEs 


potential (u = v, tan * = } tané). 


e 


(i) The error in the estimated 
uw due to an error of }° in the 
measured wv is 0-005 when 
ly 55° and 0-007 when @ 80°. 

(ii) The error is the estimated 
yw due to an error of }° in the 
measured @is 0-015 when @ 
and 0-080 when @ 80°. 

(iii) The error in p increases \ 
appreciably for given errors in | 
6 or % as @ approaches 90°, How- 
ever, since we know that the 


(u, v) curve passes through (0, 0) 


it is unnecessary to take @ larger 
" > iss? 
than about 80°. We know also 
that the curve passes through Fig. 3. 
( 3 ED 
(iv) The error in the estimated v due to an error of }° in the measured ¢ is 0-010 


when @ = 55° and 0-002 when @ = 90°. 
In short, it is necessary to measure @ to }° and y¥ to $° to ensure that any estimated 
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(u, v) point is not farther from its true position than about 0-035 when @ is taken 
between 55° and 80°. The corresponding error in the orientations of the deviatoric 
stress and strain-rate vectors is about 1°, while the error in the length of the 
stress vector is about 0-5% (this is almost entirely due to the error in o,). A further 
error in the stress arises, of course, in the measurement of L /Al. 


If the observed (jy, v) relation should be in the neighbourhood of the Tresca 
potential (yu 1 when l<v<0; = 20—47 when 6>}7, *=0 
] 


when @ < } =) it is desirable to measure y, as well as 6, to } 


5. Tests For Isorropy 


It is, of course, impossible to determine whether a metal is completely isotropic: 
its properties can only be compared for a finite number of directions of the axes 
of stress. With metal formed as sheet there is, however, the opportunity to make 
the comparison more extensive than with metal formed as tube. The obvious course 
is to test tensile specimens cut from the main sheet at, say, half a dozen different 
angles to the direction of rolling between 0° and 90° (provided that the rolling 
schedule has been such that the four quadrants should have identical properties). 
The load and the two transverse strain components are measured over a suitable 
range of distortion. If the material is isotropic the two transverse strains in any 
one test are equal, while the load/extension relations for the different directions 
are identical. These tests may be supplemented by similar observations on a 
cylindrical compression specimen cut with its axis normal to the sheet. Again, 
a circular lamina cut from the sheet may be deep-drawn and examined for earing. 

Even if these criteria are not strictly satisfied, the material may still be sufficiently 
nearly isotropic for the present purpose. To see whether this is so, we can estimate 
the probable order of magnitude of the disturbing effect of the anisotropy on 
the (u, v) relation in the following way. Suppose that the anisotropy can be 
adequately represented by the modified Mises potential (HiLL 1950, p. 321) 


2H, *, 4 } - ¥ . (6) 


where z is the rolling direction, and the ratios of F, G, H, N are derived from the 
measured plastic strain-ratios in tension tests at, say, 0°, 45°, and 90° (c.f. BoURNE 
and Hitt 1950). It may be shown that the relation between ~% and @ for such a 
material is 

(FG + GH + HF) tan? @ + (2NG — FG — GH — HF) 


(FG + GH + HF + NH) tan? 6 + N(G + H) 7) 


tan WJ 4 tan 0. 
if the axis of the grooved or notched specimen is in the direction of rolling. (The 
equation tan % = } tan @ for the isotropic Mises potential is recovered on putting 
Pf = G = @ = N/8.) 

From (1), (5) and (7) the apparent (yu, v) relation can now be calculated. If 
this does not differ negligibly from » = v it is not safe to disregard the anisotropy. 
This may also be concluded even though the actual (yu, v) relation of this material, 
when fully isotropic, is different from » = v, and even though more tension tests 
might show that its actual potential, when in the anisotropic state, differs somewhat 
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from (6). Conversely, if the difference of the apparent (y, v) relation, derived 
from (1), (5) and (7), is negligibly different from p» = v, it is probably safe to use 


the material in this state in the experiments for the actual (yu, v) relation. 
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SUMMARY 


EXPERIMENTS with a small-scale extrusion apparatus are described. The results are compared 
with the theory of extrusion due to Hitt (1948). Excellent agreement is found between the 
measured pressures of extrusion and those predicted by the theory ; the flow patterns also are 
in general agreement. In minor details, such as the extent and shape of the ** dead ’’ metal 
region, and the behaviour of material along the longitudinal plane of symmetry, there are some 


divergences. 


INTRODUCTION 


In an earlier paper Hitt has discussed the theory of the process of extrusion 
(1948). It was felt at the time that there were several matters on which experi- 
mental evidence would be a valuable check on the theoretical approach. It has 
now been possible to carry out some small-scale extrusion experiments designed 
specifically to verify and amplify the two-dimensional theory. Generally speaking, 
it may be said that the experimental programme yields results in satisfactory 
agreement with the theoretical predictions. The purpose of this present paper is 
to describe the experiments carried out and to present the results obtained, and 
to take note of some of the more obvious modifications required to align theory 
and practice more completely. 

Hi.w’s analysis is strictly valid only when the plastic flow occurs in parallel 
planes, so that the metal to be extruded is a rectangular block. However, previous 
small-scale extrusion experiments designed to study the forces and deformations 
have concerned cylindrical billets only, and, although the cylindrical and plane- 
strain operations resemble each other in the large, it is not possible to use the 
axi-symmetric experiments as a reliable check on the detailed predictions of the 
plane-strain theory. Certainly, general agreement is found in the variation of the 


plastic region with die aperture and with the mode of lubrication employed ; also 
it is found, perhaps fortuitously, that the theoretical extrusion pressures are roughly 
equal to those observed for cylindrical billets with the same reduction of area. The 


present series of experiments is therefore desirable in order that the dependence 
of pressure on reduction, the precise nature of the plastic straining, and the shape 
and extent of the ‘ dead ’’ metal regions may be more exactly determined in the 
plane-strain case. 


~~ 
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2. ExtTRUSION APPARATUS 


The essential design of the apparatus is shown in Fig. 1*. The chamber of the 
press is rectangular, and the material is extruded through an aperture situated 
symmetrically lengthwise at the bottom of the chamber. The apparatus is designed 
for direct extrusion under a loaded vertical plunger. The plunger itself fits the 
chamber closely, the clearance between plunger and chamber walls being a few 
thousandths of an inch only. For the purpose of removing the partially extruded 


billets the chamber is made in portions, lengthwise, bolted together. The width 
of the aperture is adjustable at will by means of dies of various thicknesses which 


can be securely fastened into position in the base of the apparatus. The whole 
apparatus is substantially constructed of mild steel, being designed for a maximum 
load on the plunger of about twenty tons. Preliminary testing showed the necessity 
of replacing the mild steel bolts holding the chamber together by specially hardened 
steel bolts, as the threads showed a tendency to shear through at the higher loads. 
No special provisions were incorporated for temperature control within the apparatus 
or for observing the temperatures actually occurring during the extrusion process. 

In use, the interior of the chamber is thoroughly lubricated to minimize friction 
effects between the material and the sides of the chamber. The readings taken in 
the course of the experiments show that nearly perfect lubrication was obtained 
with petroleum jelly as lubricant, under steady straining, with lead as the extruded 
material. With perfect lubrication the experimental results apply both to indirect 
extrusion, in which the bulk of the material is at rest relatively to the chamber 
wall (friction between chamber and material being necessarily absent), and to 
direct extrusion, in which the bulk of the material moves relatively to the chamber 
walls (so that friction occurs). 


* The authors wish to acknowledge the work of Dr. E. H. LEEin connection with this design. 
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3. MATERIAL 


This was a grade of commercial lead possessing a yield point of 0-355 tons /sq. i 
in compression. The engineering stress, and the true stress in compression, for 
this lead are both plotted against strain in Fig. 2. The great advantage in the 
use of lead is its softness, though there is the added disadvantage that its large 
grain size tends to disturb the uniformity of straining. 


1-2 


ie) 
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NOMINAL COMPRESSIVE STRAIN ——> 


Fig. 2. Stress-strain curves for lead in compression. 1. Engineering stress. 2. True stress. 


The specimen to be extruded had the form of a rectangular block 3 in. by 3 in. 
by 14 in. deep, carefully milled to size, and just fitting into the chamber. For 
the purpose of following the plastic distortion in passing through the die-aperture, 
each block was halved and grids of lines were accurately scribed on the contacting 


faces with a dividing machine. 


4. DESCRIPTION OF TESTS 


Extrusion was carried out by placing the whole apparatus between the plates 
of a hydraulic testing machine. The plunger was made to move vertically down- 
wards into the chamber, which remained at rest. The rate of travel of the plunger 
was uniform and the same over the whole series of experiments : approximately 
0-2 in. per minute. Extrusion was continued until roughly a half of the lead 
originally in the chamber had been forced through the dies. As the interest is in 
the steady state process of extrusion, it is clear that the billet must not be extruded 
so far as to interfere with the stagnant, or ‘‘ dead’ metal, regions, in the lower 
corners of the chamber. Extrusion began at a load in excess of the mean extruding 
load by a few tenths of a ton, but the load readings fell almost immediately and 
then remained sensibly constant (although falling slightly, less than 0-1 ton) as 
the extrusion proceeded. If friction were present the load would fall since the 
remaining length of unextruded material decreases. The readings are given in 
Table I and indicate that friction had been almost entirely eliminated. The 
extrusion pressure for perfect lubrication can be calculated to a sufficient approxi- 
mation from the minimum load at the end of travel of the plunger. 
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The thickness, d, of the extruded material was variable over a range from 


0-5in. to 0-075 in., dependent upon the dimensions of the dies inserted in the 


base of the apparatus (see Fig. 1). The original thickness D of the billet is 0-75 in., 


the extrusion ratios D/d are tabulated. The extrusion pressure P is obtained by 
dividing the final load by the area, 3 in. by ? in., of the cross-section of the chamber. 
The values of P are shown plotted against the percentage reduction in Fig. 3 (full 


line). 


fe) iO 20 30 40 50 60 70 80 90 
PERCENTAGE REDUCTION IN AREA =~ 
Fig. 3. Actual extrusion pressures. Rectangular billets (present experiments) are shown on the 


full line, with circles. Cylindrical billets (PEARSON) are shown on the broken line, with crosses. 


Evirusion Initial Final a h 
ratio Reduction load load (tons /sq. Theoretical (tons /sq. 
D/d per cent (tons) (tons) in.) P /k in.) 


THe PRESSURE OF EXTRUSION 


It is interesting to compare the experimental extrusion pressures with those 
given by Pearson (1944) for small-scale experiments with cylindrical billets. In 
his Table on p. 121 Pearson gives inverted extrusion pressures for lead at 15°C 
and a strain rate of 0-1in./min. These results are plotted in Fig. 3 (broken line) 
to compare with the plane-strain results ; the reduction is calculated on an area 
basis for the axi-symmetrical case. It will be seen that the two curves are in 
reasonably close agreement, particularly for reductions in the range 65-90 per cent. 


Some further discussion of these results is given below. 


Fig. 4 (a). Photographs of extruded billets. 
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Hiiy (1948, 1950) has applied the slip-line theory of plastic flow to analyse 
plane-strain flow in extrusion. In Fig. 5 Hi.u’s theoretical values are graphed 
against the percentage reduction. For reductions less than about 8 per cent it 
has been shown theoretically that there is a possibility of plastic flow extending 
round the corners of the dies to the free surface of the extruded billet. Unfortu- 
nately, the extrusion ratios employed in the experimental programme were not 
such as to permit any check on this particular prediction. For reductions greater 
than 90 per cent the pressure must rise rapidly but has not been calculated. 
Accordingly, the theoretical pressure in Fig. 5 is only given over a range of per- 
centage reductions between 10 per cent and 90 per cent. It will be noted that 
the pressure is expressed non-dimensionally in terms of k, the constant maximum 
shearing stress in plastic flow. If the von Mises criterion of flow is adopted, 


j Y /\/3 where Y is the yield stress in uniaxial tension, 


“3030-46 36607603540 
PERCENTAGE REDUCTION =} 
Comparison of theory and experiment. Theory. @ Present experiments, with 


kh = 6-80 tons /sq. in. 


Table I also compares the theoretical and experimental extrusion pressures. A 
value for k has been deduced for each experiment, and is shown in the last column 
of the Table. The values indicate a remarkable consistency between theory and 
experiment, irrespective of the degree of straining. A value of 4 = 0-80 tons/sq. in. 
gives Y = 3,100 lb./sq. in., using the von MIsEs criterion, which may be com- 
pared with the minimum figure of 3,000 lb. /sq. in., for commercially annealed 
lead (Kent’s Mechanical Engineers’ Handbook), Wf the Tresca yield criterion is 


used, kk Y /2, and the resulting value of Y would appear to be rather high. Fig. 5 


also shows the experimental values of P/k based on k 0-8 tons sq. in. 


6. THe FLow Patrrern 
An examination of Fig. 4 shows immediately the general flow pattern that 
occurs in frictionless extrusion operations. The main features are as follows. In 


all cases the billet has undergone no deformation until fairly close to the die- 


opening (approximately one third of the width). Also, conditions of undeformed 


flow are quickly attained after passing between the dies. Thus, the plastic 
deformation is restricted to a fairly localized region in the neighbourhood of the 


dies. This is in agreement with the theoretical treatment. 
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Secondly, the material is severely dragged back along the chamber walls, and 
a ‘dead ”’ metal region forms under the shoulders of the dies. Only in the vicinity 
of the centre lines does the deformation approximate to a simple elongation 
corresponding to the particular amount of reduction. The distances between 
successive transverse lines after extrusion can be immediately calculated from the 
appropriate reduction ratio, under constant volume conditions, and agree with 
measurements of the photographs. It is clear, too, that the severe shears which 
occur towards the outside of the billet are the main reason for the redundant 
work in excess of that to cause homogeneous deformation. 

The longitudinal lines of the network 


remain approximately equidistant after 
extrusion (except for end effects in the 


extruded material), again in agreement 


with the theory. There is some evidence 


that the central layers of material are 


compressed laterally rather more than 


the outer layers in passing between the 


dies. 


Hit has calculated the deformation 


of a network of squares ruled on a cross- 


section of the original billet. This is 
shown in Fig. 6 (a) for 50 per cent 


reduction at the moment when a 


transverse line of the network is just 


making contact with the theoretical 


plastic region. For other than 50 per 


cent reductions it may be assumed that 


the pattern of the distorted network is 


qualitatively the same. In order to 


compare this deformed network with 


the experimental one, the grid for the 


reduction of 46-7 per cent (the second 


in the experimental series) has been  * ; 
. ; Fig. 6. Comparison of flow patterns. 
drawn to the same scale and is shown - . - ; 

(a) Theoretical solution 50% reduction. 


in Fig. 6 (b). lhe general similarity 1S (b) Present experiments 46-7°%, reduction. 
at once evident. The actual region of 
plastic deformation is of rather greater 


extent; this is only to be expected as the theoretical solution requires a definite 


plastic-rigid boundary which must be replaced by a more or less extensive 


transition region in practice. The region occupied by the dead, or stagnant, 
metal is not quite so extensive as predicted by the theory. The pronounced 
kinks (cusps) along the longitudinal plane of symmetry as required by the 
theoretical treatment have not been produced. 

For reductions in excess of 50 per cent Hitu has indicated that two quite 
different theoretical solutions can be found, depending on the frictional conditions. 
In one of these the dead metal region appears as a right-angled isosceles triangle 


at all reductions. The present experiments seem definitely to disfavour this 
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solution. In the other the dead metal region extends from the chamber walls 
(which it meets at an angle of 45°), and the boundary between dead metal and metal 
in flow is a concave arc, shrinking with increasing reduction. This is very similar 
to the shrinking of the dead metal region shown in the series of photographs. 

It may be noted, incidentally, that the theoretical pressures of extrusion are 
nearly the same in these two solutions. 

For reductions less than 50 per cent the theoretical dead metal region is a 
right-angled isosceles triangle, which is reasonably confirmed in the photograph 
for the smallest reduction. 
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SUMMARY 


Ir is shown that a material with a simple type of anisotropy will satisfy both of the tests used 
by TayLor and QUINNEY to check the isotropy of the test specimens used in their work on the 


plastic distortion of metals. 


INTRODUCTION 


Tue plastic behaviour of materials has been the subject of a great deal of experimental work, 
the object of which was to obtain fundamental information on the onset of yield and the relations 
between stress and strain. Metallurgical and mechanical testing of actual metals shows that unless 
vreat care is taken in their preparation they are neither homogeneous nor isotropic. Since the 
behaviour of anisotropic materials can differ appreciably from that of isotropic ones, it is clear 


that in experimental work designed either to check theories of isotropic materials or to provide 


data for them, considerable care must be exercised to ensure that the test specimens are, in 
fact, truly isotropic. However, in nearly all the experimental work carried out prior to 1929, 
little or no attempt was made to check whether or not the test material was isotropic. Indeed, it 
is probable that, in the majority of work, materials exhibiting varying degrees of anisotropy 
were used In 1926 Lopr investigated the validity of the Lkvy-Misrs relation, and found 
that, owing to anisotropy, there was an appreciable scatter in his experimental results which 
made it impossible to arrive at a definite conclusion about the validity of this relationship. In 
1929, therefore, LopE took steps to minimize anisotropy by using tubes machined from the 
solid 

In 1931 Taytor and QUINNEY carried out experiments on the plastic distortion of annealed 
tubes of copper, aluminium and mild steel. They realized the importance of using isotropic 
metals and they examined the isotropy of their specimens in two ways. The first consisted 
essentially of measuring the change of internal volume in a thin-walled cylindrical tube when 
it was plastically deformed by increasing axial tension. This was done by filling the tubular 
specimen with water and observing the change in level of the water column in a capillary tube. 
Specimens which showed appreciable changes in internal volume were rejected as anisotropic, 
while those which were satisfactory in this test were then used for the main experimental work 
in which they were subjected to various combinations of tension and torsion. However, before 
these specimens were finally accepted as being isotropic, they had to satisfy the second test, 
namely that during the main experiments the directions of the principal axes of stress and of 


strain-increment coincided. 


EXAMINATION OF IsoTROPY TESTS 


It is here proposed to examine whether the combination of these tests does in fact ensure 
that the specimens are isotropic. Consider a thin cylindrical tube, length 1, mean radius r, and 
wall thickness ¢, subjected to arbitrary plastic strain increments de,, de 


y and de,, in the axial, 


254 
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circumferential and radial directions, respectively. If the elastic deformation is negligible 
compared with the plastic deformation (as it was in TAYLOR and QuINNEY’s work) and if, as is 
normally assumed, there is no permanent change in density, 


de, + de,, + de. 0. (1) 


a y 


With the aid of this equation it can be shown that the change in internal volume, dV, of the 


tube during the plastic deformation is 


dV nl (r* — t? 4) (de, 


y de.). 


Thus, the change in internal volume is zero if 


dey de, 0. 


Conversely, the conclusion to be drawn when there is no change in internal volume is that the 
two transverse strain increments de, and de, are equal. It will be seen, therefore, that the first 
of TayLor and QUINNEY’s tests can only detect anisotropy existing in a plane perpendicular to 
the axis of the specimen. 

Consider, now, a thin-walled cylindrical specimen which has satisfied the first test, i.e., its 
anisotropy is rotationally symmetrical about the axis of the tube (the x axis). As suggested 
by Hii (1950), a simple yield criterion for such a material may be written 

H (o, — oz)" + H (oz — ay)” + 2(H + 2F) ty,” + 2Nr,,? + 2Nrqy? = 1, (4) 
where F, H and N are parameters characteristic of the current state of anisotropy and 
Ox; Fy» Fzs Tyzs Trz» Try are the components of stress. It should be noted that this yield criterion 
reduces to von Mises’ law when the anisotropy is vanishingly small. The components of the 


de,, de., d dy dy resulting from the following applied stresses, 


strain increment, de y> Gez, Ayy,, Ayzy, IYzy 


r 


are 
2 HPdx 
HI Pdx 


de, -HPdrX; ad NSdxX 


Yay 
where dA is a factor of proportionality, which varies during the deformation and is not a material 


constant. 
If @ is the inclination of a principal stress axis to the tube axis, 


2S 
tan 26 = ‘ 
P 
Similarly, if ¢ is the inclination of a principal axis of strain-increment, 


tan 26 2NS 
an 2 : 
3HP 
If this specimen satisfies the requirements of the second test, then @ = ¢ and 
N 3H. 


Substituting this value of N, (4) becomes 


— a,)? + H (a, o,)* + H (a, — oy)” + 2(H 2F) Tan” - 6Hr,.7 { 6H ty” =1. (9) 


F (oy 
For a fully isotropic material H = F. If may be seen, therefore, that a material can satisfy 
both TAyLor and QuINNEY’s tests for isotropy and yet have one degree of anisotropy remaining. 
Now the type of anisotropy which would remain undetected is an especially simple type, namely 
rotationally symmetric, i.e. ,one axis of anisotropy parallel to the axis of the tube and perfect 
isotropy in a plane perpendicular to this axis. This is, indeed, the type of anisotropy that might 
be expected to occur in tubular specimens if any anisotropy remained after annealing. 


H. Lu. D. PucH 
8. RELATION BETWEEN LODE VARIABLES 


Since specimens with this simple type of anisotropy can satisfy both the tests for isotropy 
used by Taytor and QUINNEY, it may be thought that this is a possible explanation of their 
observation that the Lode variables are unequal ; i.e. ¢ += v, where p = (20g — og — a))/(a, — 2); 
a,, ete., are the principal stresses ; and v is a corresponding expression in principal strain-incre- 
ments. However, it can be readily shown that specimens with this type of anisotropy would 
also give pu v. Ifa thin tubular specimen of this material is subjected to tension and torsion, 
then the applied stresses and corresponding strain increments are given by (5) and (9), where 
N = 3H, as in (8). It can easily be deduced that the principal stresses and strain-increments 


are 
}(P + 4/P2 +482) , de, = } Hdd(P + 84/P?4 


0 deg = — HPdd 


}(P — 4/P2 +482), deg = — $Hdd(34/P? + 48? — P). 


It follows that pu Vv. 

It should be pointed out that in order to demonstrate the fact that an anisotropic material 
can satisfy both of the isotropy tests used by TayLor and QUINNEY, a special form of anisotropy 
has been visualized by the use of the yield criterion (4). A material with a more general form 
of anisotropy could of course also satisfy both isotropy tests and it is possible that it would 
involve a non-linear relation between p and ». 

The present conclusions do not, of course, imply that the materials used by TaytLor and 
QUINNEY were necessarily anisotropic, although even the possibility of its occurrence in such 


a classical series of experiments is disturbing. 
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BOOK REVIEWS 


E. BRANDENBERGER : Grundriss der Allgemeinen Metallkunde. Ernst Reinhardt Verlag. 
Basel 1952. 333 pp. 168 illus. DM. 15.85. 

Tuts little book represents a remarkable effort at compression. In little over 300 small pages 
Professor BRANDENBERGER gives a systematic resumé of metal science, including the micro-, 
macro-, and crystal structures of metals and alloys, the physical properties associated with 
them, phase diagrams and transformations, mechanical behaviour, recovery and recrystallization, 
and corrosion. References are not included, a select book list apart. Characteristics of the book 
which should make it profitable reading even for the expert metallographer (to whom it is not 
primarily addressed) are the frequent collection of experimental facts in Tables arranged in 
unusual ways, and the author’s gift for pointing out striking connections between properties 
and structure. Instances are the tables classifying the homogeneity ranges of intermetallic 
compounds, and the graphs in many places in the book in which properties are plotted as a 
function of composition in binary systems. The treatment of constitution in terms of interatomic 
spacings is also illuminating. 

The author’s determination to pack as much specific information as possible into the book 
sometimes makes for indigestibility, notably in the five pages devoted to the phase composition 
of common binary systems, which are devoid of any diagrams, or the three pages on heats of 
formation. This complaint nowhere applies to the section on mechanical behaviour, including 
fracture, which is most clearly presented. On the other hand it does apply with especial force 
to the few pages on electron theory. For instance, the reader needs to have a good prior knowledge 
of atomic structure. He will be faced without preparation with the remark that the electronic 
structure of sodium is (1)s? (2s) (2p)6 (3s)!, and he will have to deal with a version of the Periodic 
Classification (Table I) which, in default of elucidation, remains incomprehensible. In the 
structural part, Miller indices and space group symbols are assumed to be understood. These 
observations are not at all intended to convey the impression that the book is too compressed 
to be readable, but it does follow that this is a book for the graduate who wishes to gain a bird’s-eye 
view of the subject and that it cannot be recommended for undergraduate reading. For the 
more experienced reader, however (not least for the metallographer in search of occasional flashes 
of illumination) it is a thoroughly good book. 

A few criticisms of individual points can be made. Face-centred cubic metals do not form 
mechanical twins (Table IV). In tin it is the grain boundaries, not the surface, which melts 
at a temperature 0-14°C lower than the interior of the grains (p. 51). It is unfortunate to adduce 
the « 8 transformation in tin as *‘ the typical instance of a polymorphic transformation.” The 
volume change is here so great that the low-temperature phase («) is liable to crumble into 
powder ; moreover, the difficulty of effecting the transformation is such that the very existence 
of «-tin was long doubted by some. Finally, the reviewer would like to enter a plea against the 
use of the old German classification of internal stresses into those of Ist, 2nd and 3rd kinds 
(p. 91). The extremely fine-scale stresses of the 3rd kind are divided from those of the 2nd kind 
by a boundary line which is so shadowy as to border on non-existence. Orowan’s classification 
into body-stresses and textural stresses has the advantage of being clear-cut. 

R. W. Cann. 


Fatigue and Fracture of Metals : Edited by Witt1AmM M. Murray. The Technology Press of 
the Massachusetts Institute of Technology and John Wiley and Sons, Inec., New York : 
Chapman and Hall, Ltd., London, 1952, viii + 313 pp, $6.00 and 48s. 
Tus book is a collection of fourteen papers presented at a special conference on the Fatigue 
and Fracture of Metals given in June of 1950 at the Massachusetts Institute of Technology. 
Although fatigue is given stellar billing in the title of this compendium some of the authors 
are errant : indeed the opening chapter by M. GeNsAMER (‘‘ General Survey of the Problem of 
Fatigue and Fracture”) has but two pages outlining the known features of fatigue and then 
proceeds to a fourteen page discussion of the low temperature brittleness problem in steels and 
some rather specific attempts at devising lower impact strength limits for steels suitable for 


welded ship construction. 
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This ordinarily would not be a severe criticism, but as a keynote address it seems out-of-step 


with the great majority of papers which follow that do confine themselves directly to fatigue 
or the fundamental aspects cf fracture applicable to fatigue. The excellent article by P. A. Jacquer 
ind A. R. Wert on temper brittleness and the chapter by F. JoNasseN on the problem of welded 
ships’ failures (in which fatigue is dismissed as not being “an important factor”) contribute 
to the pot-pourri character of the book. Indeed this is less a criticism of the book than the original 
organization of the conference. 

The remaining eleven papers treat virtually every facet of fatigue that faces the research worker 
or engineer in this field today. The fatigue problems in aircraft structures are s] ecifically set 
forth by the N.A.C.A. workers and a clear picture of the research programmes underway to cope 
with these problems is described. Half of R. KE. PeTERSON’s article is devoted to the re lationship 
between fatigue and machine design and the other half to describing the general relations between 
maximum and minimum limiting stresses and number of cycles, state of stress, and stress con- 
entration in a manner developed by the Germans some years ago. O. J. HorGer and 
H. R. Nerrert describe some interesting experimental results in their field of specialty : the effect 
f residual stresses on fatigue. TrEMPLIN’s article on designing is general and somewhat dis- 
appointing in a book of this type. Orow AN’s chapter on the fundamentals of brittle behaviour 
is imaginative \ stronger indication of its applicability to the fatigue problem would have 
counteracted the book’s meandering character. Both W. WerrsuLi and N, M. Newmark do justice 
to their important specialties : the statistical aspects of fatigue and the cumulative damage 
developed in fatigue. C. W. MacGrecor reports some experimental data showing transition 
temperature to be a sensitive indicator of damage developed during fatigue, while J. T. Norron 
summarizes various other methods for assessing fatigue damage. N. J. Grant reports data 
on the high temperature fatigue of a wide range of heat-resistant alloys. P. L. TrxErp’s discussion 
of the effect of metallography on fatigue is re warding. 


W. M. Batpwin. 


